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6 ADVERTISEMENT. 

6. The Limits of Ratios, Fluxions, and Flusnts, pievioiisf/ 
fonnixig an Appendix to the Algebia, are now incorporated with £s 
General Appendix, which is so arranged as to eiJiibit a comprehen- 
siTe and satufacto^ view of the whok theory. And as an introduc- 
tion to the study or Navigation and Nautical Astaonomt, 
• section on Spheeical Teioovometk7, with examples of its 
application, has been inserted. Hence it will appear that no part of 
tne science really Taluable has been omitted. 

6. To adapt the work to all the purposes of teaching^ due r^ard has 
also been paid to the variety of Exercises added to each noblem, 
which will be found more tlian double the number contained in the 
first impression, — an addition of the highest importance in a text-book. 

7. Besides many new and useful Tables interspersed throughout the 
work, there are now added Tables of the Looarithms of Num- 
bers from 1 to 10,080, of Logarithmic Sines and Tangents 
to every Degree and Minute, and of Natural 8ines and Tan- 
gent s to every Five Minutes of the QoadimBt. These have all been 
carefully stereotjrped from new types, and, in order to obtain the ut- 
most possible accuracy, rigidly collated with the Tables of Briggs, 
Vlacq, Sherwin, Gardiner, Callet, Tatlor, Hvtton, 
Babbage, Borda, and also with those of Galbraith, which are 
especially distinguished for accuracy. The Table of the Areas of 
Circular Segments has likewise been collated with several other 
more extensive ones. 

Such is a Mef aod cursory iriew of the leading features now 
introduced into this edition. But^ exclusive altogether of the 
ffreat amount of new matter^ and independent of many minor 
improvements^ the whole work has unaergone a careful, rigor- 
ous^ and minute revision ; — ^what was obscure has been illus- 
trated^ and what was defective has been supplied. The errors 
which had formerly escaped notice have been corrected ; and^ 
with the view of securing perfect accuracy, the Author availed 
himself of the assistance oi an eminent Mathematician in exa- 
mining every calculation ; and although it would be presump- 
tuous to assert that the work is immaculate, yet the Pub- 
lishers feel assured that no error of importance will be found. 

Finally, when the Publishers consider the success attending 
the work in a less perfect shape, they confidently hope that the 
variety and importance of the contents of the present edition, 
as well as the perspicuous and familiar manner in which these 
are treated, taken along with the numerous and extensive ad- 
ditions and improvements introduced throughout, will give it 
a still higher claim to public favour, and render it more in- 
strumental in facilitatmg the acquirement of mathematical 
knowledge, and in disseminating a taste for that science among 
all classes of students ; and, as an additional recommendation, 
they may venture to affirm, that while it is in many respects 
the most complete, it is imquestionably the cheapest work of 
the kind ever published. 

Edinburgh, January 22^ 183(K 



ORIGINAL PREFACE. 



Seysxjll tnitiieB ca M«iiimtioii have Biade their appearance withu 
the kit fiffy ymn. Among thew^ Dr Hutton's kr^ work has de- 
sennedly aoqoired the his^airt oekfarity. It treats fudly both of the 
theory and piactice of tne science^ and may be consulted with ad- 
vanta^ by penons employed in any kind of measurement. But the 
scientific part of that woric can be read by such only as are well ac- 
quainted with tlie higher branches of Mathematics^ and hence the 
student mmt have frequent recourse to other publications^ to enable 
him to midentand it ; while the practical part invdves such a mul- 
tiplicity of mlea for the same things without distin^;uiahing suffi- 
ciently the yarioos cases in which they can be apphed^ that he is 
liable to be peqdexed with their variety ; and nothing has been 
done by later writers to remove the difficulty. 

A book on Mensuration is therefore still wanted^ embracing the 
whole theory and practice in such a way^ that both^ though kq»t 
sq>anite^ may be rendered intelligible to every reader, without the 
necessity of having recourse to omer publications, and arranged in 
a condensed form^ so as to comprise a complete system of the 
science in a small compass. Such are the objects of the present 
publication. 

The practical part of this work consists of plain rules for perform- 
ing the various operations requisite in Trigonometry, Mensuration, 
Surveying, Gauging, 4'c* These rules are illustrated by proper 
exam^es^ one or more of which is wrought for the assistance of the 
learner. A demonstration of the rule is sometimes annexed to it in 
the form of a note, when this can be done in an easy and condie 
manner. But the more difficult demonstrations are reserved for 
the Appendix. 

By pursuing this method, the author has endeavoured to render 
the book fit for the use of every person who wishes to study Men- 
suration with facility and success. The treatise on Practical Geo- 
metry, which is pre&ced to the Trigonometry, will enable the student 
to draw his figures ; while the rules delivered in the following part 
of the Work will diirect him how to find their contents, and the 
lengths of their lines ; and a little reflection will qualify him to 
compare these lengths or contents with one another. In such a 
state^ the work will be found a most useful guide to practical mea- 
surers, and wdl adapted to the use of schools. The rules may be 
applied directly in all ordinary cases. If one shall occur which re- 
quires investigation, the method of conducting this process may be 
learned firom the treatise on Algebra, which is prefixed to the work. 
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8 ORIGINAL PEEFACE. 

In the treatise on Algebra, great care has been taken to remove 
irregularities, and other difficulties, of which beginners usually com- 
plain ; and the demonstrations of die fundamental rules are general- 
ized, and deduced from one principle intimately connected with the 
nature of abstract quantity. A short Appendix is annexed to this 
part, which treats of the management of indeterminate problems, of 
the relations of variable quantities, and of the limits of ratios^ with 
as much of the practice of Fluxions and Fluents as is requisite in 
thisperformance. 

The Practical Geometry, though short, contains every thing neces- 
sary for what follows. Some new methods of operation are intro- 
duced, and the lines and angles are generallv expressed in numbers. 

In the Mensuration, the application of the series for finding the 
circumference of the circle, of which the diameter is unit, has been 
taken from Euler, and appears to be as simple as it can be made. 
New rules are given for approximating to the length of an arc of a 
drde, and to the area of a segment of it, which are both easier and 
more accurate than those formerly employed by the use of roots. 
The method of forming the most common solids with pasteboard is 
introduced, because it renders the reader familiar with their shapes^ 
and illustrates the rules for finding their superficies. 

Land-surveying, Gauging, &c., are the apphcation of Trigono- 
metry and Mensuration to practical purposes. Great plainness has 
tfaerefcHre been studied in explaining them, and the shortest, easiest, 
and most approved methods of practice have been adopted. 

The Appendix is appropriatea to the demonstration of the rules 
ddivered in the preceding parts of the work. Such of the principles 
of Geometry and of Conic Sections are introduced as are necessary 
for enabling the readerto understand the demonstration of the rules, 
without having recourse to other publications. Here accuracy is 
rigidly adhered to. Many new demonstrations are given, which are 
more simple than those that were formerly employed. The theory 
of Parallel lines has been rendered as plain and concise as possible. 
The principles of Conic Sections have been deduced from the ratio 
of the curve, or its relation to the focus and directrix^ — a method 
^diich has been generaUy held by mathematicians to be superior to 
every other. The leading propositions only are delivered ; but they 
are so regulated as to introduce principles m)m which the other pro- 
perties of these curves may be easily derived. 

The student who has abundance of time should begin with Al- 
gebra, and then read the Appendix to the work and the Practical 
Greometry together ; after which, he should go r^ularly through 
the book, in the order in which it is printed. In doing this, ne 
may acquire as much knowledge of Mathematics as will be sufficient 
foft ordinary purposes, and be enabled to prosecute that most exten- 
sive science with pleasure and advantage. If his time and other 
pursuits do not admit of such a regular progress, he may study sepa- 
rately any of the practical branches best adapted to his taste, or the 
purpose to which ne intends to apply them. 
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ALGEBRA. 



DEFINITIONS. 

Algebra is a general method of computation and of investi- 
gatioD^ in which quantities are represented by letters, and 
their relations pointed out by characters. 

CHARACTERS EXPLAINED. 

1. + plus, it At sign of addition, as a-|~^ signifies the 
quantity represented by b added to that represented by a. 

2. — minus, is the sign of subtraction, as a — b denotes the 
quantity b taken from the quantity a. 

3. X inio, is the sirn of multiplication, as a X ( represents 
the product of a by 6, or of b by a. Instead of this sign we 
often ase a point, or write the letters together as in one word : 
thus 0*6 or ab signifies axb. 

4. *i- 6yj is the sign of diyision, but it is generally expressed 
by placing the dividend above the line and the divisor below 

it, in the form of a fraction : thus a-i-b or ^ signifies a divided 

by A. 

5. : :: : is the sign of proportion, wa a:b:: c: d u read. As 
a is to fr, so is c to d. 

6. = equal to, is the sign of equality : thus az=b signifies 
n is equal to b. 

7. z^ ,^, are signs of greater and less : thus a:p^&, a is 
greater than b ; u^^lh, a is less than 6. 

8. 7a. A number prefixed to a letter is called its co^fficienl, 
and shews how often the letter is to be taken; as here, 7 
times a, 

g, (a + 6)xc. A parenthesis enclosing letters, or a line 
drawn over them, is called a vinculum, and points out how 
many are to be multiplied, divided, &c. ; as here, the sum of 
a and 6 is to be multiplied by c. 

10. aaa. When the same letter is repeated twice, or oftener, 
it is understood to be multiplied as often into itself, and the 
product is called a power of the quantity represen^fcd by that 
letter : thus aa is ttie second power or square of a, aaa is the 
third power of a, &c. ; and id relation to these powers the 
quantity is called the first power of itself. 

11. a^. Instead of repeating the iBne letter, vie ^ex^m^^ 
place a figure above it towards the i^bt band, to ^e:^ \v(y« 
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often it is repeated ; as a' is the third power of a, a^ the fourth 
power^ a" the power of a denominated by the number n. 

12. The character placed above is called the exponent of 
the power. 

1^. A quantity which^ multiplied by itself^ produces ano- 
ther quantity^ is called the root of that other, and, in numbers, 
is generally denoted by the mark ^J i thus ^^9 is the square 
root of 9, i/S is the cube root of 8, J/81 is the fourth root 
of 81. 

14. In letters, a fractional exponent is generally used to 
express the root, and then the upper figure denotes the power, 

and the under figure the root : thus c^ is the third root of the 

second power of a, a^ is the fourth root of the first power of a, 
or of a itself. 

Quantities which have the sign + before them are said to 
be positive or afiirmative, and those which have the sign — 
negative. 

The following examples will illustrate these characters, and 
shew their use, in which any values may be afiixed to the let- 
ters. Suppose 0=12, 6=3, c=2, (^=4, e=5, y=9» ^=25, 
A=7, «=1I, A:=l. 

1. a+h — c+d . . . = 17 

2. 4a — 56 + 4c — id . . . . = 13 

3. ah — 9,cd+Ahe — Scf . . . = 26 

4. Saa — 5ah+lOac — 46c +466 . . = 1224 

5. 6fl'— 4fl26-f.2a6« — 76^ . . = 8667 

6. 2a^bc + 3ab^c-r-5abc^ . . = l656 

7. (fl_6)x2c — <fx(6 + c) . . = 16 

8. ia + b)x(g--k)xii — k) . . = 2700 

9. 2a^c—^+^ . . . = 507 

3a 4fir 6 d 
10. -+Tf— -r . . . = 15 

a+h+e g _ 

"• d+fc +e • • • . — y 

12. ^X?^X^ = 300 

13. ^+£t_^i . . . = 116^ 



14l, . 1 .... ^ 

15. Cg+c)i+Ca«— 6«— c)* . . = 14 
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= 816 
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16. flaM+6/'i — ^* . . z= 69 

17. aah^xbf^xdf^ . . . . = 1296 

18. d^ — d+(^ — {d+e)^ . . . = 11 

xC7+(if«-135)*] . . 

22. Sd^+2flX(2a+6 — c)^ . . = 126 

23. 3a&+(Ac+(3fl6— 2c«)i)i . . = 112 

NoTK.— All the fundamental operations of algebra depend upon this 
single principle, vis. When a quantity is to be increased or dioainisbed 
by other quantities, the same result will be obtained in whatever order 
the procedure is carried on, provided none of the quantities be neglected. 
This Is manifest from the nature of quantity, which has no relation to 
order. Thus, if we have to add 7 and 5, and to subtract 3, we may first 
subtract 3 from 7, and add the remainder to 5 ; or we may subtract 3 
frdm 5, and add the remainder to 7 ; or we may add 7 to 5, and from 
the sum 12 subtract 3 : the result in every case is 9. Again, if we have 
to multiply 12 and 6, and to divide by 3 ; we may first divide 12 by 3, 
and multiply the quotient by 6 ; or we may divide 6 by 3, and multiply 
the quotient by 12 ; or we may multiply 12 by 6, and divide the product 
by 3 : the result in every case is 24. 



ADDITION. 



Case 1. — When the quantities arc alike; if the signs be 
the same, add the coefficients, but if different, subtract them, 
and to the sum or difference prefix the sign of the greater, and 
annex the common letter or letters. 

Case 2. — When the quantities are unlike ; write them one 
after another, with their proper signs and coefficients. 

Note 1. — When there are more than two like quantities, 
add the coefficients of those which have + into one sum, and 
of those which have — into another, and &ublT&cl\\\^\«s& ^9\tcv 
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from the grtattr. The airanfoiient of the qoaDtitia is arbl- 
traiy, and most often be altered to brini^ like quantities under 
like. 

Note 2. — A quantity which has no sign prefixed is under- 
stood to bare +, and a quantity which has no coefficient or 
exponent is supposed to hare 1. 

1. Sa — 5b + 4c — 3d—ee 
6a + 2b — 7c — 4d+Se. 
ga — 3b—3c—7d + 6e. 

2. Sa^b — 5ab^ — Sabc + 4bc^ 

— 2a«6 + 6fl6«— flAc — 4Ac«. 

S. 6ad + 2ac — 3bc + 4bd 

— Jab — Sac + 6bc + 5bd. 

4. Sah^ — 7a^bc^ — ^bK^ + Sabc 

7ah^ + la^bc^ — Sab^c^ —4abc. 

5. Sa^b — 7a^b^ + ^b^ —a* + b^ 
7a^b^ — Sab'+4a*—3b*—2a^b 
6ab^—2a* + Sb* — 7fl'6+5a«6« 
5a^ —7b* —6a^b+5aH^ —Sab^ 
7b* —2a^b + 2aH^ — ab^ + ^*. 
lOa* —ga^b^ 12a«6« —2ab^ + b*. 

6. a+(a—v)i+ 5 7. a+(a+v)^+ 5 

2a+(a— t;)i_10. 2a+(fl— »)*— 10. 

8. a^+a^—a 9. io(a+e)^+(fl — e)^ 

J + a^—J »_(a^.e)i— (a — e)i 

10. a' + 3a« + 5+(fl — i>)^ + a + 6(a+»)^ 

3fl«— 2fl + 6fl3_2(fl — v)i + 10 — 6(fl + t;)^ 
7a — 5a^—2a^+^{a + v)^ — b+S(a — v)^ 
8c — 6a« + 4a5— 2(a — v)^ + 7— 6a 

7gg — 8r/-^H-4 — 5(g+t?)^+3g — 8(g+^)^ 

5a^—2a^ + 26+5{a — v)i + 3a — 9ia+v)^—b + Sv. 

NoTs.*— If the difTereoce 0—6 is to be added to 3a, we may first sub- 
tract b from Of and then add the remainder to 3a ; or we may subtract b 
from da, and add a to the remainder. Here we first add a to 3a, and 
then subtract 5, and it becomes 4a — b. If 2a + 6 is to be added to 
3a *— 4b, we add 2a + 6 to Sa, and it becomes 5a + b; from which we 
take 4b, and it becomes Sa ^ 3^. 
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SUBTRACTION. 

Rule. — Change the s\gm of the subtrahend from + to — , or 
from — to -|-, and then proceed as in Addition. 

1 . From Sab — 2cd + 5ac — lad 
Take Sab + ^cd + 5gc — ^ad. 

5ab — 6cd * — 5ad, 

2. From ISa^b — I2abc — Sab^ + b^ 
Take 6a^b + 3a6c — 4a6« — SA^. 

5. From a^x^c — 5aa!^c^ + Qa^xc^ 
Take Sa^x^c + ^x^c^ + 2a^xc'^. 

4. From — Sa'b^ + 2aHc^ — ba^b^c 

Take ^a^b^ — 2a^bc^^ — 5a^h^c. 

5. From Sbd + 2a 
Take ^bd^Sa — b. 

/^ 6 + ?)4 7- Frora2/>c — 11a — d 

6. From ^ ^_^^ Take (f+ 11a — 26c. 



•pake / <»— ^ + ^ \ 8. From a^ + a^ 

Take a-' — a^. 

Note.— If we tre to subtract a — c from 3a, we may first subtract c 
from a, and then subtract the remainder from 3a ; or we may add c to 
3a, and then subtract a from the sum. Here we subtract the whole a 
from 3a, and add c to the remainder. IF a — c is to be subtracted from 
3a + 2c, we subtract a as before from 3a, and then add c, and the re- 
mainder becomes 2a + 3r. Now all this is performed by changing the 
signs of the quantity a^c into —a-^c, and then adding it. 

These considerations lead us to perceive bow we may add or subtract 
any two terras, without regard to the other terms with which they are 
connected. 

MULTIPLICATION. 

Multiply the coefficients^ and to the product annex the 
letters of both factors. 

If the sign of the multiplier is -f-, make the sign of the pro- 
duct the same with that of the multiplicand. If the sign of 
the multiplier is — , make the sign of the product contrary to 
that of the multiplicand. 

Hence^ like signs produce +, and unlike signs — . 

If the multiplicand is coiipound, multiply each term of it 
separately by the multiplier. 

If the multiplier is compound^ multiply first by one of its 
terms^ then by another^ &c. and afterwards add the products. 

Powers of the same quantity are multiplied by adding iVi^xt 
exponents. - 

B 1 
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1. Multiply 5a — 46+ 3c — 2rf+e — l 

by 5fl. 

25a'' — 20ab+l5ac — I0ad+5ae — 5a. 

2. Multiply 6aa — lab+^c — b^ + 2bc — r« by 4a6. 
S 3a — 26 by — 2a+4b, 

4 5fl« — 3a6+46« by 6a — 56. 

5 a^+ab+b^ by a — b. 

6 a* — jf* by a* — x*. 

7 2x« —3*^+6 by 3jf2 + 3xy— 5. 

8 5fl« — 4«x+3x« by 2a« — 3fljr— 4ar«. 

9 2a«jr« — 2flx+ 3a^ by 3a«x« + 4ax — 5a«, 

10 x« — ox + ia* by x2 + ax— ^«. 

II X — labyx+^a. 

12 J^*+*j(+j(* byx«— xy+j^«. 

13 2a2— 3ax+4ar2 by 5a«—6ax — 2x2. 

14 3a— 26+2c by 2a — 46 + 5c. 

15 «'— 3a26+3a6« — 63 by a«— 2a6 + 6«. 

l6 a' — 3a2 + 3a — 1 by a« — 2a + l.* 

Since 1x6+1x6+1x6 = 3xfr» if as many units be taken as are in a, 
and each of them be multiplied by 6 and the products be added, the sum 
will be ax6 : but 6 taken as many times as there are units in a produces 
byca; therefore axb is the same with 6xa, or ab = ba. In like manner 
abc, act, bac, bca, cab, cba, are all the same, so that the factors may be 
placed in any order. 

Again, since ma = a+a-k-a, &c. being repeated m times, 
and mb = 6+6+6, &c. being repeated m times ; 

therefore ma+ni6=r(a+6)+(a+6)+(a+6) repeated m times, 'that is, 
ma+m6 =3 m(a+6). In like manner ma ^ m6 = m(a — 6). 

In multiplying a — 6 by c, we may either first subtract and then mul- 
tiply, or first multiply and then subtract. The latter is the order in 
algebra : we first multiply a by c, which makes aCf and then 6 by c, and 
it makes 6c, and subtract the latter product from Uie former to get the 
just product ac^bcf where the signs are the same with those of the 
multiplicand. 

In multiplying a ^ 6 by c ^ d, we first multiply a — 6 by c as before, 
and it produces ac^6c ; then we multiply a^b by d, and it produces 

• ANSWER!* — (2.) 2ia»6 — 28a«6a+16a«6c — 4a6»+8a6«c— 4a6c*. 
(3.)— 6a»+16a6— 86«. (4.)30o»— 4aa«6+39a6»— 206». (5,)a^^b\ 
<6.) a"— 2a*j:*+x8. (7.) 6x*-JSl«»y+8«« — 9j:2j(«+33jcy — 30. 
(8.) 10a* — 23a»j:— 2a«a:«+7aa;» — 12a:*. (9.) 6a*a:*+2a»x» — 
«4jf« — 8a«x«+22o»j:— 15a*. (10.) a:* — a«a:« + 4a«x — ^gO*. 
(U.) *« — Ja«. (12.) x*+x«jf«+j(*. (13.) 10a* — 27a3a:+ 

Sia»a:«— 18ajc»— 8x*. (14.) 6a» — 16a6+19ac+862 — 186c+10c2. 
(15.) o»— 5o*6+10o»6« — 10a»63+5a6* — 6». (16.) a'^^Sa*-^ 
10a9-.10a«+5a-.l. 
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nd-^bd, wfaidi we subtract from the former product, or change its signs, 
and it becomes — od + ^ where the signs are contrary to those of the 
multiplicand. 

The first and last terms shew thai quantities with like signs produce 
-f , and the other two terms shew that those which have unlike signs pro- 
duce — . 



DIVISION. 

When the divisor is a simple quaDtity> write it under the 
dividend in the form of a fraction^ then cancel like quantities 
in them^ and divide the coefficients by their greatest common 
measure. 

When the signs are alike> the sign of the quotient is + ; but 
if they be unlike^ it is — .* 

Powers of the same quantity are divided by subtracting the 
exponent of the divisor from that of the dividend ; the re- 
mainder is the exponent of the quotient. 

If the dividend be compound, divide each term of it sepa- 
rately by the divisor. 

Divide the following : 

1. 56fl*6'c by 8a6'. . . Ans. 7ac, 

2. 54xy« by S6««^. . . 3y-^ 2x. 

3. 63a^b'c^—^2a^b^c^ byUa^b^c^, 4Jrtc— -SAc. 

4. 24ar'y — 18ar«^« + 15xy' by SOxy^. ^x^^5y — ?x+i^. 

When the divisor is compound, arrange the terms of the 
dividend and divisor according to the powers of the same 
letter. Divide the first term of the dividend by the first term 
of the divisor to obtain the first term of the quotient, then 
multiply the whole divisor by this term, and subtract the pro- 
duct from the dividend; the remainder is a new dividual, 
with which proceed as before. 

Note.— When the remainder is a simple quantity, place the divisor 
below it in the form of a fraction, and annex it with its proper sign to 
the quotient 

a — b)a^ —3a^b + 3ab^ -^b^{a^ —2ab + b^ 

— 2a^b + 2ab^ 

+ab^ — b^ 
+ ab^ — b\ 



* This is evident; for the divisor multiplied by the quotient must 
produce the dividend with its proper sign. The whole operation depends 
upon this principle, that the value of a quantity is not altered by both 
multiplying and dividing it by the same quantity. 
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G. DiviilcSa'— 40^6 — 6a6«-{-36= by 2n — 6 



— b'fli* + 36' 

— 6ab^ + 3b^. 

7. 36^-|-3a62 — 4o«6— 4a' bya + 6. Ans. —40*^ + 36'. 

8. fli — 6* bya — fi. . . a^ + a'^i+afi'^ + fts. 
!J, 8fl'+9a'fi^ — 36' by2fl* — 6=. . 40^ + 36*. 

10. Sfl^ji^— 5ax+2 by Sai — 1. . cix —2. 

11. i'"— :r+iby.r-J. . . ^ — i. 

12. 2Io=— aifi'i by 7a — 76- . . 3a' + 3a^/j, &c-. 

13. ** — g*+Sy'3' — K*bya:«+j('' — 3". x" — y^ + e"- 

14. l+obyl — n. . . . l+9a+2afl,&c. 

15. Sx" — 15j* + 233;l — 2a^ — Sxs — 6z= bySx — 3^ + ;. 

Aiif. 4j + 5^ — 6s. 

16. o« — 2a6+fc« by fl^+6^. J — ab^ — ah+bK 

17. gi'— 96by 3x — 6. . 2x=-f 4a>^ + 8x+](). 

16. 1 + 2:^ by l — x. . ■ ' + i^^- 



FRACTIONS. 

le or more parts of a unit. The denominator 
espresseB ibe number of parta into which tbo unit is supposed 
to be diyided, and the uumemtor expresses the uumber of 
these parts of wLicli the fraction consists: thus, iu the frac- 
tion — , » denotes the number of parts into niiich the unit U 
divided, and m points out the number of these jiarts of whieli 
the fraction CDntiste. IF the unit had been divided into 2m 
parts, then the fractiou mutt liave consisted of tii ice the nunt- 
ber of these parts, and would have been ^. In the same 

manner it might be espresecd by 5-, — , &c. 

Hence, the value of a fraction is not altered by mulliplyini; 
or dividing both its terms by the same quantity. 

REDUCTION. 

PHOBLEM 1, 

To reduce an integer to the form of a fraction. 

If the denominator be given, multiply the iuieger by it fur 
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the numerator^ and under the product place the denomixiator. 
If no denominator is given^ place unit for it. 

Hence^ a mixed quantity may be reduced to the form of a 
fraction by multiplying the integer by the denominator of the 
fraction^ and adding the numerator to the product for the 
numerator^ below which place the denominator. 

1 . Reduce 3a to a fraction^ of which the denmninator is 2h, 

Ang. -^. 

2. Reduce a-t — to an improper fraction. . 

a* xs+a« 

* X X 

a*x* X* — a*x^ 

X X 

3* 5a— 3r 

o. ..•»»/ ^^~ . • • • . 

a a 

ab — o« ^ ab-^a^ 



7 a — X ^. . . s- . 



a«T« iax — ix\ — a^x^ 

' 2x' • • S 

® «+* ft-- • • 1; • 

^ , , o *»— 5 12ax+5 

^ ^+^« — 4:r- • -IT-' 

PROBLEM II. 

To reduce an improper fraction to an integer or a mixed 
quantity. 

Divide the numerator by the denominator, the Quotient is 
the integer^ the remainder^ with the divisor below it^ consti- 
tutes the fraction. 

1. Keduce to a mixed quantity. Ans. 6H — . 

fl+ap ' a + x 

x2 «a 






3» .... -T . 9 » * X ^— V" 



x' — v* 



* When a fraction has the sign — before it, all the signs of the nu> 
jnerator are to be changed. Here ab^a^ becomes ^ ab -V- ^ 
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5. Reduce ^ — . . Ans. 4x . 

3x X 

PROBLEM III. 

To reduce fractions of different denominators to others of the 
same value which have a common denominator. 

Multiply each of the numerators into all the denominators, 
except its own^ for the new numerators^ and all the deuoniina- 
tors together for the common denominator. 

1. Reduce -r- and ^ to a common denominator. 

^ a + fr.3(f am + bm y 3cd 

2 and — . . . . and — . 

c m cm cm 

^ a- c , m ■ adn hen bdm 

^ b' d' *°" n* • • Ida' ~bdk* bdH' 

2a 35 . 5c Sad 9bd 20c 

' ' ' ' S' T' *" 3d' ' ' Ud' V2d* ~i2d' 

5 2a and "T' ' ' ~± ^"" ~±' 

^ 7a* fl o« — «« 28o« + ggq'j a^x-^ax^ 4>a^x — 4x' 

» ' 4* a + * * ' 4aa? + 4a:* ' 4aa?+4x-' 4flx+4x^ 

PROBLEM IT. 

To reduce a fraction to lower terms. 
Divide its numerator and denominator by any quantity 
which measures both. 

, T> J a»«^r» , . ax — x^ 

1. Reduce r— -- to lower terms. . Ans. — - — . 

ax+ar* a+i 

6a« — 12t« 2a« — 4j- 

* 3a — 6x • • • • a — 2x * 

4a«x» 2ax^ 

o» • • . • _ ^ • • « • . • 

2oap — 2a -^ x — a 

36a«a?« 3r 

* "24^^^* • • • 2a' 

9aa — 12ag + 4g« 3a— gx 

^ 3ax— 2x2 . . • ^ • 

The greatest divisor of the coefficients is found as in arith- 
metic^ and the greatest simple divisor of the letters is disco- 
vered by inspection. 

To find the greatest compound divisor. 

Divide the greater by the less and the divisor by the remain- 
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der contiDually, till nothing remain: the last dirisor it the 
greatest common measure. 

Note. — The sereral divisors must be first divided by the 
greatest simple quantity which measures all their terms before 
they are used. Also the dividend must be sometimes multi- 
pliei by a simple quantity to make the division succeed. And 
any compound quantity in a remainder which does not measure 
the divisor from which it proceeds^ may be taken out of it. 

What is the greatest common measure of 
1. -TT-JTH' • • Ans. a« + 6«. 

a* +a»6' ' 






jr« — «« 



—2f' 



6x« — 6x*y + gay « — 2y» 
^- 12x« — 15ay + 3y« * ' ' '~y' 

3bcq + S0mp'k-lSbc'^5mpq ^ 
^' 2Ud-.7fgq — ^2/g + ^dq' ' ^ + ^- 

^' x*^bx-^2ax^iab * '+^^- 

«*^1 . r 1 

7. Reduce — : — to its lowest terms. . 

^y-^y y 

8 i^M^T^' • • '^''''^* ^y ^+*- 

5a' -f lOfl '* J 4- 5a»jr« 



ADDITION AND SUBTRACTION. 

Rrduce the fractions to a common denominator^ if they have 
different ones; then add or subtract their numerators^ and 

* In fractions like this, where a letter is but of one dimension in 
either the numerator or the denominator, divide it into two parts, one of 
which has that letter in every term ; then find the common measure of 
these two parts, and try whether it will divide the other quantity. Here 
the parts of the denominator are 4adg + 24ael and ^ 7/gq —^ ^^if^% VdA 
the common measure (^ these i8g + 6, which succeeds. 
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under the iom or the remaioder write the common deDomi- 
nator, for the sum or the difference of the fractions. 



1. Add — , y, ^ together. 



2. 
3. 

4. 
5. 
6. 



X— 3 5x4-g Tx 
4 ' 3 ' T' 
3r« x + a 



4*, 



Ans.-^. 

199x— 5 
60 * 
9x» + t4ax« + 2ajr + 2a = 



2a 



3x • 



_ , a + 3 . , 2fl — 5 
X X 3x ^-^ ^ 

a* a — X 

x' c 



Ga-i 



6ax 

14<i — 13 



20 



-+&• 



a+x+ 



ax 



a^c 



7. From 3a , take a+s-. 

a 3a 



8. 

9. 
10. 

11. 



7x 4x« K 3x 2x« 



x---3f 
2a 



, take 



3a • 



I 


ex 


2fl- 


17x 
"" 3«* 


46x 


58x= 


7© 


Sov 


X — 


•II 



6a 



What is the sum and the difference of 



t 
1 

a — 6 



and 



and 



2 ' 
1 

a + 6' 



Ans. X and y, 
ta , 26 



a^ — 6^ 



and 



a'-^b-' 



^ . 3x - 2x — 2a 

12. ^x-\ — and X — — . 

Cm ^C 



9cx— 2ax+2a« , ta^it . 9cx+2ax— 2a = 

Sum Sx-i s— i , and Diff. x H 



3ad 



3ac 



MULTIPLICATION AND DIVISION. 

Multiply the numerators together for the numerator of the 
product^ and the denominators together for its denominator. 
In divbion^ iuFert the divisor and multiply as before. 

1. Multiply Y ^y 'W' ' ' ^^^' ~9~' 

x + a . a ax + a = 

2. . '. . , —:— by -. . . — -— . 

a + c ^ X ax -\-cx 

3. . , . . b + - by -. . . . - + b. 

. arf , 4c 2a 

'^ ij; ""y 7- • • y 

9 
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5. Divide 3 by -x-. . . Ans. IJ. 

r, gj« X ix{x + a) 

^ ^mt;^ °y r+a- • • «*+x» • 



X* — a* , jc' + ax J'-Ko' 



g-t-x ^1 0-4-X 

^ a« + 2Ax + x» ^y b^x • • 6 + x 

The fonr fuDdamental rules require the aid of those for frac«> 
tions, when any terms of the given quantities, or of tho^e 
vrhich arise in the course of the oi)eration, are fractional. 

^^ */r ix- 1 «* ax x^ . a X , (a x\> 

10. Multiply y—Y+T '•y 3 — 2- '^'"- \^ — %) • 

a c . a c «* r^ 

*^ 'h^d^^h'^lL' ' ' F' d^' 

3a 2r 3a 2r On" ir^ 



*' xy , JV* • ^ JV -^^ ^^ 



1 1 /•> 



a* c 



2'« 



_4.:ir4.»i_ bv - 

a^ * ac* c^ ^ a c' 

14. Divide a^ + b^ by a + 6. . . ^ — ^ + ^i,- 



• • • 



16 "■ 6 "^ 9 "^ 4 "~ 3' • 4 "~ 3* 



wj X* &^ X z x« X8 a« 



PROPORTION. 



Four quantities are proportional, when the first multiplied by 
any number contains the second, as often as the thira multi^ 
plied by the same number contains the fourth; that is, if 



-^ = --Ty whatever number m represents, then the ratio of a 

to b is the same with that of c to (f, or a is to 6 as c is to ef ; 
which is expressed thus, a:b::c:d. 

Hence three quantities may be proportional ; for if 6 =z c, 
then a : b :: b : d. 



PROP. r. 



The product of the extremes of four ptoporlioiL^&^^l^^ 
to the product of the means, and conversely. ^^^^^ 
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a c 



Let a: b::c: d, then (def. i?i=:l) r- = ^; and multiplyiDg 
both by bd, wc obtain — := — ; and cancelling like quanti- 
tiesy ad = 6c. 



a 



Conversely, if ad =z be, divide by bd, and t'=- t* There- 
fore, aibiicid. 

If ad =z be, then rsad = r*6c ; that is, raxsdz=rbx sc 
^=sbx re. Hence ra: rb :: sc : sd, and ra: sb:: re : sd; so 
that if the terms of proportionals be multiplied or divided by 
any numbers, either the first and second by the same, or the 
first and third by the same number, the products or the quo- 
tients will be proportionals. 

Hence, if three quantities be proportional, a:b ::b:d, then 
ad^h^, the product of the extremes is equal to the square of 
the mean. Hence, \i a i b ii b : d, then aid:: aa:ad=zbb» 

PROP. II. 

Of four proportionals^ any three being given, the fourth 
may be found. 

Let a, b, c, be the three first, and x the fourth; then 

be 

ax^be, and dividing by a, we obtain a? = — ; that is, the 

product of the means, divided by one of the extremes, gives 
the other extreme. 

Hence, of three proportionals any two being given, the third 

may be found ; for ad = b^, therefore b = ^ad, and d=:—. 

Let 7 : 10 :: 28 : or. Required the value of x. Ans. 4C. 
Required a third proportional to 81 and 54. . 36. 

Required a mean proportional between 49 and 4. 14. 

PROF. III. 

If a : b :: e : d, and i£pa:::^qb, then pe'^^qd; or \f pa = 
qby pc:=qd; or if pa ..^ qb, pc ..^ qd. 

Let pa^^qb, take m, so that mpa:::^ (mq'\'l)b, then 
mpe is not .^ {mq + 1 ) rf ; that is, mpe z^ tnqd, or pc z^ qd. 

If pa .^^ qb, the quotient of pa by b is less than that of qb 
hj b ; theretbre pc divided by £^ is less than qd divided by d, 
or pc.^ qd. 

If pa =: qb, pc ia not z^ nor -^ qd ; that is, pc = qd, 

PROP. IV. 

If a:b :: c:d, then a dob : b :: c ztzd : d ; for ma -i-bz=: 
mc-T-d, and mi -s- 6 = wirf -=- rf ; therefore ma zt fnb, or 
f«(aiiz6)-5-6=:wi(cit d)-^d Therefore a^b : b :: c 
drdid. 
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PROP. V. 

If four quaDtities be proportioDals^ a:b::c:d, they will be 
proportionals though they be altered in any of the iollowbg 
ways : — 

1. b:a::d :c, . . . . by iDversioD ; 

9.. aiciibid, . . . by Alternation ; 

3. a-\rhihi:c-\'didi . . by Composition ; 

4. a — hihiic — didy . . by Division; 

5. fl : flHh 6 :: c : c zt:«^, . by ConTersion ; 

6. a-|-6:a — hi:c-\-dic — d, by Mixing; 

For in all these the product of the extremes may be shown to 
be equal to the product of the means. 

PROP. VI. 

If the terms of two proportions be multiplied or divided in 
their order, the products or quotients will be proportionals, 
^Ayaihiic :d, and m :n::p: r ; then am:bn::cp: dr, and 

— :-::-:-; for aiz=.bc and mr •=. no, therefore admr ^ 

bcnp ; that is, afn.dr=^bn,cp, &c. 

Hence similar powers or roots of proportionals are propor- 
tionals. 



OP NEGATIVE QUANTITIES. 

If c be the difference between a and b, the algebraical ex- 
pression for this u a — 6 = c, where a is supposed to be greater 
than b; if it be less, the expression is a — b= — c. As a 
greater quantity cannot be taken from a less, the expression 
— ^c is impossible; so that a negative quantity standing by 
itself has, strictly speaking, no meaning. But if it be joined 
to another quantity, as m — c, the expression is proper, and 
may be subjected to all the operations of algebra. The ab- 
surdity appears only in the result ; and when it does appear, 
it points out that something impossible has been admitted into 
the question, some condition inconsistent with its other condi' 
tions. We therefore reckon a negative result to be a proper 
algebraical solution of a problem, for it agrees with the pre- 
craing steps of the process, and points out the impossibility of 
the conditions, and thus it has its use in limiting the terms of 
the question. It will therefore be necessary in what follows 
to attend to negative expressions, .and the forms which result 
from them, as well as from the positive ones. But this should 
create no hesiJkation in the operations ; for it has been shown, 
not only how whole quantities, but also how single terms of 
them, may be added together or subtracted from oii^ ^\i^\>DkKx, 
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and how they may be multiplied or divided by one another 
with the signs of the resulting terms. But it is to be re- 
marked^ that these signs do not belong to the terms taken as 
isolated quantities^ but to the relation in which they stand to 
the other terms of the result. When Diophantus of old said, 
" A defect drawn into a defect proiiuees an excess," he did 
not by a defect mean a simple quantity, without relation to 
any other quantity : he meant to express by it what one 
quantity wanted to make it equal to another, and that after 
the sum of the products of the wholes by these defects had 
been subtracted from the product of the wholes, the true pro- 
duct would exceed the remainder by the product of the 
defects, which must therefore be added to the remainder. 
And that this is the case, has been proved before, in the note 
explaining Multiplication. It is therefore improper to apply 
to simple quantities the rules by which the terms of compound 
quantities are connected together ; and much of the obscurity 
of algebra has arisen from this confusion. 

If a — X be multiplied by ilself, the product is a^ — 2ax 
-{-x^ ; and if x — a be multiplied by itself, the product is the 
same; so that from this product it cannot be determined 
whether a be greater or less than x ; that is, if a — xz=z c, 
whether the product has arisen from -{-c or from — c, for 
each of these multiplied by itself produces +c^, and therefore 
the square root of -j- ^* niay be either -|- c or — c, and of 
course the square root of — c* is impossible. This expression 
is in some instances found useful for promoting the investiga- 
tion of rules. 

The formula a^ — 6* — (a+i) X (fl — b)\s useful in every 
branch of the mathematics. Now a^-j-b^ =ia^ — b^ x — 1 
r= (a+bfj — 1) X (fl — 6 V — !)• T'his latter expression is 
therefore useful in several investigations. 

The algebraist does not consider the solution of a problem 
to be complete, unless it exhibit all the cases which can occur ; 
and the results which flow from contradictory suppositions can 
only be exhibited by such expressions as have been just now 
explained. 

In the application of algebra to various sciences, where posi- 
tion and other states must be introduced, quantities are often 
found in such opposite states, that when in one of them they 
are to be added, they must be invariably subtracted in the 
other. These different states may therefore be naturally 
pointed out by prefixing the sign + to the quantity when it 
is in one of them, and the sign — when it is in the opposite 
state; and this use does not appear to alter in the smallest 
deg^ree the meaning a$xed to these signs in the deflnitions^ for 
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here they are prefixed aolely for the purpose of subjecting the 
quantity to algebraical processes. 

From the whole it appears^ that the meaning of the signs 
+ and — given in the definitions ought to be steadily adhered 
to^ by whid^ means many of the difficulties of beginners would 
be aroided. 

In dividing a^ by a^, we either place the quantities in the 

form of a fraction^ -^^ and expunge like quantifies^ which 

gives a' for the quotient^ or else we subtract the exponent of 
the divisor from that of the dividend^ a^~^^a^. These two 
methods make the quotients to have in some cases different 
appearances. Suppose a' to be divided by a^. By the for- 

mer method — = r^. By the second a^^=za '; so that 

a~^ := ^. Here the negative exponent does not represent a 

fa^pative qudntity^ biit only shows that the quantity placed in 
the numerator ought to be in the denominator; but in either 
place it can be subjected with equal ease to all the rules of 
algebra. From this it appears^ that any quantity may be 
removed from the numerator to the denominator^ or from the 
denominator to the numerator^ by changing the sign of its 

expoBCDt. Thus -;- = a^bc~^, ah ^c^ =z-r^. 



INVOLUTION. 

Involution is the method of finding the powers of quan- 
tities. 

BULE FOR SIMPLE QUANTITIES. 

Multiply the exponent of each letter by the name of the 
power to which it is to be raised^ and prefix the same power 
of the coefficient. 

If the sign of the quantity be +, all its powers are positive ; 
but if the sign be — , its odd powers have — , and all the rest 
have +.* 

In a tnkS&yn, raise its terms separately to the power re- 
quired. 

1, Raise +3ab^ to the 4th power. Ans. -f 81a*6*. 

2. . . ; .^ 2a' jr to the 6th power. . +64fl***j?». 

• It was shown in Multiplication, that — a?*" X — x*" =: + »^ and 
+ a?»» X— «*" = — »^. Hence x*" raised to the nth power = x*^, and 
— x^ raised to the nth power is either + x*^ or — x^", according as n 
is even or odd. 
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3. Raise -f — ^^ to the 5tli power. Ans. H 243c* — * 

7a« , ^- 343a« 

4. . . . — ^ to the 3d power, • — "i7A~* 

5. . . . H T-T- to the 8th power. H — . 

3xK^ 656lxH* 

When the quantity is compound^ raise it by actual multi- 
plication. 

Thus the powers of a+6 are, 

2d, =a« + 2a6 + 6«. 

3d, =a^ + 3a^b-^3ab^ + bK 
4th,= a4 + 4a56+6a«6« + 4a65 + i4. 

5th,= a5 + 5a^b + 10a^b^ + 10a^b^ + 5ab^ + b^. 

6th, = a^ + 6a^b+l5aH^ + 20a^b^ + l5a^b^ + 6ab5 + b^. 

The powers of a — b are the same with those of a-f-6, ex- 
cept that the signs of the eFen terms are — , all the rest are -f. 

Hence it appears, 

1. That the number of terms is one greater than the name 
of the power. 

2. That the exponent of the leading quantity in the first 
term is the name of the power, and that it decreases by 1 in 
each of the following terms to the last, where it is 0. 

3. That the second quantity is not found in the first term ; 
in the second its exponent is 1 ; and it increases by 1 in each 
of the following terms to the last, in which it is the name of 
the power. 

4. That the coefiicient of the first term is 1, that of the 
second is the name of the power, and in the following terms it 
is got by multiplying the coefiicient of the preceding term by 
the exponent of the leading quantity in that term, and di- 
viding the product by the number of that term. 

5. That when the signs of both quantities are alike, all the 
terms have the sign -f ; but if the signs of the quantities be 
different, the odd terms have -|-, and the even terms — . 

1. Raise x — « to the 7tli power. 

Ans. x'' — 7x^v + 21x^v^ — 35x^v^ + 35x^v^ — 21x«t;^ 
+ 7xv^ — v'^. 

2. Raise m— n to the 8 th power. 

Ans. m^ — Sm'^n + 28m«»« — 56m^n^ + lOm^n^ — 
56m5n5 + 28m2»« — hmn'^ + »». 
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3. Raise ah — cd to the 5th power. 

Ans. a'^h^—5a^h^cd-^ lOa^b^c^d^ — lOa^b^c^d* + 
5abc^d^—c^d^. 

4. Raise 2a — 36 to the 4th power. 

Ans. (2a)* — 4(2a)»(36) + 6(2fl)«(S6)« — 4(2fl)(SA)5 

+{3by =l6a^—96a^b+2l6aH^ —2l6ab' +Slb*. 

NoTB. — In this manner care must be taken to distinguish 
the quantities affected by the different exponents^ and to raise 
them accordingly. 

5. Raise Srs — 5vs to the 3d power. 

Ans. 512r5#5 —g60r^s^v+600rs^v^ — 125s^v^. 

6. Raise x^ — v^ to the 5th power. 

Ans. x^^—5x^v^ + 10xH*—10x'^v^ + 5xH^—v^^. 

7. Raise a^ — 2a6 to the 6th power. 

Ans. fl^* — 12aii6 + dOa^^b^ — l60a^b^ + 240a«6* — 
192a'^65 + 64a66«. 
8.. Raise 2ac«— c' to the 7th power. 
9. . . . 3x^ — 4xv to the 4th power. 

10. ... 5a^c — 3xv^ to the 3d power. 

11. ... a+b to the ;2th power. 



Ans. fl^+na'^ift+n. — a^-^^s^^. !^. !^an-3^^^c. 
or dividing by a*^, and putting A^ B^ C^ &c. for the preceding 
terms with their signs^ it becomes a*»X (l+— + "7 . — + 
^^^-. — +-^7—. — . &C.I where the law of continuation is 

3 a ' 4 a ' / 

evident. 

If the quantity consists of more than two terms^ divide the 
terms into two classes^ and' raise them as if each class were a 
simple quantity; after which the classes must be raised ac- 
cording to the exponents placed over them^ and then connected 
with one ajMUier^ and with the coefficients by multiplication. 

12. Raise 7^ 6 — c to the 3d power. 

Ans. {a+by — 3x{a + byc+3{a+b)c^ — c^ =«' 
+ 3a^b + 3ab^ + 6' — Sa^c — 6abc — 3b'c + 3ac^ 
+ 36c« — c^. 

13. Raise a^ + b^ — c^ to the 2d power. 

14. ... a* — 2ab + b^ to the 4th power. 

15. ... a — b + c — d = {a'^b) + {c — d) to ih&^^'^'<N^< 
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EVOLUTION. 

Evolution is the method of finding the roots of quantities^ 
or those from which given powers have been raised. 

Rule. — In simple quantities^ divide the exponents of the 
letters bv the name of the rdot required^ and prefix the same 
root of the coefiicients. 

If the sign of the given quantity be 4-> the sign of the root 
it also 4*- I^ the sign of the quantity be — ^ the sign of its 
odd roots is — ; but it can have no even root^ for the square 
of +a, and also of — a, is +a*.* 

1. Required the 3d root of a^b^, . Ans. a^b. 

2. 4th root of . . , 

,3 5th root of 



• ■r* 



CX 






4 6th root of ^. . • !!^!!-. 

ce* 
TO FIND THE SQUARE ROOT OF A COMPOUND QUANTITY. 

Take the square root of the first term for the first term of 
the root, and subtract its square from the given quantity. 
Double the root for a divisor, by which divide the next term 
to get another term of the root; annex this term with its 
^per sign to the divisor, and then multiply the divisor thus 
otopleted bf it, and subtract the product from the resolvend, 
and proceed in the same way with the remainder. 

1. Reqmred the square root of a?« — 2xv + v^. 

a?*— 2a:t;+»*/jr — t; root 



2j. — i;\ — Qa:v+v^ 

= it 

* It was shown in the note on Involution, that x**" is the nfh power 
mn 

of x^, therefore « *» is the nth root of x'"'*, and consequently that 1 is 

the proper exponent of the nth root; also that the nth power of — x'" is 
either H-x*^ or — x"***, according as n is even or odd. Therefore, in 

nm 

the first case, +x '^ , when n is even, may be either +x^ or -^x***, a^ 

mn 

thftt in this case m^x^ is imposrfbte. 



ALGEBRA. 


33 


2. ^x^— 2x^ + 1 

3. J-f — XV + V^ 


= ns. ar^ — 1. 

or 


/«• tax . ^ 
^^ c* c ' 


= x« — 2j:a + a«. 

a 
c 



8. V(^« + 4ar5 + 2ar4 + 9j:2-.4ar+4) = x' + 2jr«— x + 2. 

TO EXTRACT ANY OTHER ROOT* 

Arrange the terms as in Division ; take the root of the first 
term for the first term of the root ; raise this root to a power 
less by one than the given power^ and multiply it by the name 
of the root for a divisor, by which divide the second term of 
the given quantity to get another term of the root. Raise the 
whole root thus found to the given power^ and subtract it from 
the given quantity ; and if there be a remainder, divide its 
first term bv the divisor got before to obtain another term of 
the root^ and proceed as before. 

1. Required the cube root of x' + Sar^v+Sxv^ + t;'. 

x^ '\-Sx^v-\'Sxv^ + v^ ix + v 



x^ 



3x^) +3x'^v 



2. (27a' — 54fl*c + 3Cac2 — 8c')^ = 3a — 2c. 

3. (mO + 6m5 — 40m5+ 96m — 64) i = m2+2m — 4. 

4. (16j:* — 96a:^^+2l6x2y2_2i6j.y^8iy)i ^^x^Sy. 

5. (8 la* — 432a3< + 864aV — 768ac3 + 256c*)* = 3a -- 4c. 

10jc««» lOx^v* 5xv* »* \J ^ 




X — l^. 



OF SURDS. 

^URDS are expressions of the roots of such quantities as are not 
complete powers. 

Thus ^a^ or a^ is a surd^ because a^ is not a c\i\^. 
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radical to the power or root required^ and then to place the 
radical sign over it. 

1. The 4th power of ^3a is 9a^. 

2. The 3d power of (a — b)^ is a — b. 

3. The 4th power of ^ VS is — . 

2»Ja . 32Va« 



4. The 5th power of -jy- is 



3^c 243c 

5. The 3d root of a^b^c is a^b'^c 



6. The 4th root of ^—^ is ^—5-^. 

a* i 

7. The 3d root of ^^2 is 1^2. 



2 



8. The 5th root of -^ is h^—. 

TO FIND THE SQUARE ROOT OF A COMPOUND SURD. 

. When a quantity consists of two terms^ a rational and a 
surd; if it have a root^ the rational part is the sum of the 
squares of its terms^ and the surd is the double of their pro- 
duct. 

Rule. — From the square of the rational term subtract the 
quantity affected by the radical sign^ and take the square root 
of the remainder ; add it to the rational term^ and subtract it 
from that term^ and take the halves of the sum and remainder 
for the squares of the two terms of the root. 

1. (6—^20)^ = V5— 1, for V36— .20 = ^l6 = 4, and 

— 2- = >y5 and 1. 

2. (136 — 96^2)^=6^2 — 8. 

3. (51 — 10^2)^ =5^2—1. 

4. (14 — 6^5)^ =3 ^^5. 

5. (5 — 2^6)^ =V3 — V2. 

6. (76 — 42^3)^ =7 — 3^3. 

7. (19 + 8^3)'^ =4+ VS. 

8. (12 — 2^^)^ =V7 — V5. 
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9. (7+W3)^ =2 + Vs. 

10. (7 — 2^10)^ =^5 — ^2. 

11. (39 — 6^80)^ =^30 — 3. 



EQUATIONS. 

When two expressions are equal to one another^ they are 
written with the sign =: of equality between them^ and the 
whole is called an equation. Thus x — a=:.h'\-c\»KTi equa- 
tion; X — a is called the left; side^ and &+<? the right side of 
the equation, 

BEDUGTION. 

Reduction is the method of bringing the unknown quantity 
to stand alone upon one side of the equation^ and the known 
quantities upon tne other. This is performed by the follow- 
ing rules taKen in their order. 

Rui<B 1. — If a term be divided by any quantity, multiply 
erery term by the divisor. 

In this way the equation may be cleared of fractions. 

RuiiB 2. — ^Any term may m transposed from one side of 
the equation to the other^ by changing its sign from -f- to — , 
or from — to +. 

In this way the terms containing the unknown quantity 
may be brought to one side of the equation, and the known 
terms to the other; after which they may be collected into 
one by addition. 

Cor. — If a term be found on both sides with the same sign, 
it may be ei^sed from both. 

RuIjE 3. — If the unknown quantity be multiplied by any 
other, divide both sides by the multiplier. 

In this way the value of the unknown quantity is found, 
when there are no surds nor powers. 

Rui<E 4. — If the equation have a surd in it, after bringing 
it to one side by itself; take away the radical sign, and raise 
the other side to the corresponding power. 

Rule 5.— If one side or the equation be a complete power, 
take the corresponding root of botn sides.* 

^ ^i^— ^i— ^^—^^^^i^i^M^^— ^^i^^^l^^l^— M— » ■■■■■■■[■■■■I ^ ^,, ,, ■ ■ I ■ 

* It IS eyident, that the operations prescribed in these rules do not 
render the two sides of the equation unequal, Tor they are both increased 
or diminished in the same degree. Thus, in the first operation, both 
tides are multiplied by the same quantity ; in transposition the same 
qoantity is subtracted from both sides; in the third both sides are divided 
by the same quantity ; in the fourth they are both raised to the same 
power ; and in the last the same root is taken of both sides. 
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1. Let the equatiou be 2jr — "T = "T + * 

Multiply by 4, . . 8j: — 19 = 3jr+l6 

Add 19 — 3ar to both sides, 8x — 3jr = 16+ 19 

And collecting', . . . 5x^35 

Divide by 5, . . . or =: 7 
So that 7 is the value of x. 

In the second line the equation is cleared of fractions, and 
in the third line the quantities 19 and ox are transposed with 
their signs changed ; and it is evident that the two side^ of the 
equation have been kept equal to one another in every line. 

2. Let the equation be (3*+ 1)^+5 = 10 

By transposing 5, (Sx+ 1)^ = 10 — 5=: 5 

Square by rule 4«, 3a? + 1 =25 
Transposing 1, . . 3a? = 25 — 1=24 

And dividing by 3, . x =:8, 

The removal of the sign froin the radical is equivalent to the 
raising of it to the power. 

3. Let the equation be . 9x^ + 9 = 3x^ + 6s 
By transposing, . 9^^ — Sx^ =:6s — 9 
Collecting, . . . 6x^ =: 54 
Dividing by 6, . . x^ =i9 
Taking the square root, . x =:3. 

REDUCE THE FOLLOWING EQUATIONS : 





EQUATIONS. 


. 


ANSWERS. 


4. 


1-3 = 5. . 


a • 


a? =16. 


5. 


6 — ar='4 — -«-• 


• 


a? = 6a 


6. 


4a? — 8 = 3a?+20. 


• a 


a? = 28. 


7. 


40 — 6a?— 16 = 120- 


- 14a?. 


X = 12. 


8. 


X X 


• a 


a? = 6a 


9. 


ax+2ab = 3c^. 


a 


a? = 26a 

a 


10. 


5ax — S6 = 2rfa?-!-c. 


• 


3M-C 


11. 


2a? — 1+1= 5a? — 2. 


a 


6 
0?=-. 



12 



. 0?^ — 2 = 6. . . a? = 64. 
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SQI7ATION8. AN8WBB8. 

13. (4a?+l6)^=12. . . «=zS2, 

14. 5* — 15 = 2«+6. . . « = 7. 

15. 1^+1+^ = 10. . . «=9/5- 
1& Sjr«— jr = 8dP + ««. « = 4i. 
17- «— «= . - . . « = ?• 

18. {fU+S)^+4,=:S. 9 = 80^. 

19- (3^)^5 = 7. . . . « = 6. 

20. ^^+f=20— ^=^. . « = 25J. 



21- 



H^.=^ . . M^y- 



l+ar ' 1— X 



a 



22. «+(a«+x«)^=:— ?^. . « = -t-. 

(a«+x«)* VS 

23. «4+(«+«)i = -if--. 

24. (12+a?)^ = 2+ari . . « = 4. 

25. («-+*•)* = (6* +x*)i. . , = (^1=^)* 

26. 6a?«+c+3 = 2fta?« + l. . jr = (^)i 
27- 4*— ^^ = d:+?^^+24. «=11. 

28. fl+ar = [fl«+a?(6«+a?«)^i 



4a 



29. — — C+j- — 4*+-^. * — (3H-a)rf— 2a4(W+l)- 

-- _ o a+« b^^x a«* — S*«+3ii« 

SO. 3x — ^ — cx = — —. * = 8a*_3fl6c-36- 

5H-26 
31. 5ap— 26+ 46d?=: 2a: + 5c. * — S+iAZTi* 



EXTERMINATION OF UNKNOWN QUANTITIES. 

When there are several uDkoown quantities^ there must be 
as many equatioDs : from these afi equation must be deduced^ 
which contiuiiii only one of the unknown quantities; and this 
equation is to be resolved by the preceding rulea. 
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Thig eliminatioQ may be performed by any of the followiDg 
methods :— « 

Method 1 . — Find a value of one of the unknown quan- 
tities in each of the equations^ supposing all the rest to be 
known. Make these values equal to one another^ and from 
them find values of another unknown quantity. Make again 
these values equals and find another unknown quantity^ and 
so on^ until an equation be obtained containing only one 
unknown quantity^ which is to be resolved by the preceding 
rules. 

Mbthpd 2.-^Find a value of one of the unknown quan- 
tities in that equation in which it is least involved ; substitute 
this value and its powers for that unknown quantity and its 
powers in all the other equations^ and proceed in the same way 
with these equations to get rid of other unknown quantities. 

Method 3. — Multiply the equations by such quantities as 
will make the coefficients of one of the unknown quantities^ or 
of its highest power^ the same in all the equations ; then, if 
the signs of these equal terms be like, subtract the ecj^uations, 
but if the signs be unlike, add them, and new equations will 
arise, wanting that unknown quantity or its highest power, 
and these equations are to be treated in the same way. 

Note. — The first method seems to be the most regular ; the 
second is shorter than the first, but the reductions are more 
intricate; the third is the most simple and expeditious. 

1. Let the equations be ^+^ =: 12, and 5x+3f^=z 50, 

By Method 1. ar = 12 — ^, and a?= "T ^ ; therefore 

12 — ^ = ^ "7 ^ : whence ^ = 5, anda?=12 — ^=7. 

By Method 2. 5(12— 3/i) + ay=i:50 or 60— 5^+3^=50: 
whence ^ =: 5, and x=z7- 

By Method 3. 5jr+5j^=60 

By subtraction, 2^ = 10 

2. Exterminate 5x + 8^ = 1 24 > Ans. / ar = 12 

Sx — 2^= 20 J l^= 8 

3. ... . 5X'—Sy= 901 Jar = 30 

2ar + 5^=:l60J ' " 1^ = 20 

4 X — y =• 2\ Jx=zi7^ 

8^+5x — 6y=120/ • ' \^=15f 

^ 2+3 = ^^ r ra?=2o 



• • {;: 



* ?.— 9 i IV=1S 
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6. Eztermiiiate AT +v :sa » . \* = ^+ii 

.... 4x + Sg = Sl \ f* = * 

.... &t— 4y=I9 t f« = 7 

2y-j= 9J • • 1^= 7 



7. 
8. 



10. ... . 3 









" 3 






12 

8 



3«— '7y_gx4yH 



= 13) 

= 14V . . . 

= 15J 



= 13 
3 



= 29) 
= 32 V • 

= 25J 



13 ar+j^ = 

x+z 

14. ... . 2x+3^+4s = 

3x+2y+5« 
^+Stf+2z 

15 ar+100= y+z ) 

^+100=2x+22 V 
2+100=Sar+3^j 

l6 dp+5f=90 — «) 

2x+40=Sy+20V 
X +20=22+ 5} 

17 x+ ^+ 2= 531 f J? = «4 

«+2y+32 = 105V . -?y= 6 
4?+Sy+42 = 134) (2 = 23 

18 lx+4i;+^z = 62) ljr=^ 24 

)x+Jt;+|2 = 47> . -J»= 60 
+ }t;+j2=38j (z=::UO 
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QUADRATIC EQUATIONS; 

IP4 after all the unloiovrn quantities^ except one^ are extermi- 
nated from an equation, both that unknown quantity and its 
square are found in it, the equation is called a QuadnUic. 

TO RESOLVE A QUADRATIC EQUATION. 

Having cleared the equation, and brought the^ terms! in- 
voMng the unknown-quantity to one side of it by themselves, 
divide by the coefficient of the square of the unknown quan- 
tity, if it have one ,- then add to both sides the square of half 
the coefficient of the unknown quantity, which will complete 
the square of the side containing the unknown quantity ; after 
which extract the square root of both sides, and the equation 
will be reduced to a simple one, which may be resonred as 
before. 

Note 1. — Since the square root of a?^ — 2ajr+a® is either 
a —. 4; or X — a, the root of the known side of the equation 
must have both the signs -f- and — before it.- Sometimes both 
these give proper solutions, and at other times only one of them. 

Note 2. — The root of the side involving the unknown 
quantity consists of that quantity, and of ^ its coefficient with 
its sign.* 

1. Let the equation be 3ar^ + 12a; =96 
By dividing by 3, . ar« + 4ar =32 
Add the square of 2, a?« + 4ar + 4 = 36 
And taking the root, . x+2 z= Hh 6 

And transposing, ; ' . jy = -h6 — 2 = + 4 or — 8. 

Here the positive value of the root only is proper. 

2. Let the equation be 2ar^ — 8a; =90 
Dividing by 2, « a?* — 4j: = 45 
Completing the square, x^ — 4ar4~^ = ^9 
Taking the root, . . j? — 2 = -4- 7 
Transposing, . . . a? =±7+2 =+9 or — 5. 

Here also the rolot 7 is greater than ^ the coefficient of x ; 

therefore the positive value only is proper. 

■1^1 ■ ■ . 1 

* Quadratic equations assume one of these three forms, viz. 
0:^+00; 9+6; x^^^ax^-^b; or a:' — or = — 6; and when they 
are reserved by the rule, the value of x assumes one of these forms, 

X SB ■ ; ;i: as ^ ; or sr =^ ^ > . 

2 2 ' 2 

If a positive answer is required, the sign of the radical in the first two 

forms must be +, but in the third it may be either + or *-. There is, 

however, a limitation in this case, for 46 must not be greater than a', 

otherwise the quantity below the radical sign would be negative, and its 

root impossible. Thil) happens when the absolute term b is greater than 

^a', the square of 4 the coefficient of :r« 
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3. Leithe equation be 15x — x^ =54 

or jr* — 15x =: — 54 

CompletiDg the iquare^ x* — 15x+-t- = -t 54 = + r 

Taking the root> . x — y = it2 

TnnKpooDg, • . * =+-^±2 =+9 o"^ +fi« 

Here both the roots are proper. But it is to be remarked^ 
that if 54 had been greater than -r-, the known side would 

hare been n^iatiye, and its root impoaaible ; m which case x 
would hare had no yalue in numbers. 

NoTB.— To avoid fractional instead of dividing by the oo« 
efficient of x^y and then adding the square of ^ the coefficient ; 
multiply the equation by 4 times the coefficient of x^, and 
then ami the square of the coefficient, which x had before mul« 
tiplying. 

4. Let the equation be 7x^ — - 20x = 32 

Multiplying by 4 X 7 = 28, 196x^ — 5G0x =896 

Adding 400 =z 20«, . 19&r«— 560x+4OO= I296 
Taking the root, . 14r — 20=:±:S6 



Whence ... . . x =-|-4or-^l}. 

EQUATIONS. ANSWERS. 

5. 8+jr« — 6ar = 80. . jp=+12. 

6. 8x — 20=70 — 2jr«. x = 5. 

7. Sx^ + 6 = 3x+5i. or = for J. 

8. |+42| = ^+20f . x = 7. 

9. Sara — 9 = 76 — 2a?. xz=:5. 

10. «« — x = 210. . • x=15. 

11. ^«+7f = Jjr+8. . x = li. 

12. 4x«— Sx = 85. . . x = 5. 

14. 5jr« + 4a? = 273. - jr = 7. 

16. %+- = 5l. - . a: = 25orl. 

ox " 

3* * — 1 ^ -^ 

»7- i+i-- r-='--9- *=i"- 
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EQUATIONS* 

18. jf^ + 6aj? = c*f 



ANSWERS. 



ar = l±:Vl— a«. 



Note. — If the equation contain two powers of the unknown 
' quantitjr, and the exponent of the one is double that of the 
other^ it may be resolved like a quadratic. 

. 20. Let the equation be Ar« — 6a?' =l6 Ani^ 4f = 2. 
Completing the square^ «• — 6ar' +9 = 25 



Takung the root. 
Transposing, 
Taking tlie cube root, 

EQUATIONS. 

21. 2«*— ««ai496. 

22. a:*+2aa;«=6. 
28. «— 8«^z=9. 

24. «—«*=: a. 

25. io?— Ja?* = 22J. 

26. (l+o:)*— 2(l+«)i=4. 

27. 8a;*»— 2«» = 25. 

28. «*— oj?' = e. 

29. 4ax* — 6x« =r c. 



a?' = 3zt5=:8 
a? =2. 

ANSWERS. 

or = 81 or 1. 



a? =49. 

x = 55 ±24^5. 

jp = (18+e±6Ve+9)«. 



SOLUTION OP QUESTIONS. 

When a question is proposed, the analyst ought to form a 
dear idea of its nature, and then attempt to express its terms^ 
and the relations of its parts, in algebraical characters, putting 
the letters x,y,z, &c. for the unknown quantities in it; and 
in this way be must deduce )u many independent equations 
from the conditions of the question as there are unknown 
quantities in it, which he can always do when the question is 
properly limited ; after which, these equations being resolved 
by the preceding rules, will give the answer or answers. 
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Suppose X the greatest unknown quantity^ ^ the next, 
z, V, &C. the lesser ones in their order. 

Suppose it to he a condition of the question, that 

The two quantities together, or their sum, amounts to 18. 
This condition may be expressed thus, • 4; + ^ ^ 1^ 

Thar excess, difference, &c. is 6, • J?— ^ = 6 

Their product, rectangle, the one into the 
other, or multiplied by it, is 72> • • jr^ == 72 

One of them taken out of the other, divided 
by it, applied to it, or their quotient, is 2, - = 2 

The greater is to the less, or their ratio is as ^ 

4to2, • . . . jr:^::4:3 

This proportion, by multipljring the means 
and the extremes, becomes an equation, • 2jr = 4y 

The sum of their squares is 180, • x^ + if^ = 180 

The difference of their squares is 108, x^—y^ = 108 

And in a similar way may any other relations of the quan- 
tities be expressed in equations. 

When the relation of one unknown quantity to another is 
simple, a letter may be taken for one of them, and an expres- 
sion for the other deduced from the relation between them, 
which will abridge the work, and render it more elegant 
Thus, if their difference be S, take y for the less, and tf+S 
will be the greater. 

It will often abridge the work, if letters are taken not for 
the unknown quantities themselves, but for their sum, differ^ 
ence, or any otner relation from which the quantities may be 
easily found. 

QUESTIONS PBODUCINO SIMPLE EQUATIONS. 

1. To find such a number, that, if it be multiplied by 5, 
and also by 3, the former product shall exceed the latter by 
26. The first product is 5x, the second 3x, their difference 
5x — 3x = 26. Ans. IS. 

2. To find a number, to which if 27 be added, the sum 
shall be 10 times the number required. 

10jr = x+27. Ans. 3. 

3. To find a number, from which if 4 be taken, and the 
remainder multiplied by 3, the product shall be twice the. 
number sought. {x — 4)x3 = 2j;. Ans. 12. 

4. To find a number of which the fourth part exceeds the 
fifth part by 13. 

r — T = 13. Ans. 260. 

5. To find a number, to the half of which if *( \m ^&!&fi&. 
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the 8UTD shall be equal to twice tlie number with 20 taken 
from it.* Ans. 18. 

6. To find a number of which the square shall be equal to 
4 times the number^ together with 5 times the same number. 

Ans. 9* 

?• To find a number^ to which if its half^ its thinly and its 
fourth parts be added, the sum shall be equal to the square of 
that number. 



X . X . X 



;r« = a;+-+-+-. Ans. 2^V 

8. To find a number^ from which if S be taken, and the 
remainder multiplied by 3, and then 4 added to the product, 
the sum divided by 5 shall give half the number sought. 

Ans. 10. 

9< To find a number of pounds, to which if 3 be added, 
and the sum multiplied by 12, the product shall be equal to 
the number of sliillings in the value of the pounds, diminished 
by as many crowns as there are pounds required. Ads. £12. 

10. To find two numbers, of which the sum is 133, and 
their difference 47. 

^, and y + 47, the numbers, ey + 47 = 133. Ans. 90 and 43. 

11. To find two numbers of which the sum is 84, and their 
quotient 13. Ans. 78 and 6. 

12. To find two numbers of which the difference is 104, and 
their quotient g. Ans. 117 and IS, 

13. To find two numbers, so that 3 times the greater added 
to twice the less shall make 54, and 4 times the greater with 
3 times the less shall make 75. Ans. 12 and 9* 

14. To find two numbers, so that the greater with half the 
less shall make 25, and the less with half the greater shall 
make 23. Ans. 18 and 14. 

15. To find two numbers in the ratio of 4 to 3, so that if 
one be added to each of them, the sums shall be in the ratio of 
9 to 7. 

3x = i'y, (ar+ 1) X 7 = (^+ 1) X 9* Ans. 8 and 6. 



* The ititention of tbis section is to assist the learner in transferrii^ 
the conditions of the question from cdmmon language into algebraic 
exfMressidas, and thus forming equations, which are to be solved by the 
tiiree preceding sections. The equations were inserted in the first edi- 
tion, as being the proper answers aimed at ; but many eminent teachers 
have suggested that this has a tendency to prevent studente from exert- 
ing their own powers. They are now therefore omitted, except where 
some difficulty is apprehended in forming them, and which might not 
easily be got «v«r without MsiHance. 
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16. To find two Bunben of which the differeooe shall be % 
aod the difference of their sqiiareft 351. Abr. S4 and 15. 

17« To divide the Bumber 36 into two parts^ so that the 
square of the greater part shall exceed that of the lest by 360. 

Abs. S3 aad 1.$. 

18. To divide the Bumber 72 into two parts, so tliat three 
times the greater shall exceed twice the less by 121. 

Ans. 53 and I9. 

19- To divide tlie number 56 into two parts, which shall be 
to one another as 4 to 3. Ans. 32 and 24. 

20. To find a number, so that its half added to its third 
part shall be greater by 6^ than its double divided by 5. 

Ans. 15. 

21. To find a number, fi*om the double of which if 22 be 
taken^ the remainder shall exceed 100 as much as the number 
itself is below 100. 

2x — 22 — 100 = 100 — j:. Ans. 74. 

22. A person being asked his age, replied, that } of his age, 
multiplied by ^ of hb age, would produce his age. How M 
was be ? Aos. 30. 

23. A general sends out j^ of his army, and 1500 men more, 
and he retains ^ of his Army, and 1200 men more. How 
many men had he in his army ? Ans. 16,200. 

24. A gentleman distributing money among some poor 
people, found that he wanted lOs. to be able to give 5s. to 
each of them ; he therefore gave each 4s., and then he had 5s. 
left. How much money had he, and how many poor were 
tbere ? Aos. 15 poor, 65s. 

25. To find two numbers in the ratio of 3 to 2, so that 
their sum shall be the sixth part of their product. 

Ans. 15«nd 10. 

26. There were 6 children in a family, whose ages differed 
by 2 years, and each received a guinea for every year of his 
age, and the money they received amounted to 72 guineas. 
Required their ages? Ans. 7 youngest, 17 eldest. 

27- A and. B inherited equal estates; but A spent annually 
£60 moi-e than his income, while B saved £80 annually; in 
consequence of which, at the end of 12 yeai*s, B was twice as 
rich as A. Required the value of their estates? Aus. £2400. 

28. A says to B, If you will give me £25, I bhali have as 
much money as you shall have left. Says B, If you give me 
£30, I shall then have twice as much as you will have re- 
maining. How much bad each? Ans. B £190, A £l40. 

29« A farmer has 15 more cows than horses, aud a& xti^Ti'^ 
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•00K8 of sheep as bones and cows together; the number of all 
the three is 651. How many has he of each kind ? 

Ans. 8 hones, 23 cows, 31 mxans sheep. 

30. Two merdiants join in oompanj with a capital of 
£2000. A's share was 11 months in traoe, and B's 9 months, 
and their shares of the gain were equal. What was the stock 
of each? Ans. B's £1100, A's £900. 

31. A field was sown with wheat at 358. per boll^ and pro- 
duced 9 returns : the cn^ was sold at 308. per boll^ and^ after 
paying for the seed, there remained £29S, 15s. How muck 
wheat was sown ? Ans. 25 hoik 

32. A merchant laid aside £200 annually for his expenies, 
and increased his capital annually by ^ of what was not thos 
expended. At the end of three yean his capital was double 
of what he began with. What was it at fint ? 

, jc— 200 . 4r— 800 , 16x— 3200 ^ . .^_^ 

«H 3 1 9 1 27 = ^' Ans. -£740. 

83. Five persons have money divided among them. The 
share of the first was £lO more than that of the second; the 
share of the second was £l6 less than that of the third ; the 
share of the third was £5 more than that of the fourth ; and 
the share of the fourth £l5 less than that of the fifth : aho 
the shares of the two last were together equal to the sum of 
the shares of the other three. What was the share of each ? 

Ans. £21, £11, £27, £22, £37- 

34. Two travellen set out at the same time to meet oee 
another, from two places distant 390 miles : the first travels 
30 miles in a day, and the other 22 miles. In what time will 
they meet? Ans. 7^ days, 225 miles, 16*5 miles. 

35. A privateer, sailing at the rate of 9 miles in an hour, 
discoven a merchant vessel 18 miles distant, sailing at the 
rate of 7 miles in an hour. In what time will the privateer 
overtake the other vessel ? Ans. 9 hours. 

36. A woman bought some apples at 3 for a penny, and as 
many at 2 for a penny, and sold them all again at 5 for two- 
pence, and found that she had lost sixpence. How many of 
each kind did she buy ? Ans. 180. 

37. A hare, 40 of her leaps before a hound, takes 4 leaps 
for the hound's 3, but 2 of the hound's leaps are equal to 3 of 
the hare's. How many leaps must the hound take before he 
catoh the hare ? 

3x 4.V 

— — — = 40. Ans. 240 hound's leaps. 

38. A son asked his father's age. The father replied, 
7 yean ago I was 3 times as old as you were ; but if we live 
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together 7 yean longer, my age will be the double of yours. 
What were their ages? Ads. 49 and 21. 

. 39» An army being drawn up in a square, there were 79 
men over ; but m attempting to enlarge each side of the square 
by one man, there were 80 men too few. Required the num- 
ber of men ^ Ans. 6320 men. 

40. The paving of a square court, at 8d. per square yard, 
cost as much as the enclosing of it at 5s. the yard. Required- 
its extent ? Ans. 30 yards each side. 

41. A person lost } of his money by gaming, and then won 
49. Again he lost ^ of what he then had^ and afterwards won 
38. The third time he lost ^ of what he then had ; and after 
that, he Lad remaining } of what he began with. How much 
money had he? 

y+4-§-l + 3-|^-2 = |. Ad8. 408. 

42. A cistern can be filled with water by one cock in 12 
bours, and by another in 8 hours. In what time will it be 
filled if both run together? Ans. 4} hours. 

43. The tail of a fish weighed 9 lb., the head weighed as 
much as the tail and half the body, and the weight of the 
body was equal to that of the head and tail. What was the 
weight of the fish ? Ans. 72 lb. 

44. A gentleman's two horses with the harness cost him 
£l20; the value of the worst horse with the harness was 
double that of the best horse,, and the value of the best horse 
with the harness was triple that of the worst horse. What 
was the value of each ? 

Ans. £50 harness, £40 and £30 horses. 

45. A master with his apprentice can perform a piece of 
work in 8 days, which the master alone could do in 12 days. 
In what time could the apprentice do it ? 

46. Three men can do ai)iece of work, the first in 50 hours, 
the second in 60 hours^ and the third in 75 hours. In what 
time will they do it, all working together ? Ans. 20 hours. 

47* A and B together can do a piece of<work in 12 hours, 
A and C together m 20 hours, and B and C together in 15 
hours. In what time will they do it, 
and in what time will each do it sei 
take. 



it, all working together, 
»parately ? x-zz tune all 



+ ^ -t ^ = 2. Ans. Together 10 hours, A 30, B 20, C 60. 



li ' 20 • ib 
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48. A labourer engages to work ]60 dayt^ oo condition that 
he should receive half-a-crown for every day that he wrought^ 
and should forfeit lOd. for every day he was absent from work. 
At the end of the stipulated time he had nothing to receive nor 
to pay. How many days did he work ? 

Ans. Wrought 40 days. 

49« To find three numbers^ so that the first with ^ of tiie 
other two^ the second with ^ of the other two^ and tbe third 
with ^ of the other two^ shall each be equal to 34. 

Ans. 10^ 22^ and 26. 

50. To find a number consisting of three places^ of which 
the digits have equal diiSerences in their order, and if the 
number be divided by the sum of its digits, the quotient shall 
be 48 ; and if I98 be subtracted from the number, the digits 
shall be inverted. 100j;-f- 10^ + z the number. 

ar+ z = 2y, 48 X 3y = number, 99x — 99-8^= I98. Ans. 432. 

QUESTIONS PBODUCINO QUADRATIC EQUATIOX8. 

51. To divide the number 100 into two parts, so that their 
product shall be 2100. Ans. 70 and 30. 

52. To find two numbers of which the difierence shall be 8^ 
and their product 240. Ans. 20 and 12. 

58. To find two numbers of which the difierence shall be 12, 
and the sum of their squares 1424. Ans. 32 and 20. 

54. To find two numbers of which the sum shall be 30, and 
their product 224. Ans. 16 and 14. 

55. To find two numbers of which the product shall be 108> 
and the sum of their squares 225. Ans. 12 and 9. 

56. A gardener and his lad digged each a square piece of 
ground, of which the side was as many feet long as the worker 
was years old. The difierence of their ages was 12 years, and 
the number of square feet digged by both was 1040. Required 
their ages? Ans. 28 and I6. 

57' An oblong pond was surrounded by a terrace-walk 7 
yards broad, the pond measured 15000 square yards, and the 
walk S696 square yards. Required the length and breadth 
of the pood ? 

xi/ = 15000, and Ux+ 14y + 196 = 3696. 

' Ans. 150 and 100 yards. 

58. To find two numbers of which the sum is 13, and the 
sum of their cubes 637- Ans. 8 and 5. 

59* To find two numbers of which the product shall be 
120, and the product of the greater, increased by 8, multi- 
plied by the less, increased by 5, shall be 300. 

Ans. 12 and 10, or I6 and 7^. 
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60. To divide 125 into two parts, so that the sum of their 
square roots shall be 15. 

V^+ (125—^)^ = 15. Ans. 100 and 25. 

61. A gnusier bought a number of sheep for £60, and, 
reserving 15 to himself, he sold the remainder for £54, and 
gained 2s. on each of them. How many sheep did he buy, and 
what did each cost ? Ans. 75 sheep at 16s. 
\ ' 62. Sold an ox for £24, and gained as much per cent, as 
the ox cost What was paid for him ? 



x« 



jr+— = 24. Ans. £20. 

%^, A person bought some oxen for £80 : if he had got 4 
oxen more for the same money, each of them would have cost 
him £1 less. How many did he buy? Ans. l6. 

64. A number of bees alighted upon a tree : at the first 
flight the square root of \ of them went away, and at the 
next g of them, and then only two bees remainea. How many 
alighted on the tree ? 

V^+-g-+2 = J?. Ans. 72 bees. 

. 65. A person bought cloth for £33, 15s., which he sold 
again at £2, 8s. per piece, and gained as much as a piece cost 
him. Required the number of pieces ? Ans. 15 pieces. 

G6. A and B set out at the same time for a place at the 
dbtance of 150 miles. A travels 3 miles an hour faster than 
B, and arrives at his journey's end 8^ hours before him. At 
what rate per hour did each person travel } 

Ans. A 9 miles, B 6 miles. 

67. There are two numbers, of which the product is 120 : 
if 2 be added to the less, and 3 subtracted from the greater, 
the product of the sum and difference will be also 120. What 
are the numbers ? Ans. 15 and 8. 

6%. A and B distribute each £1200 among some poor per- 
sons: A relieves 40 persons more than B, and B gives £5 
a-piece to each person more than A. How many persons were 
relieved by A and B ? Ans. 120 by A, 80 by B. 

69. A person bought some sheep for £579 hut he lost 8 of 
them, and then sold the remainder at 8s. a-head profit ; and 
thos he neither gained nor lost by the bargain. How many 
•beep did he buy ? Ans. 2%. 

70. To divide the number 18 into two fiurtors, so that the 
sum of their cubes shall be 243. Ans. 6 and 3. 

71* There is a number consisting of two digits, the left-hand 
digit is 3 tunes the other; and if 12 be subtracted from the 
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number^ the remainder will be the square of the left-haod 
digit. What is the number ? Ads. 95. 

72. A^ travelling to London^ overtook at the 50th milestone 
a flock of sheep^ proceedibg at the rate of 3 miles in 2 hours ; 
and 2 hours afterwards met a waggon moving at the rate of 9 
miles in 4 hours. B^ travelling at the same rate, overtook the 
sheep at the 45th milestone^ and met the waggon 40 minutes 
before he came to the 3l8t milestone. Where would B be when 
A reached London ? x = distance between them^ y ^ rate of 

their travelling per hour, -~ — 5=zx, 50 — 2y — "iF"'' 
^ = 31 + ^ — j:. Ans. j: = 25,^ = 9. 



LITERAL ANALYSIS. 

When the known quantities are expressed in numbers, these 
numbers disappear during the progress of the operation, and 
the answer, when obtained, does not c^nhibit the process by 
which it has been deduced from the assumed data. This is 
the mode of solution given in the preceding parts of this work, 
and it was necessary for beginners ; but it does not exhibit 
sufficiently the true difference between arithmetic and alge- 
bra, but rather confounds them. The essential character of 
•algebra, taken in its most extensive meaning, is, that the 
results of its operations do not give the particular values of the 
quantity or quantities sought ; they only represent the opera- 
tions wnich ought to be made upon the given quantities, for 
obtaining the values of those sought, according to the condi- 
tions of the problem ; so that the principal object of algebra is 
the investigation of theorems and the exhibition of rules for 
the arithmetical or geometrical solution of problems. For 
accomplishing these purposes, it is necessary to represent the 
known quantities by letters, as well as the unknown ones. 
•The former are represented by the first letters of the alphabet, 
a, b, c, &c. and the unknown ones by the last letters, jr, y, z, 
&c. The question is translated into equations, and these equa- 
tions are resolved by the preceding rules; and then the yaJues 
of the. unknown quantities will be expressed in a general way, 
from their relations to those which are given in the question. 
G>ndequently4 if this general expression be transferred from 
algebraical characters into common language, it will give a 
•general rule for the solution of all questions of the same kind. 
But the expressions will answer the same purpose as accurately 
in algebraical characters, and then they are called Theorems, 
or Formulae. 
^ 1. GiTen the sum s, and the difference d, of two quantities 
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X and y : to find the quantities, x+y =: s, and '— jf = d : 
by adding these equations we get 2x=zs+d, whence '=-9- ; 
and by subtracting the equations we get Sy = i — i^ and 
y = ~-v~* These values^ expressed in common knguage, give 
the following rules^ viz. 

To find the greater^ add the difiPerenoe to the sum, and 
divide by 2. 

To find the less, subtract the difiPerenoe from the sum, and 
di^de by 2. 

2. Given the sum s, of two quantities x and y, and the 
difference of their squares = D^ to find the quantities. 
x+yz=zSf and;r^ — ^^=D; and dividing the latter by the 

former^ we get x— ^ =— ; whence, as before, x == r +2- and 

f D t«+D , #•— D 

5^ = ^-^,orx = -^-andy = -j^. 

3. As exercises^ the student may investigate the following, 
viz. Of two quantities, their sum, difference, product, quo- 
tient, sum and difference of their squares, any two being given, 
to find all the rest. The operations will be similar to thoK 
used in the two last questions ; and the results, except for the 
sum and difference of their squares, are given in the following 
Table, in which x and y are the quantities, s = their siim« 
d = Uieir difference, p =: their product, q =z their quotient, 
Z =: the sum of their squares, and D = the difference of their 

The use of this table is plain. Suppose the sum of two 
nuttibers to be 277^ and their difference to be 115; then the 

greater number is (-y) = ( — | — ) = "2" ^ ^^' 

Suppose again the difference of two numbers to be 10, and 
their product 11 9. 

The greater number b ±t(!^t^]2±i}^»l^ 

104Vf76 _ 10 + 24 _ ' * 

2 — — y-.17. 

Spppose the sum of their squares to be 250, and the differ- 
ence of their squares to be 88. 

The greater number » (^)* = («?+?«)4 = ^.gj, 
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4. Giren the sum s, of the products of two quandtiesy by 
known multipliers m and n, and also the sum of their products 
e, by other known multipliers p and q, to find the quantities. 

Here mx-Yny'=.8, and jpx-f- 9^ = c ; and multiplying the 
former equation by p, and the latter by m, they become 
pmx+pny =ps, and mpx+mqif =: mc ; and subtractings we 
get npy — mqyz=.ps — mc ; and dividing by np^^mq, we 

£et V := ^"" : and in the same way we find x =z ^' **^ . 

5. Given the sum s, of the quotients of two quantities by 
known divisors m and n, and also the sum c, of their quotients 
by other known divisors p and q, to find the quantities. 

Here -+- = *, and -+- = c, whence nX'^my=zmHs. 
and qx-\-py=^pqc ; which, resolved as the last, gives 
X ^r^-^V^^ and y = ^^-^qnc 

pm— jm ' -^ ;m — j« 

6. Given the values m and n, of two ingredients, to find 
tbe quantities which must be taken of each, to form a given 
quantity a, of a compound of a given value e. 

j: +^ = a, and »iix + fiy =: oe. 

Ans. X := "^ a, and v = ■ g. 

7. Given the times m and n, in which two agents could 
produce the same effect separately, to find the time in which 
they could do it jointly. 



- + - = 1. Ans. .«= ^ . 

8. Given the times m, n, and r, in which three agents can 
perform the same work separately ; to find the time in which 
they can do it jointly. 

— h-+-=:l. Ans. jr=: -— — r — . 

Q. Given the times nt, n, and r, in which every two of 
three agents can perform the same work ; to find the time x, 
in which they can do it jointly, and also the times y, z, and v, 
in which eacn of them can do it separately. 

A tmnr %mnr imnr 
Ans. X •=. r T—i3 y = ; — r— ; 1 2 = , . •* . -, 

, imnr 

and V = ; — r— ^ ^« 

10. Given the specific gravities m and n, pf two ingredients. 
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aod the attantity a, of the mixture^ with its specific granty r ; 
to find ue quantities of the ingredients. 

ma r— *n . na «— r 

Ans, jr = — X -, and y = — x . 

11. Giren the first distance d, of two moving bodies^ and 
their velocities m and n ; to find the time of their conjunctioD. 

Ans. «:= . 

12. Oiven the sum 2s, of two numbers^ and also the sum of 
their squares^ of their cubes^ of their fourth^ or of their fifth 
powers^ &c ; to find the numbers. 

Note. — If their difference be 2x, the numbers will be 
s+x and s — a; and then the sum of their squares will be 
2s^+2x^, the sum of their cubes 2s^ + 6sx^, the sum of 
their fourth powers 2s^ + 12s^x^ +2x^, and the sam of ther 
fifth powers 2s^ + 20s^x^ + l0sx^, all of which are of the 
quadratic or simple form^ and may be resolved as before ; hot 
the sums of the higher powers exceed the quadratic. 

Let z ^ sum of their squares^ c =z sum of their cubes^ q = 
sum of their fourth powers^ and p = sum of their fifth powers; 

theo . = (^)i = (^)*= i-Ss'±^ i^+sP)i 



=(-"±j^+t'*y- 



13. To find two numbers of which the product is given 0, 
and also the product P, of the sums when each is increased 1^ 
a given number (a and 6). 

14. To find two numbers such^ that their sum^ their pro- 
duct, and the difference of their squares, shall be ail equal. 

Ans. 0?:= — ^. 

15. Given the sum a, of two numbers, and the sum of 
their square roots 6 ; to find the numbers. 

Ans. ;r = *^^^!^E*!. 

16. Given the excess of the product of two numbers above 
their sum a, and also the sum of their squares h ; to find 
the numbers. 

Ans. Let m = ^(2a+b+l) ; 



then ^=,^-H^±V^-g«-g-g«>, 
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1 7* Given the sum s, of three numbers^ of which the square 
of the greatest is equal to the squares of the other two, aud 
also the continued product p, of the three numbers ; to find 
the numbers. 

Ans. The greatest is ^* ^ — ^; the sum of the 

two lesser is — ' - ^* — ^ ; and their product is 

T -^• 

18. Let py be the given product of the two lesser numbers, 
the rest as before : to find the numbers. 

M* — 2l> 

Ans. The greatest is — - — -, and the sum of the two lesser 

. «« + ?» *• 

ones IS — ■—-. 

19« Let, as before, the square of the greatest be equal to 
the squares of the other two, and the square of the middle one 
equal to the product of the greatest and least, and let the sum 
Sy of the three be given ; to find each of them. 

Ans. The least = . . / i 

90. Suppose still the square of the greatest equal to the 
squares of the other two, and let the difference of the squares 
of the two least be equal to the product of the greatest by a 
given multiplier m, also the difference of the two least is given 
= J; to find the numbers. 

d* 
Ans. The greatest is = . n r. 



PROGRESSIONS. 

A SERIES of quantities, which increase or decrease by a 
common difference, is called an Arithmetical Progression ; as, 
2, 5, 8, 11, &c., or 88, 85, 8^, &c. 

A series of quantities, which increase by a constant multi- 
plier, or decrease by a common divisor, is called a Geometrical 
Progression; as, 2, 8, 32, 128, &c, or 567, 189, 63, &c. 

The greatest and least terms are called the Extremes, and 
the other terms the Means. 

ARITHMETICAL PROORESSION. 

If a represent the least term, y the greatest, d the common* 
difilei^nce, and n the number of terms, any arithmetical pro- 
gression may be expressed thus: a, a + d, a+2d, a + 3d, &c. 
ascending ; or y, y-^d, y^^fLd, y — 3d, &c. descending. 
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From thcie ezpreMioni it appean that the coeffie 
in any term it len by 1 than the number of that term 

Pbop. I.— 'The difference between the extremes is e 
the common difference^ multiplied by the number oi 
wanting one. For the coefficient of d in the nth term is 

Cor. — Hencev = a + (» — l)d, and a:=y — (n — 

Pbop. II. — I'ne sum of the extremes is equal to the s 
any two terms equally distant from them. 

For any term exceeds the leasts as much as its oorrespoo 
term is less than the greatest. Thus^ if half the series ate 
from a, while the other half descends from y, the whole \ 
be a, a-i-d, a+2d, &c., y — 2d, if — d, y; where the n 
of any two corresponding terms is a+^- 

Cor.-— The double of any term is equal to the sum of an) 
two terms equally distant n'om it. 

Prop. III.— -The sum of any number of terms in aritbiDe' 
tical promssion is equal to the sum of the extremes multipiid^ 
by half the number of terms. 

For by adding the extremes, and eyery two equally Sv^ 
from them, we obtain equal sums, of which the number is i)*^ 
the number of terms of the series. 

Cor. 1.— Hence if ^ = sum of the series, s z=. {a+y)^ 

Cor. 2.— If the number of terms be odd, and m the nid& 
one, then i =: mn ; for 2m =: a-\-y. 

Cor. 3.— -In a series of natural numbers, 1,2, 3, &c. ii, the 

«+ 1 
sum i=r» X— 5— ; for n is the greatest term, and n+l i^ 

sum* of the extremes. 

Cor. 4.— In a series of eyen numbers, 2, 4, 6, &c., <== 
«(»+!); for thisserie8is2x(l + 2-f 3), &c. 

Cor. 5. — In a series of odd numbers, beginning at 1, s 
1, 3, 5, &C., 1 = n' ; for the sum of the extremes is douU 
the number of terms. 

1. Required the 12th term of the series 5, S, 11, &c. 
Here 11 = 12, a=z5, rf = 3; therefore ^ = 5 + 11x3=81 

2. Required the 7th term of the series 182, 178, 174, &c. 
Hereii = 7» ^ = 182, rf = 4; therefore a = 182 — 6x 

= 158. 

3. Required the sum of 12 terms of the series 3, 8, 13, & 
Here a=z3, d=z5y i» = 12, ^ = 3+11x5 = 58, ai 

1 = (58+3)6 = 366. 

4. Required the sum of 14 terms of the series 89> S5, 81, & 
.Herea = 89— 13x4 = 37> and 1 = (89+37)7 = 88S 

From these propositions any two of the fiye things me 
tioned may be found, ii the other three be given. The theorei 
for finding them are expressed in the following Table. 
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USE OP THE TABLE. 

1. Let tlie least term be 7, the common difference 2, and 
the sum of the series 567- Required tlic greatest, and the 
number of terms. 

V(567 X 8 X2+14— 2|^) = VC9072+144.) =z V9216 = 96, 
and — - — = 47, the greatest term; and — —~ — ^ 21, the 
number of terms. 

2. Given the leaat term 5, the number of terms 30, and 
the sum of the series 14^55 ; to find the greatest term and the 
common difference. 

^^g^ — 5 = 92 the greatest, '*^i^s9^ = 3 the differ- 

3. Given the common difference 4, the number of terms SO, 
and the sum of the lieries 124>0; to lind the least and gieatesl 

^±yX4 = 62±38 = 100an(l24. 

GEOIUSTBICAL PROGRESSION'. 

If a be the least term of a geometrical progression, y tfat 
greatest, r the common multiplier or divisor, called the com- 
mon ratio, and it the number of terms, such a series. If 
ascending, may be expressed thus, a, ar, ar^, ar^, &c., or if 
de«:eDding, thus, y, -, -4, ^, &c. ; where the esponent of , 
r is one less than the number of the term. 

Paop. I. — The greatest term of a geometrical progresskm . 
is equal to the least term, multiplied bv that pon-er of the 
common ratio, of which the exponent is the number of terms 
wanting one. 

For in the nth term, the esponent of r is n — i . 

Therefore J ;=flr"~', and a-=.--^^zri- 

Hence if a ^ 1, _y ^r"~'. 

Required the 8th term of the series 2, (!, IS, &c. 

Here a = 2, r = 3, n = a; therefore 2x3' = 437 4. 

Prop. II, — The product of the extremes is equal to the 
product of any two terms equally distant from the extremei, 

ForaXy = flrxf = ar« X^, &c. 

Cor. 1.— The square of any term ia equal to t!ie product of 
any tiFO terms equally distant from il. 
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Cor. 2. — ^If there be four terms, the product of- the means, 
divided by either extreme, gives the other ; and if there be 
three terms, the square of the mean, divided by either extreme, 
gives the other. 

1. Required a third proportional to 85 and 425. Ans. 2125. 
2 a fourth proportional to 18, 54, 162. . 486. 

Pbop. III. — If the sum of a geometrical progression be 
multiplied by the common ratio, and the series be subtracted 
from the product, the remainder will be equal to the excess of 
^ product of the highest term by the ratio, above the least 
term. 

For the whole series, except the least term, will be included 

y y 

in the product. Thus, if a + ar + ar *, &c. + ^ + - +^ = * 

y 

be multiplied by r, it becomes ar-^-ar^, &c. + - +y +yr = sr ; 
and subtracting the original series, we obtain yr — aizLsr-^s, 

Whence * = ^:^==^i^.» 

r— 1 r— 1 

Cor. 1. — ^The difference between any two adjacent terms is 
equal to the less multiplied by the ratio, wanting one. 

Thus, flr' — ar^=iar^x{r^ 1 ). Wherefore, if the dif- 
ference of the extremes be multipliea by the greatest term but 
one, and divided by the ditference between the two greatest 
terms, the quotient will be the sum of all the terms except the 

* In this formula r may represent any quantity, integral or fractional, 
except unity. If r == 1, there could lie no progression ; for every 

power of 1 is 1, and therefore the formula would be -\ -— k , a 

'^ 1 — 1 

▼ery improper expression. When a is multiplied by a quantity less than 
1, Uie product is less than the multiplicand; and the less that the mul- 
tiplier is taken, the less will the product be ; so that a x = 0, or lets 
than any quantity. Again, when a is divided by a quantity less than 1, 
the quotient is greater than a ; and the less that the divisor is taken, the 

greater will the quotient be : therefore -- will be infinitely great, or 

greater than any quantity. To avoid this absurdity, divide first by the 
denominator, and then afiix values to the quantities. If ar^-^a be 
divided by r— I, the quotient is a7'^-^-^af'''-^-^af''-'^t &c. ; and if 
rsssl, it will be fl(I+l+l+l, &c.) = rui, which, though not a geo- 
metrical progression, is a determined quantity. In like manner — "^ — 
. *— o 

would be — , if X were = a ; but if we divide first, the quotient will be 

or 4* a, which is s 2a, when x = a. And many other cases may occur 
likethesCi 
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greatest. For the divisor is the product of the multiplier bf 
r — l. 

Cor. 2. — If the common ratio be 2, the difference of the 
extremes is the sum of all the terms except the greatest 

Cor. 3. — If a descending series be interminate, the least 

term may be considered = 0, and the sum = , 

1. Required the 8th term of the series 4, 8, l6, &c. 

4X2'7 = 4X128 = 512. 

2. Required the sum of 12 terms of the series 1^ 3, 9j 

orr ft 3"— 1 531441—1 ^^^^^^ 

27, &c -g— j- = = 265720. 

3. Required the sum of 8 terms of the series 1^ ^, \, 

&,. hrJ\'-(i 1 \ S_6560 3_3g80 

1 — 4 — \* 6561/ -^^ "" 6561^^2 ""2187" 

4. Giiren the extremes a and y, and the sum of the series Sj 
to find the common ratio and the number of terms. 

Ans. r^-^^^. Having found r, r"~^=:-. And in 

logarithms^ where R, Y, and A represent the logarithms of 

Y^ A+ R 
r, y, and a, (n — 1)R = Y — A, and n = — . 

QUESTIONS. 

1. To find four numbers in arithmetical progressioD, sucb, 
that their sum shall be b^y and the sum of their squares S64. 
Let the series be x, x-^-y, x+2y, x+Sy, their sum 4j?+6y 
= 56, or 2x + 3y =: 28, and the sum of their squares 

4a:2 + 12j?y+14^« = 864, from which subtract 2x+3y\^:^ 
28*, or 4j?* + 12ary + 9^* = 784 ; the remainder give 
5y^ := 80, or ^ = 4, and a; = 8 ; and the numbers are 8, 1% 
16,20. 

2. To find three numbers in arithmetical progression, such, 
that their sum shall be 9, and the sum of their cubes 15S. 
Let the numbers be x — y, x, x-^-y, their sum 3x = g, the 
sum of their cubes 3x^ + 6xy^ = 153. 

And. The numbers are, 1^ 3, 5. 

3. To find three numbers in arithmetical progression, such, 
that their sum shall be 15, and the sum of the squares of the 
extremes 58. The numbers^ x — y, x, x+y. Ans. 3, 5, 7* 

4. To find four numbers in arithmetical progression, such, 
^that the sum of the extremes shall be 8, and the product of 
the means 15. Ans. 1, 3, 5, 7> 

5. To find four numbers in arithmetical progression, such, 
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that the lum of the squares of the means shall be 52, and the 
sum of the squares of the extremes 6S, Acs. 2, 4^ 6, 8. 

6. A traveller goes 9 miles a-day : after 7 days another sets 
out after him^ and travels 4 miles the first day^ 5 miles the 
second^ 6 miles the thirds and so on. In what time will he 
orertake the first? 

— - — X = (x + 7)9. Ans. 1 8 days. 

7. To find three numbers in geometrical progression, such, 
that their sum shall be 7, and the sum of their squares 21. 
]>t X, y, z, be the numbers. 

jr2=^«, jr+^+2 = 7, j:«+^« + 2«=21. Ans. 1,2,4. 

8. To find four numbers in geometrical progression, such, 
that their sum shall be 30, and that the greatest shall be 
equal to the sum of the means multiplied by 1^. 

X, xy, xy^, jry', the numbers. Ans. 2, 4, 8, I6. 

9. To find three numbers in geometrical progression, such, 
that their product shall be 6*4, and the sum of their cubes 584. 
^> ^9 *B^> the numbers. 

j.5^s — 54^ ^5 X (1 +^5 +^«) = 584. Ans. 2, 4, 8. 

10. To find three numbers in geometrical progression, such, 
that the sum of the first and third shall be 52, and their pro- 
duct 100. Ans. 2, 10, 50. 

11. To find two mean proportionals between 4 and 256. 
4, 4dr, 4x', 256, are the proportionals. 

Ans. dp' =: -7- = 64, j: = 4, the numbers 4, I6, 64, 256. 

12. Given the sum of the squares a, of three numbers in 
arithmetical progression, and the excess of the square of the 
mean above the product of the extremes h ; to find the num- 
bers. 

Ans. Comm. diff. ,j/6, mean mJ — 3 — • 

13. Given the product of the extremes a, and the product 
of the means b, of four numbers in arithmetical progression ; 
to find the numbers. 

Ans. Com.difT. V —-, least g^^^—— — ^v ~T")' 

14. Given the number of terms n, of an arithmetical pro- 
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sresBirtD, their sum a, and llie eudi of tlicir squares b ; 10 find 
the terms. 

A.,. Co™.ai(r.(ii^^)i. 
^'^''^ — rK^Hi^^^i))- 

IS. SuppoEC two travellers eet out at the same time froD 
two places of which the distance is given, p. The milei 
iravelled by the first per day form a decreasing' arithmelical 
progroBioD, of which the fir^t term is given, n, and the com- 
moQ differeace d. Those travelled by the second form an 
increasing scries, of which the lirst term is A, and the common 
difTerence c. In what lime will they meet? 

Leta+6 — m, uudc— d = n. 

Ans. |-^±^/(J+(™-a-)').«K'f« = 0);£•. 
J6. Given th. 

gressiun, and thi 

Suppose V =. sum of the first and third, thi 



INTEREST AND ANNUITIES. 1 

In Simple Interest, the interest is computed on the prin- ' 
cipal only. Lul p =: principal or money lent, ( ^ time, 
T =. rate or interest of £l for the time one, i = interest for , 
the whole time, a ^ amount or sum of principal and interest; 
thcQ tI = intereiit of £1 fur the time t, and 1-j-rf the amount | 
of£l, and px{\+rl)=p-\-pTl=:.p-^i = a the amount o( , 
the whole ; from which equations llie value of any of the 
quantities concerned may be found in terms of the others. 

In Compound Interest, the interest at each term of ^ 
payment is added to the principal, and the amount is the ^ 
principal for the nest term. Let B^I+r the amount of 
XI for'the first term, it will be the principal for the next 
term, and the interest upon it will be ILr, and the amouol 
Rr+U = Bfr-fl)=:]l'' will be the principal for the neit ' 
term. In like manner we find that the amounts at the end ' 
of the following terms trill be K', R'*, &c. ; and at the end 
of the time I it will be R', and for the principal p it will be 
pR'the amount, and the interest will be yiR' — p=:i=a — p; 
from which equations any of the quantities may be expresaed 
in terms of the re»t. 
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Of Annuities. — If m = priDcipal^ which yields £1 of 
annual interest at the given rate^ then niR^ — m = interest of 
this principal for the time t, which will therefore be the 

amount of an annuity of £1 for that time. But m = -, and 

lit 1 *" 

therefore the amount will be ; and for any annuity n, 

it will be ^^^^a. And if p be equal to the present 

n 

value of this annuity^ then ^^^ := pR*, and p := R^ 

where -^j is the present worth of £l. 

Of Reversions. — ^When the annuity does not com- 
mence till some time after this^ it is said to be in rever- 
sion. The amount^ if it were to commence just now^ would 

R^^— 1 

be n X ; but if it commence s years after this, it will 

be ^ X — -— = dy and the present worth p = 77- x 5'« 

r 

From these equations any of the quantities may be expressed 
in terms of the others. 

In a Freehold Estate^ the value ^ = - when the rent 
is £1, and it commences just now ; and -— is its value, when 

R r 

it does not commence till s years after this, y is called the 
year's purchase or perpetuity, and ay ^=,v the value of the 

estate, of which the rent is a, and -^ is the value in reversipn* 

Annuities on Lives.— Adopting Mr De Moivre's hyp- 
thesis, that of a certain number born at one time, one dies 
every year until the whole is extinct, a supposition which 
agrees nearly with observation, for ages between 10 and 60. 
An annuity of £.1 for a given life will be the sum of the 

series -^ — | — "^ — I — ^^, &c., continued to -—-y where 

n is the complement of the age, or what it wants of the 
age at which the oldest dies, which he supposed to be 
86, and r the amount of £1 for a year. This sum is 

(«— l + ^V— w n— I— 7 

— ;^^^7 17X]* ' " n(r^\y 8"PP««n& qf to be the present 

worth of an annuity of £1 for » — 1 years. 

Again, the value of an annuity for two joint lives, of 
which the complements are n and m, (the greatest m\ 

¥2 



60 ALGEBRA. 

Will be X X — rH X — r> ^^' 

continued to x "T. . of which the sum is — r+ 

iii^i ^^^^+ innx^T^* > orif,= 

value of the oldest life^ the value of the two lives is 
■ ""' ^ ^ — "" % where p = perpetuity. 

If a question occur which involves both interest and ao- 
Quities, an equation may be found answering to it by ooid- 
paring with one another the values of the quantities foaod 
separately. 

1. What will £1000 amount to in 10 years^ at 5 per cent 
compound interest ? Ans. ^1028, l6s. 

2. What principal will^ in 15 years^ amount to £2000^ it 
4 per cent, compound interest? Ans. £1110, 12s. 

3. In what time will £200 amount to £318^ l68., at 6 pef 
cent, compound interest? Ans. 8 years. 

4. In what time will a sum of money double itself^ at 

4 per cent, compound interest? 1*04|' = 2. 

Ans. 17*6 yean, 

5. Required the amount of £20 annuity for 40 years, at 

5 per cent. Ans. £2536, l6s. 

6. What annuity will, in 7 years, amount to £79> at 4 per 
cent.? Ans. £10. 

7. What is the value of an annuity of £20, for a life of 54 
years of age, at 4 per cent. ? Ans. £209'5^< 

8. What is the value of an annuity of £20, during the joint 
lives of two persons, whose ages are 35 and 25 years, at 4 per 
cent.? Ans. £221*9. 

g. When 12 years of a lease of 21 years were expired, a 
renewal for the same term was granted for £1000. Eight 
years of that lease are now expired, and it is required what 
sum should be paid for a corresponding renewal of the lease, 
reckoning 5 per cent, compound interest. 

From the first transaction, find the annuity n = £175*029, 
and from it find p, the present worth of the annuity in reirer- 
sion = £599*93, 
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OF SERIES. 

A. SsRiES is an assemblage of terms, which contiDually in- 
crease or decrease according to a certain law, as the arithme- 
tical and geometrical series spoken of before. 

A Converging Series is that of which the terms continually 
decrease, and a Diverging Series is one of which the terms 
ooDtinually increase. 

Series are oLtained by division, by the extraction of roots, 
and by various other operations. 

Thus, — — = xH 1 — j+-T> &c-> where the exponents 

increase by one. 

^>^''' + *' = " + ii - 2^ + 2^*^ - i^i*8i7+ 

— — — — ^-^ &C 

Lemma. If the series {a + b)x+{c+d)j:^ + {e+f)x^, 
&C. continued indefinitely, be always = nothing, whatever be 
the value of x, then the coefficient of any one power of x 
is = 0; that is, a + 6 = 0, c + (? = 0, &c For if the equa- 
tion be divided by x, then a+b + {c+d)x+{e+f)x^=iO. 
Here let j? = 0, then a + 6 = ; therefore (c+rf)x-|-(e-j-/)dr* 
= 0, whatever be the value of x ; and proceeding in the same 
way we find c+dz=. 0, and so on. 

A 6ENRRAL METHOD OF FORMING SERIES. 

Assume a series with unknown but constant coefficients, 
and having the indices of x increasing or decreasing, in the 
same way as if the operation were performed at large; then 
make this series equal to the given quantity, and having 
cleared the equation of surds and fractions, bring all the terms 
to one side, so as to make the equation ^ ; after which make 
the sum of the coefficients of each power of x = 0, which will 
give as many equations as there are unknown coefficients ; and 
therefore the values of these coefficients may be found, and 
substituted for them in the assumed equation. 

1. Required a series = r— -. Assumed A+Bx+Cx^-^- 
Dx^, &c. = rr—; and by multiplying by b+x, and trans- 

posing, we get Ab — a + (B^ + A)x+(C6+B)a;«, &c. z=0, 
an equation which must be true, whatever be the value of x. 
Therefore A6 — a = 0, B6 + A = 0, C6+B = 0, &c. whence 

A= + p ^ = 'ir' ^^TT* ^^'i ^^^ these values, substi- 
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tuted for A, B, C, &c. in the assumed equation, give rx~ = 

:— ^+^-^'«''^- 

3. Let it be - ,^^^_^i - Ans. I — ~+ ^ — ^, &c. 
3. Let it be V«-^^:^. . a-|!-^_-|^, &. 



This u a recurring series, in which each of the coefficient) 
after the second ia the euin of the two preceding ones. 

SUMUATION OF BERIKS. 

To sum a series is to lind a termioatcd expression equal to 
the in term in ate series. 

I. Let a + b+c+d, &c. be any series; subtract each of 
the terms from the one foHoning' it, and the difTerences will 
be —a+b, —b+c, — c+rf, &c. This is called the first 
order of differences. Subtract each of tliese from the following 
for a second order of differences, viz, a — Sfi-f-c, b — 2c+d, 
e — ad+e,&c. Subtract these again lo get another order of 
differences, and so on. 

II. Let d' be tlie first term of tlie first order of differences, 
d" the first term of the second order, and d'", d"", d'"", &c. 
the first l*rms of the following orders; then d' = — a + 6, 
rf" = a— 26 + c, d"' = — a-\-Sb~-2c-\-d, d"" = a~ib 
^6c — 4d-i-e, &c., from which we infer that d"* ^-l-/i ~p 
nft-t-».^^czpn.-^— .— I^rf. &c. to «+l terms; in 
which series the upper signs are to be used when « is an even 
number, and the under when it is odd. 

Required the first of the fifth differences of the aeries 6, 9, 

17, 35,63, 99, Ita, &c. 

d^=-6+5-9-4l7+5||35-5|||63+5-*|l-i-99 

z=+3. 
Re^juired the first of the sixth order of differences of the 
■ a 3, 6, 11, 17, 2-1., S6, 50, 72, &c. Ans. _ 14. 

III. Again, since rf' ^ — "+6, therefore 6 = n + rf'; and 
in the same manner we get c = a+^d'+d", d=:a+3d' + 
Si^'+d'", e = a + id'+6d"+4d"' + d"", &c., and therefore 
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tlic nth term of the leries = a+(«— l)d['+^=^•^^=^"+ 
«— l «— .2 «— Sj,„ ^ 
~j— • -g — ~X"^ ' ^ ^' 

Required the 7th term of the neries 3, 5, 8, 12, 17, &€• 
Here rf' = 2, d''=l, d'" = 0, and the 7th term, or 2 = 

3+6-2 + 6|l =3+12 + 15 = 30. 

What is the 9th term of the series 1, 5, 15, 35, 70, &c ? 

Aqs. 495. 

IV. Also, if these values of a, h, c, &c. be added, we obtain 
2a+d' = fl+6, a + b+c = 3a+3d'+df', a+6+c+rf = 
4fl + fifi'' + 4rf" + d"', &c. Whence we conclude, that the sum 

of « terms J = «<! + «• *"" d'+n'^^^^'^^^^d'% &c. 

If the differences come at last to be equal, these two last 
series will terminate, otherwise they will be interminate. 

1.- Required the sum of 8 terms of the series 2, 5, 10> 
17, && 

Hcred' = 3, rf" = 2, d'" = 0; therefore * = 8-2 + 8-^S + 

8-|-j-2 = l6+84+112 = 212. 

2. What is the sum of 12 terms of the series 21, 56, 126> 
252, 462, 792, &c. ? Ans. 27125. 

3. Required an expression for the sum of n terms of the 
fourth order of figurate numbers, 1, 4, 10, 20, 35, &c. 

Here d' = 3, d''= 3, rf'" = 1, and rf'"' = 0, and # = «+ 

w-y--3 + «— g — -^•3+«— ^ ^ ^1, which, 

J J . «+l n+2 n-J-3 --« __ ^ 

reduced, gives * = n x — «- X -g- X -t-« Thus 12 terms are 

_12.13 U^15_ 

— I 2 3 4 — ^^^^• 

The number of factors in the formula, and the order of 
differences which become =. 0, are the same with the order of 
the figuratcs. 

4. What is the sum of n terms of the squares (m it a)* + 
(»i±:2fl)« + (m±:3fl)«, &c. + (»i±:na)«? 

Ans. wwt* "T-ii*— r— '2mfl+w'— r— • — J— •«■. 

5. Required the sum of 12 terms of the series 3^ + 5* + 
7«+9S&c 

Here m = 1, a = 2, and n = 12 ; therefore the sum 

is 12 X 1 + 12-13-2 + 12-y-y-4 = 2924. 
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6. Required the miai of » terms of the wries of cubeii 
(m±ay + im±:Say + (,m±3ay, &c. + im±:nay. 

Ans. BBi' ± n- -^— ■ Sm^a + «■ — — •— j— "ma* ± 

..(■-±1)-.=. 

7. Required the sum of nine terms of the Beries 3* + 
6' + 9' + 13', &c. 

Here m=0, ai=S, and «=<); coneequently the three first 
terms of the formula arc = 0, and the sum ie "'^C "~§~) "' 
= 54675. 

8. Required the sum of a series of products pq+(.p — 1) 
x(9-l) + (p-2)x(9-2) + Cj,_3)xC7 — 3), &c. 

An,. 3l^"+3P9—l'+1 _ If ^1,^ „„„^^, „f ^^^ „^ be iM. 



BEVEBSION OF SEHIBB. 

When an equation is giveu of this form, x-^az-\-bi.'-\- 
cz' -t~('^', &c., and it is required to find 3 in terms of x, this 
K called the Reversion of the Series. 

Assume the equation a =Ai+Bj:^+Cj:'+1)j;^ +&c, and 
substituting this scries and its powers instead of z and its 
powers in the giFen equation, make-the coefficients of the like 
powers of X each ^0, and they wilt give equations for finding 
the values of A, B, C, D, &c This will be best understood 
from an example. 

be required to find v in terms of x. 

Here the assumed equation is u=: A,r + Bjc' + C:r°-|-Dj''' + 
EJ^ &c. Therefore, 

it>'=+ii'+^B*= + !^x^ + (iD+AB+A^)x».&e. 

lOfi , lOS „ „ 

And equaling the coefficients of the like powers of x, we Lave 
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B + \ = or B = — ^, C + |b+|: = or C = ^ 



D+^B« + ^C+|b+^ = or 1^ = -:^, &c. There- 
fore t; = ^ — g^'+Y2o^^-5040^^&c. = x — ^+^;^^^ 
u &c., where the law of continuation is endent. 

REVERT THE FOLLOWINO SERIES : 

1. x=iif^y^+y^—ff'^,&c 

An8. ^ = j:+ic* + ^'+^S &c. 

a:* jc* jc* a:* 

(«• a* a:* \ 

5. 0; = ^+^+^, &c. put» = 2«. 

Ans. if=zx-^ — ar-"*+ar"~^ — a;-*, &c. 



LOGARITHMS. 



Logarithms are a set of artificial numbers^ so adapted to the 
natural numbers^that^by their aid^ addition supplies the place of 
multiplication ; that is^ the sum of the lo^ithms of two or more 
numbers is equal to the logarithm of their product. Therefore^ 
if A, B, C, &c. represent the logarithms of a, b, c, &c., then, 

according to their nature, log. a6 = A+B, log. ^ = A — B, 

- A ax^ 

log. fl" = nA, log. «**=—; whence log. —= A+nX—mZ, 

log. («« — 6«)^ = i log. (a + 6) + g log. (a — b). Log. 

, s 15A * ' 

a' X a* = — r-« 



TO CALCZTJkXX 

Ltt xbm Jaggtcftin 4C l-r^ W itifiiiivd. Let l + zz 



■Bx'-r>C.r^. t&c:: cibercfoffe, bj substituting the 
«f : IB tkr im espreaioa of ki^. 1 +z, and making H 
cfnl t» tkr «ther, aad t&ea cqaarintg tlie coefficients, we get 
A = A, B=: — ^A, C=+^, D = — JA; and thcfeftrt 

I05. l+x = AxU— i^' + ir^— t^,&c.) Nowlog.flX 
(l+*) = lo?.«+l'^. l+'=:lo!p. a+Ax(x — ix«+i»», 

te.); aadif ar=jr, or* = ^, log. («+jr) = lqgr. a+AX 
(f— |^+|^,&c.); orifcr=— jr,log^.a— J^=:log.fl- 
Ax(f+|^+£^,&c.); and by sublnction, log. ^= 

In these series the quantity A is not determined, but it is a 
common multiplier of the series, and therefore is constant it 
the same svstem. If A = 1, the system will be that of the 
natural or hyperbolic logarithms, which were the first invented 
by Lord Napier. Hence, in any other system, the logarithim 
may be got by multiplying the natural logarithms by the Fsloe 
of A in that other system. This value is called the module d 
the system. 

TO FIND THE NATURAL LOGARITHM OF 10. 

^r^ ^^VO /1084\3 T ^ 5 a+y . 9 , 

^^=U) X(looo)- j^^*4=^'^^«°« = 2'«^ 

* g must enter into every term of the series, that it may become sO 
whsa a; MB ; and for the same reason x cannot be in the denominator. 

Ai n may denote any namber, and the result is the same whatever 
its value is, it will be best to take n = 2 ; then log. 1 + z a= Az+ 
Bx*+CxS &c. But » = x(2 + x), therefore log. 1+2= Ax(2+:c)+ 

B««(« + «)«+'C««(2+;c)», &c. =2Aa: + (A + 4B)a:2 + (iB+8CK 

•f (B+18C+l6D)x*j &c. ; i^nd it is also s= 2 Aa:+2Bar«+2Cjc»+2D«*, 

&c. Hero, by equating the coefficients of the same powers of x, we gft 

A H A» B BB 4A, &c at in the text. 

9 
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(l+g^i+a^. &c.) =-2231435513, &c. And making {gj 
= 3 '' = ^''^^' and j, = 12, | = A a„dg = p?^; 

1034 3/9 9' \ 

ihcrefore log. j5jj5 = 2X533x(^l+3:^:i555+3^^ 

= -0237165266173, &c. Wherefore log. 10 = 10 log. |+3 

log. j5^ = 2-302585092994, &c. 

Because the common logarithm of 10 is 1, therefore 1 
divided by 2*302585, &c. will give the module pf the common 
logarithms = -4342944819, &c 

Hence the natural logarithm multiplied by -43429448, &c. 
will give the common logarithm ; and the common logarithm 
multiplied by 2*30258, Sec will give the natural logarithm. 

To find the number belonging to a natural logarithm. 

Let z = log. l-f-x^jr 9"^T> ^- » *"*^ ^7 reversion x = 

2+y+2:3* &c., and l + x^l + z+^y &c 

Let 2 = 1, then 1+ x = 1 + 1^ + ^+ ^, &c. = 

2*71828183, &c., the number of which the natural log. is 1. 
Required the common logarithms of the first 12 numbers. 

USE OF L06ABITHM8 IN EQUATIONS. 

1. Let the equation be a' = 6 ; then, in logarithms, 
xk := B, and jr = -^, where the capitals A, B, C, &c. repre- 
lent the logarithms of the quantities a, 6, c, &c. 

2. Let ^_^ = c ; then tnxk — (na?— 1)B =: C, and x = 

C— .B 
kA—iiB' 

3. Let a* = — ;^ ; then xA = (wia? — n)B — rxC, and 

c 
nB 

*— MB — rC—A- 

a 

4. Let -;;^ = (?*-''; then ( n— - jB — ffia?C=(a;— p)D, 



whence or = 



_ jiD-|-nBlb\^(pD-i-n&|'— 4aBx(D-i-mC)) 



2D+2mC 
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PROBLEMS. 



J 



I. The duties on certaia goodK amnunted U 
which a, discount was alloved uf 2^ per cent, upon ihe budi 
actually paid for prompt payment. Wbat did ihe discount 
amount to? Ads. £60. 

S. A meFcbant discounted tvo bills at the bank, one of 

them for £550, payable in 7 months, and the other for £720, 

payable in 4 months ; and he receiml for the ivhole £1200. 

At what rate per cent, per annum was the interest charged? | 

Ans. £13-267 per cent, per annnm. i 

3. The common difference of four numbers in arithmetical , 
progression is 4, and their continual product is 21945. Whtt 
Are the numbers ? Ans. 7, I1> 15, 19- 

4. The sum often numbers in arithmetical progression h 
ISO, and the sum of their cubes u 29\60. What are (be 
numbers? Ana. 3, 5, 7, 9. &c 

5. Given the sum of the numbers 0, 1, 2, 3, &c. = 12Z5i 

to find Ihe sum of their squares. Ans. 40435. ' 

6. Two persons set out at the same time from two placet ' 
462 miles distant, to meet one another. The liriit goes 1 mile J 
the first day, 2 miles the second day, and so on. The second ■ 
travels each day the cubes of the number of miles that the H 
first travelled on that day. In what time will they meet f I 

Ans. 6 dayt, I 

7. A gentleman sold an estate for the value of the treei « 
upon it above 7 feet circumference, at one pound for the first, \ 
two for the second, four for the third, and so on, doubling the i| 
price of each successive tree. The value of the estate came 
to £65535. How many trees of the above description wen , 
upon it ? Ans. 16 treet. g 

S. A gentleman had seven children, whose ages differed a 
Euccessitely by one year. In giving them new clothes, he 
determined to bestow as many yards of lace on the trimming _ 
of the youngest as he was years old, on the second as. many u 
the sum of the ages of the Ivro youngest, on the third as many . 
as the sum of the ages of the three youngest, and so on ; ana > 
he agreed with the tailor to pay for making each suit the 
product in pence of the child's age by the number of yards of 
lace on his suit. The bill amounted to £t, 10:?. 66. What 
were the ages of the children ? Aqb, The youngent 5 years. 

9. Required the number of combinations of m things in ■ 
things. 

Ans. The number of combinations of tn-o iu n things is 
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t( — g — J f 7" J f , ) ; of which the number of factors 

8 equal to the number of things in one combination. There- 
bre the number of combinations of m in n things will be 

10. A merchant discounted two bills ; one had 6 months 
to run^ and the other 8 months. The value of both came to 
MSOS, 6s. 8d., and the discount to £8, 6s. 8d. Had interest 
Men charged upon the bills^ it would have come to 4s. 8|d. 
Mve than the discount. Required the value of the bills. 

Ans. The bill due at 6 months was £205, and the other 
£1031. 

11. If £400 be the present value of an annuity to continue 
U jrearg after the expiration of 8 years, what would be its 
value for 21 years after the expiration of 10 years, interest at 
5 per cent.? Ans. £344'9597. 

12. A gentleman had 10 different annuities of £lOO each; 
their continuance differed by one year each, and the longest 
was for 60 years. He sold them all at 5 per cent compound 
interest What money did he receive for them ? 

Ans. £18653-26. 

1^. A bookseller purchases a work for £40, and pays for 

printing 1000 copies of it £15, for paper £20, and for inci* 

oeDts £lO. He sells the edition in 10 years at 3s. each copy. 

How much does he gain per cent, per annum ? 

Ans. £11 .. 19 per cent per annum. 

14. A person who owes his creditor £320 just now, and 
£96 more at the end of five years, wishes to pay the whole in 
one payment. What is the proper time for doing this, 
according to the true principle of equation of payments, viz. 
Ihat the simple interest shall be equal to the discount ? 

Ans. At the end of one year. 

15. A usurer lent £186 for a certain time, and gained 
£31 ; and by lending £360 at the same rate for another time, 
he gained £§0. The sum of the times they were lent amounted 
to 20 months. How long time was each sum lent ? 

Ans. The first 8 months, the other 12 months^ 
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DEFINITIONS. 

1. Ggometky treats of luagaitude or cod tioued quantity, 

and of its relatioa to nuniber. 

2. A Solid is that vrhich baa three dimeDiioDS, lengtb, 
breadth, and thickness. 

3. A Surface, or Suferpicieb, is the boundary of a 
solid, aud has only leng-th and breadth. 

4. A Line is the boundary of a surface, and has only 

5. A Point la the extremity of a line. It ha» posi- . 
tion, but not magnitude, as A. * 

6. A Straight Line is uniform on all its sides. It can 
be e.thibiteJ by stretching a. bai 
points, as AB. 

7- A CoBVK chaofres c 
rection, or it bas unlike t 
and a convex, as CDE. 

8. Ad Angle is the meaiure of the relative position of 
two straight liDes wbicb meet, or it is their iacliuation to one 

Note. An angle Is denoted by three let- 
ters, of which the second is at the poiut where 
the lines meet, and the other two are upon the 
containing lines, one on each. Thus the up- 
permost angle ia named ABC, the olher CBD, 1 
and the whole angle ABD. 

g. A straight line is said to be Perpendi- 
cular to another, when it does not iiicline to- 
wards one end more than towards the other. 
Thus AB is perpendicular to CD. 

10. A Right Angle is that made by a per- 
pendicular, as CBG. 



11. Ad Obtuse Angle ii 
right angle, as HKI. 
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12. Ad Aoutb An«lb is len thin a right 
ing^le, as MNO. 

13. A Plane is a surface with which a straight line will 
soiocide, when drawn between any two points in it. 

14. Parallkls are«traight lines in a plane, a p 
vliich never meet, though extended ever so far ^ • p 
hotb ways, as AB and CD. 

15. A Circle is a figure contained by a curve ABD, 
called the circumference, which is equally dbtant from a 
potDt O within it, called the centre, 

1 6. The Radius AO is a straight line^ drawn 
from the centre to the circumference. 

17- The Diameter BE is a straight line, 
4rawn through the centre O, and terminated 
fcoth ways at the circumference. 

18. A Chord CD is a straight line joining any two points 
«f the circumference. 

19. An Arc BCD is any part of the circumference. 

SO, A Semicircle is a portion of the circle cut off by a 
^diameter, as BA£. 

21. A Segment is a portion CFD, cut off by a chord CD. 

S2. A Sector is a part cut off by two radii, as AOB. 

Note 1. If the radii contain a right angle, the sector is 
called a Quadrant ; and if half a right angle, it is called an 
Octant, 

NoTff 2. The circa mfereace of erery circle is supposed to 
be divided into 360 equal parts, called degrees, and a degree 
into 60 equal parts, called minutes, and a minute into 60 
seconds, and so on. 

Note 3. If two diameters AC, BE, are 
perpendicular to one another, they divide both 
the circle and the circumference into four equal 
parts, and form four right angles at the centre ; 
aad if the arc CB of one of these parts be di- 
vided into 90 degrees, and radii drawn to the 
points of division, they will divide the right angle BOG inte 
90 equal angles, each of which is said to be an angle of one 
degree, and any angle AOD at the centre is said to consist of 
as many degrees as the arc AD upon which it stands. The 
arc AD is called the measure of the angle AOD. Hence a 
right angle AOB contains 90 degrees, an obtuse angle AOD 
more, and an acute angle COD less than 90 degrees. 

G 2 
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23. A Tbiangle IE a figure contuioed by three 
straight liaea, us ABC. . i 



^ 



2+. An EquiLATKKAL Tbiangle has its three 
sides ei^ual, as DEF. 



35. Ad IsoacELEB Triangle has tiFo 
sides equal, at> 6HK. 



26. ARight- 
angle, as LMN. The side LN oppos 
angle is called the Hypoi 



A 

"A 

H K 

E ha, one right A 

iite to the right / 



27. An Obtpbb- 
obtuse angle, m PQR. 



Triangle han one 



28. All others are called Acute-anglbd Triangles. 



29. A Quadrilateral is a figure bounded ■'^l 
by four straight lines, as ABCD. 



30. A Paballblogeam is a quadri- y ' 7 

lateral, of which the opposite sides are / / 

parallel, as EFGH. Z / 




a 



31. A Rectangle is a parallelogram 
which has right angles, as KLMN. 
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32. A Squabk is a rectangle which has all 
its sides equals as PQRS. 



33. A Rhomboid is a parallelo- 
gram which has no right angles^ as 
TVAB. 



p 

r,h has all 




s 


Q 






R 


T 


B 


/ 


/ 


/ 


AT 


Jl. 


c 


:b' 


^hich j/^ 


/ 



34. A Rhombus is a rhomboid which 
has all its sides equals as CDEF. 

D :e 

35. A Trapeze^ or Trapezium, is a 




quadrilateral which has not its opposite H' 
sides equals as 6HKL. 

K 

Z&. A Trapezoid has two sides parallel, m Q , 

but not the other two, as MNPQ. / \ 

37. A Diagonal is a straight line, which / \ 

joins two opposite angles of a figure^ as MP. J^^ p 



38. A Polygon is a figure contained by B 
more than four straight lines, as ABODE. 




39. A Polygon of fii^ sides is called a 
Pentagon; one of six sides, a Hexagon; 
of seven sides, a Heptagon; of eight sides, -g.^ 

an Octagon; of nine sides, a Nonagon; of 

ten sides, a Decagon, Sec G H 

40. A Regular Polygon is that which 
has all its sides and all its angles equal, as B 
ABCDEF. 




W PEACTICAL GEOMETBr. 

PROBLEMS. 

Fbob. I. To draw a straight line parallel to AB, 
and as far from it as the point C is frotn D. 

With the distance CD for a radius, ? ? 

describe ares E and F from the centres 
A Bod B, and draw t)ie Btraight liue 
£F to touch these arcs without cutting 
them. 

Prob. II. To draw a pavallc 
point P. 

From P, with any sufficient radiun, 
describe an arc cutting AB in C. 
Lav Ibe radiua on AB from C to D, 
and from D cut the arc again in £, 
and draw PE. 

Or, with the nearest distance of P 
from AB for a radius, describe an arc 
E, from D, taken as far as possible 
from F, and draw a line frooi P to 
touch tlie arc E. 

Phob. III. To bisect a given straight line AB. 

With a radius g'reater than half the line, Ap I 

describe from B thp arc CDE, and from A p' | \ ■ 

the arc CFE, cutting the former in C and A. \f^ — B 

E. Draw CE cutting AB in G. ^,1/ 

pBOB. IV. To raise a perpendicular to AB at & given 
point in it, as C. 

With any radius, from C, cut AB in ^p 
D aud E; and with a greater radius 
describe arcs from D and E, cutting one 
another in F, and draw CP. rH -L ,__^ 

If the ijerpcndicular is to be raised -^ ° ^ ^ ^ 
at B, the end of AB, "^ 

Place one foot at G, above AB, and 
extending the other to B, de«cribe a 3W 

circle cutting AB in H ; tben lay the [ 

radius on the circumference, from H V j, 

to K, from K to L, and from L to M, AI iTC 3^ 

and draw BM. " — ^ 

Or a straight line through H and G will give M. 



K 


•-■N 


A B 

1 to AB through the 


-.■'■' . 


A -C 

I! 


i B 
K 


' .-- ■-.. 


A- 


A B 



Prob. V. To drop a perpendicular upon AB from 
the point C above it. " 

With a sufficient rudiue, from C cut 

AB in D aod E, and from iheso piiinlB i 

ilescribe arcs on the other side nf AB, AD- 
I'Utting- one annther in F, and draw CF, 
tutting: AB iu G. 

If the point C be abore the end of 
AB, 

From any point G in AB, with the 
radius GC, dei^cribe the arc C 
from any other point H, in 
the radius HC, describe the arc CFE, 
cutting ihe fonner in E, and draiF CE. 

Prob. VI. To divide a straight line AB into an 
number of equal parts, suppose five. 

Through A and B draw any paral- A^C 

Idg AC and BD, on different sides of %^''\ 

AB. Take any convenient distance, V"" 1 \ \ 

and lay it four times (one lew than ihe A""!! 2I 3\ ^-" ' 
given _nuinber) from A on AC, and [ _J^''2" ^ 



'.^ 



D-4 



-i-a 



from B on BD ; then join the first oa 

AC to the fonnh on BD, the second 

an AC to the third on BD, and so on in order, and the 

iog linen will divide AB into live I'qual parts. 

Pkob. VII. To make a plane scale, or one of equal 
pans. 



e jom- 



8 



otWg 



j^H b 



Draw itiiy straight line AB, and take any convenient dis- 
ance, and lay it eleven timpa from A to B, and divide the 
ast one BD into 10 equal parts ; then each of the large divi- 
lions will be 10, and each of the Email divii^inns 1. 

For a Male of feet and inches, divide BD into 12 equal 
X ; then each of the large divisions will be a foot, and each 
if the small ones an inch. 

Peob. VIII. To make a diajronal scale. 




Having drafrn AB, and divided 



plane scale. 
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draw AC perpendicular to AB^ and on it lay any small dk- 
tance 10 timen, and through the points of dinsion dnt 
parallels to AB^ and through the great diirisioos of AB dnv 
parallels to AC ; divide AD and CO each into 10 equal parts, 
and draw a line from to the first division of AD^ and from 
the first division of OC to the second of AD^ and so on. 

To take from this scale a number consisting of three fignm, 
as 546^ call one of the large divisions 100^ or take 5 of them, 
call one of the divisions on OC 10^ or take 4 of them^ and for 
the units reckon one parallel on the diagonal for each unit; 
or count 6 parallels on the diagonal through 4, and bring the 
foot on the large 5, along that division to the sixth paralld. 

Fbob. IX. To divide a straight line AB in any pro- 
portions, as of 3, 5, 7. 

Draw any parallels AC and BD, C 

through A and B on different sides of BJ^^**'/ 

AB. From any scale of equal parts --'' f^ / "R 

take the extent from to 3, and lay it A. / H /K -*•''' 

on AC, from A to E. Take 7 from j y!**''* 

the same scale, and lay it on BD, from / ^.^"^ 

B to F ; then take 5, and lay it from j^'' 
E to C, and from F to D ; and join 
ED, CF, cutting AB in H and K. AH : HK : : 3 : 5, and 

HK : KB : : 5 : 7. 

Note. In the same way, AB may be divided similarly to 

a given divided line. 

Peob. X. To produce a straight line AB, so that 
the whole shall be to the produced part in a given ratio, 
as of 5 to % 



y^^. 



Through A dra«r any straight line 

AC, lay 2 from A to C, and 5 from X \ 

C to D towards A. Join BD, and j^^ ]|;;r y^^ 

parallel to it draw CE. Then ^v^/ 

BE : EA : : 5 : 2. D 

Peob. XI. To find a third line proportional to two 
given straight lines, as 4 and 6. 

Make' any angle BAC, and lay the 
first term 4 from A to B, and the 
second both from A to C and from B 
to D. Join BC, and draw DE pa- 
rallel to it. Then CE = 9 is the third 
proportional. 
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Pbob. XII. To find a fourth line proportional to 
three given ones, as S, 6, and 12. . 

Make any angle BAG. Lay 
the first 8 from A to B^ the 
second 6 from B to D^ and the 
third 12 from A to C. Join 
BC^ and draw DE parallel to 
it. Then C£ is the fourth proportional. 

Peob. XIII. To find a mean proportional between 
two straight lines, as 9 and 4. 

On the same straight line lay AB 9 
and BC 4, and bisect AC in D; and 
with the radius DA describe the semi- 
circle A£C^ and draw BE perpendicular 
to AC. It is the mean proportional^ for 
AB : BE : : BE : BC. 

Note. Make AP = AE, then AP or AE is a mean 
proportional between AC and AB ; therefore AC : AB : : 
AC« : AP2. 

Prob. XIV. To bisect a given angle ABC. 

From B, with any radius, cut the sides 
in A and C. From A describe the arc D, 
and from C cut it in D, and join BD^ the 
angle ABD = CBD. 

Pbob. XV. To make, at A in AB, an angle equal to 
the angle CDE. 

From D, with any radius^ cut DC, 
DE, in C, E ; and from A, with the 
tame radius, describe the arc FG, 
cutting AB in F. Take the extent 
from C to E, and lay it on the arc 
firom F to G, and draw AG, the angle 
FAG = CDE. 
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Pbob. XVI. To make a scale of chords. 

Draw AC perpendicular to AB. From C 
A, with any radius, describe the arc BC, 
and let it be di?ide(i into 90 equal parts, 
(it is here divided into 9,) and draw BC ; 
and, with one foot in B, transfer the ex- 
tents to each of the divisions, from the arc 
to BC. Then BC is a line of chords. a 

Note. The radius AB is equal to the chord of 60^. 
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Prob. XVII. To make an angle of any number of m,(^ 
degrees, at A in AB. |iit 







% 






-B 



Take 60^ from the line of chords^ and from A describe ao 
arc^ cutting AB in C. 

If the given angle do not exceed 90^> as here 54^, take it 
from the line of chords, and lay it on the arc from C to D, 
and draw AD ; then BAD is the angle required. 

If the given number of degrees be greater than 90^, as 
112^, take a less number from the chords, and lay it fromC 
to £, and lay the rest from £ to D, and draw AD ; then 
BAD is the angle required. 

Peob. XVIII. To measure a given angle BAC 

With the chord of 60°, from A 
describe the arc BC. Take BC, and 
lay it on the line of chords, and it 
wdl show the number of degrees in 
the angle BAC. 

If the extent from B to C be 
greater than the line of chords, mea- 
sure part of the arc, and then the 
rest, and add them. Or produce BA to D, and measure 
CAD, which, subtracted from 180®, leaves BAC. • 

Prob. XIX. To make a triangle, of which the three 
sides are given, viz. 186, 257, and 324 feet. 

Draw a straight line AB. Take 324 
from the diagonal scale, and lay that ex- 
tent from A to B. Take 180 from the 
scale, and from A describe an arc, and 
with 257 for a radius, from B cut that arc 
in C, and join AC and CB. 

Prob. XX. To make a triangle, of which two sides 
and an angle are given, viz. 256, 384, and 54^ 4(K. 
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Make the angle BAG ^1° 
40', and malte AB 256; 
then, if the given augle be 
between the given ades, 
make AC 381, and join BC. 

But if one of the sides bo 
opposite to the given angle, 
with 384 for a railiua, frum 
BcutACinC.andjoiuBC. J 

Note. If it had been required to make AB 384, and BC 
ia6, the problem would have been impossible; becauee 256 
for a radius would not reach from B to AC. If BC were 
3M, it would be perpendicular to AC. If BC were greater 
diiui 340, but lea« tlian 384, it wOuld cut AC in two poinlB, 
10 that two differeat triangleB could then be made with the 
itme things given. 

Fkob. XXI, To make a triangle, of which two angles 
48"" 36', Mid 57" 44/, and one side 297 feet, are given. 




Maiie the angle BAG 43" 36', and make AB 297- Then, 
if the other given angle is to be adjacent to the given side, 
make ABC 57" 44'; but if it is to be opposite to the given 
nde, add the given angles, and subtract the sum 101° 20' 
180°, The reminder 78° 40* is the angle ABC, and 
ACBis57" 44'. 
Note. If in either of these problcmH a right angle is given, 
' H k to be made 90", or a perpendicular is tu be drawn. 

Pkob. XXII. To make a rectangle, of which the 

e given ; suppose 428 and 246 feeL 
Draw AC perpendicular to AB, i 



|AB 428, and AC 24(i feet; and with 240 for j 
k radius, from B describe the arc D ; and 

Vitb 428 for a radius, from C cut that arc in J^ 

►, and join BD and CD. " 

NoTS> If AC b^ made equal to AB, the figure will be a 
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Pbob. XXIII. To make a parAWelaettM, of whkfa 
two sides, 436 and 243 feet, and ail ^^e 67^^ SCV, aie 
given. 

Make the angle BAG 6?^ 30^ add make 
AB 436, and AC 243 ; and with S45 for 
a radius from B describe the arc D, aivd 
with 436 from C cut that arc in D> and 
draw CD and BD. 

Pbob. XXIV. To make a parallelogram, ci wUdi 
there are given two sides 421 and 234 feet, aad the 
perpendicular upon one of them, 8U{^>oBe the loogieit, 
from the end of the other 196. 

Draw CD parallel to AB, at the dis^ 
tance of I96 feet from it; and with 234 
for a radius from A cut CD in C, and 
make AB and CD each 421, and join AC j^ ^ 
and BD, and drop the perpendicular CE. 

Pbob. XXV. To make a quadrilateral, of which all 
the sides, 256, 348, 436, and 297 feet, and an an^ 
contained by the two first, 87® 44^, are given. 

Make the angle BAF 87® 44', and 
make AB ^56, and AF 348 ; and firom j 
F, with 4^ for a radius, describe ^Yi arc, 
and with 297 from B cdt that arc in O, 
and draw FC, CB. 

t^BOB. XXVt. To make a quadrilateral, df which 
are given two sides 268 and 394, the diagbnid tnm 
their intersection 473, and the per|^ndicukr^ t^pcm it 
froiii their extremities 188 and 234 feet. 

Make AC 473, and draw parallels to it 
on different sides at the distances of 188 
and 234, as BE an^ DF. With 268 for a 
radius from A cut b£ in £(, and with 394 
cut.DF in D. Join AB, BC, CD, DA, 
and drop the perpendiculars BG, DH, on 
AC. 

Pbob. XXVII. To make a pentagon^ of whkii iR 
the sides are given, 236, 194, 253, 318, afid 37« feet; 
and two angles, suppose those at the extremities of tKe 
second side, 112° and 124^ 



I 
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make AB 194 feet, and at A mslie the 
tngle BAE 112°, and at B tbe angle ABC 
124°, aDd make AE 236, and EC 253; 
then witb 318 for a radius from C deicribe 
llie arc D, and from £ vitli 372 cut it in 
D. and draw CD and £D. 

Note. Id like naooer va? any pf^lff" ^ ' 
rhicb all tbe aides are giren, acd all tbe angles excqit tluw. 

P»OB. XXVin. Given two sides of a %ure 234 
and 348, the diagonals 438, 385, 452, and 5S7, and the 
perpendiculars upon the diagonals from the anglet 183, 
U8y 315, 212, and 274; to make the figure- 



Firat, by Prob. XXVI.. make the qua. 
drilatosl ABFG, of which AB is 334, 
B6 438, BF 385, AH 1S3, and FK S46. 
troto B vith the radius 315 describe an 
arc, and from F drair FC to loucb it, and 
■Mice FC 4S3, and join BC. From F 
with 21s make an arc, and drav CE to 
tODcb it, and make CE 537. Dnv a 
parallel to GE at the distance of 274 from 
It, and from C with 348 t:ut the parallel 
in D, and join CD, DE, and EF, and 
drair the perpendiculan BL, FH, and DN. 



P&OB. XXIX. To de3cribe a cirple that shall pass 
through three given poinU, A, B, C, not in a straight 
line. 



With a radius greater than half the 
Pittance of B from A ur C deacHbe a 
circle about B, and with tbe same radius 
from A cut the circle in D and E, and 
from C cut it in P and G. Join DE 
and FG, meeting' one another in H; it 
is tbe ceatre, from which the circle de- 
scribed through A shall pass throuj;fa B 



NoTB 1. If ABC be a triangle, a cirple ma^ be descrihed 
about it by this probleip. And in the same way, by taking 





m 

three poin 
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iu the circumference, or in 
circle, the centre of that circle 
may be found. 

Note 2. The circumferenci 
passes through three of the angiil; 
of a regular polygon pauses through all the 
rest ; and therefore a circle may be de- 
scribed about it, or inscribed within it, by 
this problem. 

Pbob. XXX. To draw a straight 
point P, to touch a given circle ABC. 

If P be in the circum- 
ference, draw PO to the 
centre, and PD perpen- 
dicular to it. 

If P be without the 
circle ; from P describe 
the arc OE through the 
centre O, and from O, ^ 

with the diameter of ABC for a radius, cut the arc in £ ; 
then draw EO, meeting the circumference in C, and join PC, 
and It will touch the circle. 

Pbob. XXXI. To make a regular polygon of a 
given number of sides in a given circle ABC. 

Diride SfJC" by the number of sides ; the 
quotient is the angle at the centre eubtended 
by one of them. Draw a radius AO, and 
make the angle AOB equal to the quotient. 
Join AB, and place straight lines all around 
the circle equal to AB, and they will form the 
polygon ret^uired. 

Pbob. XXXII. To make a regular polygon of t 
given number of sides, upon a given straiglil line, as 
AB 365 feet. 

Divide 360" by twice the number of sides, 
and subtract the quotient from QO", and at 
A and B make the angles BAO and ABO, 
each equal to ihe remainder, and the point O 
in which the sides meet is the centre of the 
circle containing the polygon. From O de- 
tcribe a circle through A, and place lines equal 
to AB all round in it. 
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Prob. XKXIII. To make a triangle equal to a 
given quadrilateral ABCD. 

Draw the diagooal AC, and parallel to 
it, through D, draw DE, meeting BC pro- 
duced, i/ necessary, in E, and join AE ; 
tben the triaogle ABB is equal to tJie qiia- 
tirilateral ABCD. For the triaogle ACE = 
ACD. 

Peob. XXXIV. To make a triangle equal to a given 
{£Otagon ABCDE. 

Join AC, and draw BF parallel to it, j^ 

meeting CD in F, and join AP, and the ^-.J^O^ 

Irian^e AfC = AgC; and thus the pen- B/7/' ''■iV-, 
Ogon IB reduced to the quadrilateral AFDE. f\/ \j\. 
Let this be reduced as before to the triangle F C D G- 
AFG, then AFG = ABCDE. 

NoTs. In the same way may any polygon be reduced tn 
i triangle, only the number of opcratione will increase with 
the numlier of the sides of the figure. 

Fbob. XXXV. To reduce a u-iangle ABC to ano- 
ther, which shM have its base in the same straight line 
with that of the given triangle, and its vertex at a given 
ptnnt P. 

Draw PD parallel to BC, meeting AB in 
D. Join DC. and thrnugh A draw AE 
Mrallel to DC, and join PB and PE. If 
pE were joined, the triangle ADC = EDO, 
aiidABC = DBE = PBE. ^_ 

Note. By this and ihe preceding pro- ■" 
blem, any polygon may be reduced to a triangle, which shall 
have its vertex at a given point. 

PfioB. XXXVI. To make a figure upon a ^ven 
straight line AB, which shall be similar to a avea 
figure CDEFG. 

Join CE, CF, to reduce the given 
ifigiiEe to triangles. At A make the 
Mule BAH = DCE, HAK = ECF, 
udKAL = FCG. Also at B make 
lit angle ABH = CDE ; at H make 
AHK = CEF; and at K make i^ u a 

AKL = CFG. Tben ABHKL is aimiljir to CDEFG. 
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Peob. XXXVII. To make a figur 
similar to a given figure ABCDEF, e 
ratio to it, aa that of 7 to 9. 

Afi 9 is to 7, BO make AB to AP, 
and fiod AG, a mean proportional 
between AB and AP, by Prob. XIII. 
And baring drawn the diagonaU AC, 
AD, AE, draw GH parallel to BC, 
meeting AC in H, draw HK parallel 
to CD, KL parallel to DE, and LM 
to EF; then the fi^re AGHKLM ia A 
and has to it tlie ratio of 7 to 9. 

PnoB. XXXVIII. To describe e 
which the directrix AB, the focus C, 
the curve, are given. 

Draw C A perpendicular to AB, and 
divide it in D, so that CD be to DA 
in the ratio of the curve, by Prob. IX. 

Let CP revolve about C, and at the 
name time let BP move perpendicular 
to AB, BO that CP : PB always : : CD 
: DA ; then their intersection P n ill 
describe the curve. 

Or by points. Draw DE parallel 
to AB, and make it equal to DC, and 
join AE, and produce it. Draw a 
gteat many parallels to AB, meeting AC in m, and AB in n. 
Take ran on any of them, and from the centre C cut tbat 
parallel ia P and p ; these are two points in the curve. Ia 
the same manner two points may he found in every parallel, 
and the curve made to paiis through them all. 

Pbob. XXXIX. Given the Iransverse axis 176, and 
the conjugate 142, of a hyperbola or ellipse; to de- 
scribe the curve. 

Add the squares of the two scmiases in the hyperbola, or 
hubtract them in the ellipse, and take the square root of the 
sum or remaindei' : this rout has to the transverse aemiazis 
the ratio of the curve, with which the curve may be described 
as before; for the difference between the root aad the trans- 
< is the distance of the focus from the principal 
vertex ; and a fourth proportional to the root, the transverse 
seraiaxia, and their difference, will give the distance of the 
from the principal vertex. 
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Otherwise^ let B6 and Fp be the axes^ bi- 
secting one another at right angles in the 
centre O. Lay BP in the hyperbola from O 
to C and c, or Jay BO in the ellipse from jp to 
C and c ; then C and c are the feci. Take 
any point m in "Bb, produced in the hyperbola^ 
and with the distance But describe two arcs 
n, n, from each of the foci C and c. Then^ 
with bm for a radius^ from the foci cut these arcs in n, n,n,n; 
these will be four points of the curve. Take another point 
01^ and proceed in the same manner with it to get other four 
points of the curve^ and so on ; then draw the curve through 
all these points. 

Pros. XL. Given the asymptotes and a point in the 
hyperbola ; to describe the curve. 

Let OA, OB, be the 
asymptotes, and F the point 
in the curve. 

Through P draw any 
straight line meeting the 
asymptotes in m and it. 
Make nq equal to niP, then 
a is a point in the curve. 
In this way any number of 
points in the curve may be 
found, and the curve drawn 
through them all will be the hyperbola. 





LOGABITHVS- 



LOGABITHMS. 



Let a series of numbers in arithmetical progression be adapted 
to another in geometrical prtigression, so t^at the least term 
of the nne cocreBpoDd with the least of the otber and the rert 
in order thus i 

Arilh. Piog. 0, 1, 2, 3, 4, 5, 6, 7, &c. 

Geam. Pri^. 1, i, 16, 6*, 256, 1024, 4096, 16384, &c. 
And let it be required to multiply any two terms, as 256 and 
t>4 of the geometrical eeriea. This may be done by adding S 
and 4, the corresponding terms of the arithmetical series; for 
the sum 7 's the term corresponding to 16384 the product. 

Thus the use of such an adaptation Ie manifest ; but it u 
very limited in the preaeut state of the series. In order to 
cstend it, interpose a geometrical mean proportiooal betveen 
every two terms of the geometrical series. This mean is the 
square root of the product of the adjacent terms. Alao ioter- 
pose an arithmetical mean between every tiro terms of tbg 
arithmetical series, which mean is half the aura of the adjacent 
terms, and thea the number of terms will be doubled, tluu; 



These progressions may be interpolated in the same way by 
new terms, and the process may be carried on continually, till 
at length" every integer occur in the geometrical series, or a 
number so near it that the difference may be neglected without 
error; and then the numbers in the arithmetical series, cor- 
responding to these integers, may be called their logaritktru. 

Hence logarithms are artificial numbers, by the aid of which 
addition supplies the place of multiplication, and consequently 
subtraction the place of division. 

In forming the common tables of logarithms, the pn:f^re»> 
sions first asiiumed were, 

Arith. Prog. 0, 1, 2, 3, 4, 5, &c. 

Geom. Prog. 1, 10. 100, 1000, 10000, 100000, &c 
And new terms were interposed continually in the same way 
as waa shown in the preceding series, until'the natural num- 
ben occurred in the geometrical series ; and then the numbers 
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D the arithmetical series corresponding to these natural ones 
■rere taken to compose the table of logarithms. 

Hence the logarithms of all numbers between 1 and 10 are 
ractions ; those of all numbers between 10 and 100 are mixed 
lumbers that have 1 for the integer ; those of numbers be- 
«reen 100 and 1000 have 2 for the integer^ and so on : that 
m, the units in the integer are always less by one than the 
daces in the corresponding number. This integer is called 
be index, because it points out how many figures are in the 
lUmber. 

X> PIND THE LOOABITHM OF A NUMBER FROM THE TABLES^ 

In the large tables extending to 100000, the natural num« 
lers ftrom 1000 to 10000 are marked on the margin ; but in 
Am common tables only those from 100 to 1000 ; and in both 
%1, 2, 3, 4, 5, 6, 7, S, 9> ^6 marked above the columns. 

The logarithms of numbers under 1000 in the large tables^ 
m under 100 in the common, are given in their order at the 
'Wginning ; and the logarithms of numbers consisting of one 
(place more are found against that number in the column 
titled 0. 

To find in the common tables the logarithm of any number. 

Look for the three highest figures in the margin on the left 
hand, and running along that line to the column which has 
die fourth figure at the top, you will find the logarithm for 
tiiese four figures. If the number consists of more than four 
figures, take the difference between the logarithm thus found 
and the next greater, and multiply it by the remaining 
figures, and from the product cut off as many figures as are 
ID the multiplier; the rest added to the logarithm for the 
first four figures gives the logarithm required. The index is 
not given in the tables, but it is always one less than the 
number of integers in the given number. 

1. Required the logarithm of 73284. 

Look in the margin for 732, and on that line in the column 
which has 8 at the top you will find -8649855, the logarithm 
of 7328, and the difference between it and the next logarithm 
is 592, which, multiplied by 4, gives 2368 : therefore, adding 
237 to -8649855, we have 4-8650092 for the logarithm of 
73284, with 4 for an index, because the number has five 

S laces. If the number had been 732*84, the logarithm would 
ave been the same, but the index would have been 2. 
Since the logarithm of 1 is 0, the index of the logarithm 
of a decimal must be negative. If there be no ciphers after 
the decimal point, the index is — 1 ; if there be one cipher, 
the index b — 2, and so on. A negative index is to be added 
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when the lo£;anthiii is subtracted, aaii subtracted wfaen the 
logarithm is added. Sometime g is put fur the index of a 
decimal wlien there arc no ciphers after the decimal point, 
S when there is ooe cipher, and so on. 

2. Required the log. of 6-1953. . Ana. 0-7920623, 

3 of 47-5384. . 1-67704*5. 

4 of -003825. . — 3-582C314. 



O FIND THE HUMBER 



TO A GIVEN 



If the given logarithm be found in the table, the three first 
figures of the number will be found un the same line in the 
margin, and the fourth at ihc top of the column. But if the 
logarithm be not found esactif in the table, take the nitmber 
answering the next leas, and subtract this logarithm from the 
given one, and aliiO from the nest greater in the table; and, 
annexing ciphers to the firec remainder, divide it by the 
other, to get the tifth, siKtb, &c. figures. The integer places 
must be one more than the units in the index, and the rett 
are decimals. 

5. Required the number corresponding to the logarithm 
4-5971704. 

The nest less logarithm is -5971465, and the number 
answering to it is 3955 ; the difference between it and the 
given logarithm is S29, and between it and the next greatei 
in the table is I098. Divide S290 by IO98, and the quotient 
3, anne:xed to 3955, gives 39553 for the number sought. 

6. Required the number of log. 3-7742.?95. Ans. 3946-«. 

7 2-1475217. - 140-45- 

8 —2-8624892. . O-OTesa 

TO PIKD THE ABITUMBTICAL (XIMPLEIUENT. 

Subtract the logarithm from 10, an integer, or subtract the 
right-hand figure from 10, and all the rest from 9- 

9. Thus the arithmetical complement of 3-6427^35 is 
6-3572465. 

10. Required the ar. CO. of 2-7493672. Ans. 7-2506328. 
II ofl-3607968. . 8-639203a. 



TO PERFORM MULTIPLICATION BY LOGARITHMS. 

Add tlie logarithms of the factors ; the sum is the logarithm 
of the priKiuct. 

12. Multiply 37-68 log. 1-5761109 
by 9-25 log. 0'9661417 

Product 348-54 log. 2-54ai>526 
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S. Multii^y S'lSS, O-OiS, and 56^5 toother. 

5-735 log:. 07585334 

0-023 log;. — 2-3617278 

56-25 log. 1-7501225 

Prodact 7-419655 log. 0-8708S37 

4. Required tike product of 7*542 hj *96S. Am. 7*^629. 

5 00352 by •864. . 0-00304. 

a -0925 by 73-5- . 6-79«8. 

TO PERFORM DIVISION BY LOGARITHMS. 

abmuA the logmritbni of the dnriMr from thai of tiie 
dend : the remaiDder is the logarithm of the quotieDt. 
kr add the arithttieticsU comprement of the diriaor to the 
ritbm of the dividend : the sum, #ith its index lenteed 

LOy 18 the logarithm of the quotient. 

7. Divide 9*7128 log. 0-9873444 log. 0-9873444 

by 0-456 log. 9-6589648 ar. oo. 0-34103^2 

Quotient 21-3 log. 1-3283796 log. 1-9283796 

8. Required die quotient of 9 by 75. . Ans. -12. 

§. 8964 by 3-84. 2334-375. 

62-78 by 71-6. . -876»1«. 

TO WORK PROPORTION BY LOGARITHMS. 

Kid the logarithms of the second and third terms tdfetber, 
I from their sum subtract the logarithm of the first : the 
lainder is the logarithm of Uie fourth term, or aan r u . 
>r add together the arithmetical complement of the fint 
n, and the logarithms of the other two: the sum, with its 
ex kteened by 10, is the logarithm of the afttwer. 

81. First 36 log. 1 -5563025 ar.co. 8-4436975 

Second 144 log. 21583625 log. 2*1583625 
Third 28 log. 1-4471580 log. 1-4471580 



3-6055205 



Fourth 112 log. 2*0492180 log. 2-0492180 

*%. If 17 men do a piece of work in 28 days^ in what time 
1 12 do it ? Ans. 89i days. 

!3. If 13^ cwt be carried 57 miles for £2*568^ how hr 
idd 34^ cwt be carried for £8*56? Ans. 72*971 miles. 

TO INTOLVS A NtTMBBR BY LOGARITHMS. 

lilultiply the logarithm by the name of the power: the 
duct 18 the logarithm of thie power. 
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24. Numb. 32 lo^. 1*5051500 numb. -009 log. —3' 

3 



3dpow^ 32768 log. 4-5154500 -000000729 log. —7 

NoTB. After multiplying the negative index^ the 
to it from the logarithm must be subtracted from the 
If the positive index be used^ 10 times the name oft 
lessened by 1 must be taken froha the index of the p< 

25. Number -0437 log. — 2*6404814, or 8*6404 

4 



4th power -00000365 log. — 6-5619256 4-5619 

TO EXTRACT THE ROOT OF A NUMBER BY hOQAB 

Divide its logarithm by the name of the root : the 
is the logarithm of the root. 

Note. If the given number be a decimal, and 
positive, prefix the name of the root lessened by 
index, before dividing. If the index be negative, : 
the least number that will make the sum divisibi 
name of the root : the quotient is the index of the i 
in dividing the logarithm, the number added onlj 
considered as the index. 

26. Number -00130321 log. 4 — 31150144 log. 37 

1 



Fourth root -19 log. — 1-2787536 log. fl 

27. Number 9261 log. 3 )3-9666579 
Cube root 21 log. 1-3222193 

28. Required the square root of -5329. 

29 cube root of -041063625. 

30 fourth root of 7. 



EXERCISES. 

1. Req^. the seventh power of 7*142. Ant 

2. . . . sixth root of 2. 1 

3. . . . ninth power of -0375. 12 ciphers be 

4. . . . eighth root of -02405. 

5. . . . compound interest of £67*495 for 51 

4 per cent. Ans." 

6. . . rate of comp. int. at which £l36'7S 

5\ years, amount to £173*564. j 

7. • . . time in which £53'5 will amount U 

at 3^ per cent. comp. int. Ans. 10-. 

8 
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PLANE TRIGONOMETRY. 




liGONOifBTRT 18 the method of deter« 
Ding the sides and angles of triangles, 
1 of expressing them in known measures. 
M is done by means of the ratios which 
tain straight lines in and about the circle 
re to its radius. 

DSFINITIONB. 

1. The Sins B6 of an arc AB, is a straight line drawn 
pi B, one of its extremities, perpendicular to the diameter 
By which passes through the other. 

S. The Vbrsbd Sine AG of an arc AB, is the portion of 
e diameter AE upon which the sine is perpendicular^ be- 
'^oi the sine and the arc. 

3. The Tangent AF of an arc AB, touches the circle at 
» one of the extremities of the- arc, and meets at F the dia- 
gter MB, which passes through the other extremity B. 

4. The Secant CF of an arc AB, is a straight line drawn 
im C the centre, to F the futhest extremity of the tangent. 

5. The sine, versed sine, tangent, and secant of an arc AB, 
9 called the sine, versed sine, tangent, and secant of the 
^le ACB measured by that arc to the radius AC. 

f>. The Supplement of an arc AB, or of an angle ACB, 
the difference between it and 180^. Thus BE or AM is 
le supplement of AB, and BC£ or ACM the supplement of 
CB. 

Cor, 1. An arc, or angle, and its supplement, have the 
me sine, tangent, and secant ; for B6 is the sine of BE or 
C£, AF the tangent of AM or ACM, and CF the secant of 
M or ACM. 

Cor. 2. The versed sine £6 of BCE, together with AG 
evjBrsed siqe of ACB, is equal to the diameter AE. 

7. The Complement of an arc AB, or angle ACB, is 
e difference between it and 90^. Thus BD or BCD is the 
mplement of^AB or ACB. • 

8. The sine, versed sine, tangent, and secant of the com - 
BDient of 2m:arp. or angle,. are called the cosine, corersed 

I 
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fine, cotangent, and cosecant of the arc or angle. Tbus BH 
or CG is tlie cosine of AB or ACB, DH is its coversed Bine, 
DK its cotangent, and CK its cnsecant. 

Cor. 1. The owioe CO, together with the t-ersed Bine AG, 
is equal to the radius AC. 

Cot. 2. The sine BG of an arc AB, ia half of BL, the 
chord of BAL the double of AB. 

Cor. 3. The radius is equal to the sine or rersed Bine of 
90", and to the tangent or cotangent of 45". 

NoTB 1. In If hat foUof^s, we generally use sin. for sine, 
coa. for cosine, tan. for tangent, sec. for secant, vet. for versed 
Bine, COT. for coversed Bine, cot. for cotangent, coaec. for 
cosecant, cho. far chord, B. or rad. for radius, and D. <»■ dia. 
for diameter. 

Note 2. For the purpose of performing arithmetics^ tbe 
operations of trigonometry, a circle has been selected of which 
the radius n very large, such aa 100000, &c. ; and the sinei, 
tangeuta, &c. have been calculated for every second of tbe 

Suadrant of such a circle, and arranged in tables ; and from 
leee the lines, tangents, &c. for arcs of other circles may 
be found by proportion. 



OF TBE TABLES OF SINES, TANGENTS, AKD SECANTS. 

The common tables have the degrees at the top, and the 
minutes on the left aide, when the degrees are \em than 45° ; 
but if greater, the degrees are marked at the bottom, and iho 
minutes on the right side. 

The logarithms of the natural sines, tangents, &c. have 
been taken, and placed iu similar tables. These form the 
tables of artificial sinea, tangents, &c. which supply the place 
of tbe natural ones in the Bame way that the bganthina supply 
the place of natural numbers. 

1. Required the artificial sine of 37° 23' 12". 

Turn to the page which has 37'' at the tup, and come dovn 
the column titled Sine at the top, to tbe line that has 93' on 
the left side, and you will find 9-7832922, the sine of 37" 23' ; 
and the difference between it and the aine of 37° 24' is 1653. 
Then as 60" is to 12", so is 1653 to 331, the proportioaal 
difference for 12", which, added to 9'7832922, gives 9'7833253, 
the sine of 87° 23' 12". 

2. Required the degrees and parts of a degree of which 
10-27384(32 is the artificial tangent. 

Look for the nearest tangent 10-2737163, and because it is 
titled Tang, at tbe bottom, tabe the degrees at the foot, and 
the minutes on the right side, where are found 61° 58'. The 
difference between this tangent and the one above it ia 3046, 
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and the di^rence between it and the given 
therefore 3046 : IS99 : : 60" r 26", so that ' " 
Uogent o( 61 " 58' 26", 

3. Natural line of 57" 26' 20". 

i. Artificial eosine of 67" 31' 40". 

5. Artificiftl wcant of 73" 87' *5". 

6. Natural cosine ia -7476822. 

7. Artificial Becaot is WiJSSiS. 




SOLUTION OF RIGHT-ANGLED TRIANGLES. 

Tbb first thing to be done in resolving right-angled triangles 

it to make one of the sides the radius of a circle, the centre rf 

which h at an acute angle, and thua to detennine what the 

other sides would be in that circle. 
If fipom the centre A, with the radius C 

AC, the arc CD be described, then BC 

«ill be the sine of CAB, and AB its cwine. 

But if the centre be at C, aad the circle 

ftm tbrough A, then AB is the sine of C, 

nd BC its cosine. Hence when the hypo. 

tntnse is radiue, the other sides are the sinee 

tftiieir opposite angles, or the cosines of their adjacent angles. 

Again, if from the centre A, with the radius AB, the arc 

BE be described, then BC is the tangent of A, and AC is itn 

■ccant. 
Suppose ACB any angle, and AB an arc 

docnbed with the radius of the circle, 
(rom which the sineSj tangents, &c. in the 
tables were calculated ; then BF is the 
nne in the tables, CF the cosine, AG the 
tangent, and CG the secant in the tables. 
Let CEH be a rieht-angled triangle. If 
CE be radius, EH will be the sine of C, and CH its cosine. 
But the triaogles CEH, CBF, being similar, CE : £H : : 
CB : BF ; that is, as CE is lo EH, so is the radius of the 
tables to the sine of C in the tables. In like manner C£ is 
to CH as the radius to the cosine in the tables. lo the same 
way it may be shown, that if CDK were the triangle, and CD 
the radius, CD is to DK as the radius to the tangent of C in 
the tables, and that DC is to CK as the radius Is to the secant 
ofC in the tables; so that after determining the names of the 
sides of the triangle, any two sides are U> one another ai their 
names in the tables. 
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The terms of the proportion, however, must be so' arranged; 
that the thing required shall be the last terra, thus: 
To find EH, R : sin. C : : CE : EH 
To find CE, sin. C : R : : HE : EC 
To find C, CE:EH:; R : sin. C. 
And these three are all the rariations which are requisite. 
But the student should accustom himself to state them without 
hesitation. 

1. In the triangle ABC, right-angled at B, are 
piven the hypotenuse AC 334 feet, and the angle 
BAG 48'' 17'; to find the base AB, and perpen^ 
dicular BC. 

Note. When one of the acut« angles is known, 
the other is got by subtracting that one from 90°. 

If AC be radius, and A the centre, CB is the sine of A, 
and AB its cosine. Wherefore, 

R ; sin. A : : AC : CB, and R : cos. A : : CA : AB. 
Sin. A 48" 17' bg. 9-8729976 cos. A log. 9-8231138 
AC 334. log. 2-5105450 2-5105450 



A 



Radius 



u 12-3835436 

log. 100000000 



CB 241-85 log. 2-3835426 AB 215-6 log. S- 
S. 6i?en DE 1254 feet, and the aogle D 51° 
19'; to find the hypotenuse DF, and the perpeit- 
licular EF. 

DE being radius, EF is the tangent and DF 
she secant of D. 

R:Un. D:;DE:EF. 
Tan.DSloig' — R. Iog.00965445 
DE 1254 log. 3-0982975 

EF 1566-18 log. 3-1948420 

R : sec. D : : ED : DF. 
8ec.D 51°19'— R. log. 0-2041091 
DE 1254 lag. 3-0982975 

DF 2006-35 log. S-3024066 

. Oiren the angle G 43° 3S', and the opposite 



A 



sideHK 1 86 feet 
the base GH. 

This may be wrought as the last, by fin 
GKH. Or, GK being radius, KH is thi 
aDd GH being radius, HK is Ian. G. 



find the hypotenuse GK, 

finding 



A 
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SiD.G:R::HK: KG, and tan. 6 : R : : KH : HO. 
HK186+R. lo;. 12*2695129 HK+R. log. 12*2695129 
Sin. 6 4S^ 38' log. 9*8388747 tan. 6 log. 9*9792738 

OK 2619-549 kg. 2*4306882 GH 195*09 kig- 2*2902391 

4. Gireo the hypotenuie LN 415 inches^ and 
the perpendicular MN 249 ; to find the angles, 
sndLM. 

LN:NM::R:un.L. 

NM 249+ R. log. 12-3961993 

LN415 ]fi. 2*6180481 

Sin. L 36*> 52' 12" log. 9*7781512 

R:co6. Lr:NL:LM. 
€o«. L i56« 52' 12"^— B. log. — 1*9030894 
LN 415 log. 2*6180481 

iiM 3S2 log. 2*5211375 

NoTB. LM is equal to the square root o f the produ ct 
«f the sum and difference of LN and NM = V664xl66 = 
V110224 = 332. 

5. Given the base RS 53 miles^ and the perpen- 
4iciilar ST 67 ; to find the angles^ and hypotenuse 
RT. 

RS : ST : : R : tan. R. 
ST 67+ R log. 1 1*8260746 

RS 53 log. 1*7242759 

Tan. R 51® 39^ 16" log. 101017989 

R : sec R : : SR : RT. 

Sec R 51 ® 39' 16" — Rad. log. 0*2073261 
RS 53 log. 1*7242759 

RT 85*4284 log. 1*9316020 

NoTB. The square of RT n equal to the sum of the 
i qnares of RS and ST ; therefm TR = V53«+67« =. 
V7298 = 85*4284. 

6. GiVicn the hypotenuse S93, and the base 586 chaiM, 
AoB. Angle at base 48® 59^ 17'^ perpendieitlar 673-832 ch. 

7. Giren the base 326 yards, and the vertical angle 64® 40'. 
Ans. Hypotenuse 360-686^ perpendicuhv 154*33 yards. 

8. Given the ferpendicular 286^ and vertical angle 71® 24'. 

Ans. Hypotenuse 896*666^ base 849*832. 

9. Gken Ihe hypotenuse 963 links, and vertical mngle 
41® 48'. Ans. Base 641*87, peipendicuhu' 717*69 links* 

12 
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OBLIQUE TRIANGLES. 

If tivo angles of a triangle be knuwa, the third is got by suti> 

trading their mm from 180" ; and if one angle be knowD, tlte 



II of the other two ia got by subtracting it from 
Rule I. Any two sides of a triangli 



another as 

the sines of the angles opposite to tliem. Thus BC : CA :: 

' ' ■ . B, or sin. A : sin. B ; : CB : CA. The former 

igle is required, and the latter 



D be used whenever a given angle . 



order is to be used 
when a side. 

Note. This rule is ti 
opposite to a given side. 

I. Given two sides AB 535, and BC 358 
feet, and the angle at C 107" 4«'; to And 
the angles at A and B, and AC. The 
figure is drawn by Prob. XX. PniCTicAL 
Geometry. 

AB : BC : : sin. C : sin. A. 
Sin. C (107" 40') 72" 20" log. 9-9790192 
BC 358 feet log. 2-5538830 



^ 



BA 532 

Sin. A 39" 53' 
= 180" — (C+ A), and si 



Sin. C 107" W 
AC 299-6 



12-6329022 
log. 2-7259116 

log. 9-80G9906 
C:ein.B;;BA: AC. 

log- .9-7296211 

log. 27259116 

12-4555327 

log- 9-9790192 



log. 2-4765135 

2. Given AB 232, and BC 345 yards, and the angle at C 
37° 20". 

By protxeding in the same way, the angle at A may be 
either 64" 24' or 115° 36', and therefore the angle at B m&y 
be either 78" I6' or 27" 4.', and AC 374'56 or 174-07. For 
AB being less than BC, there are two triangles which have 
each of them the given things in them. 

3. Two places are 56o feet from one another, and at a 
station 258 feet from the first place, their distance subtended 
an angle of 63° 28'. Required the distance of the station 
from the other. Ads. 625-469 few. 
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A 



4. GiTen two angles D dS^" 48', and £ 49^ 25', 
ind the side £F opposite to D 275 yards; to find 
[>£ and DF. Constructed by Frob. XXL Psac- 
ncAL Gboxbtrt. The angle at F is = 180^ JS 
— (D+E) = 66*»47'. 

Sin.D:sin.£:: £F : FD. 
Sin. £ 49'' 25' log. 9*8805052 
EF 275 log. 2-4393327 

12-3198379 
^ Sin. D 6S^ 48' log. 9*9529175 

' FD 232-77 log. 2-3669204 

Sin. D : sin. F : : F£ : £D. 
Sin. F 66'' 47' log. 9*9633253 
£F 275 log. 2-4393327 

12-4026580 
Sin, D 65° 48' log. 9*9^29175 

D£ 281-67 log.. 2-4497405 

5. Given the anries at £ 49<> 25', and F 6$^ 48', and the 
ride EF 275 ; to find ED and DF. 

Ans. ED 268-488, and DF 227*2546, 

6. A ship sailing doe north observes a cape bearing 
K. 54'' 12' W.; and after sailing 27 miles, the cape bore 
S. 70® 30' W. Required her dbtances from it. 

Ans. first distance 30-957> second distance 26-636 miles. 

RuLB II. When two sides and the angle between them are 
given. 

. Add and subtract the sides to get their sum and difference. 
Subtract the angle from ISO*', and take half the remainder, 
to get half the sum of the unknown angles. Then as die 
sum of the sides is to their difference, so is the tangent of 
kalf the sum of the unknown angles to the tangent of half 
tbdr difference. Having thus found the half difference, add 
it to the half sum to get the angle opposite to the greater side, 
and subtract it to get the Jess angle; after which the thir^ 
side is found by Rule I. 

7. Given the sides OH 133, and HK I76 
yards, and the angle at H 73^ 1 6'; to find the 
angles at .6 and K, and the side 6K. 
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KH + HG:KH — HG::tan4CG+K):ten.4(G— K). ' 
KH — HG43 log. 1-63S4685 

Taa.itl80»— H) 53° 22' log- iO-i2B&T90 



TiHi.i<G- 
AngleG 
Angle K 



K) 10" 36' 

63° 58' 

42° iff 



Sin. H 73° 16' 
HK 176 



Sin. G 63° 58' 



11-7621475 
log. 2-4899585 



KG. 
9-9812091 

log. 2-2455127 

12-22672 1 8 
. 99535369 



GK 187-58 log. 2-9731849 

8. Giren GH 237, and OK 482 feet, and the angle at G 
77" 48'; to find the angles at H and K, and HK. 

Ans. H 73° 59' 39". K 28° 12' 21", and HK 490-1 144 feet. 

9. Giren HK 78, and KG 168, and the angle K 128° 26'. 

AttB. H 35° 48' 20", G 15" 45' 40", HG 22*-94- 

Rule HI. When the three sides are given. 

Add tbe three eideB, and Trom half the sum subtract the 
side opposite to the angle sought; then take the arithmetical 
complements of the two sides coniaining the angle gougfit, and 
the ic^i^rithms of the half sum and of the remainder, and add 
these four together, and half the sum will be the cosine of 
halfthe angle sought. 

10. Given the sides SP 230, PB 365, and SR s 
486 feet ; to find the angles. /I 

SP 230 ar. co. 7-6382722 / / 

PR 865 St. CO. 7-4377071 / / 

«RJ^ A-k 

i)1021 

i Sura 510-5 log. 2-7079957 
426 
Rem. 84-5 log. 1 



^)19-7108317 
^P +4= 12' S4" cowne 98554158 



P SS" 21' 48" 
1b tbe same manner the an^e S ia 58° 55' 25". 



' II. Given tlie lides SP 1248, PR 728, and RS 956 feet. 

Adb. The angle R 94" ■W 50", P 49° i& Ifi". 
12. Given SP 375, PR 275, and RS I96. 

Ans. The angle S 45" 1 T 26^", P 30" 25' 57i"- 



PROMISCUOUS EXAMPLES. 
1> Given the hypotenuse of a right-angled triangle 528 
feet, and one of the acute ang-Ies 39° 27'- 

Ans. The opposite side 33S-57, adjacent side 407-7 feet. 

2. Given the base 256, and the adjacent angle 57° 28'. 

Ann. Hypolennse 476'022, perpendicular 401-324 feet. 

3. Given the perpendicular 297 feet, and the angle at the 
base 36° 48'. Ana. Hypotenuse 495-8, base 397 feet. 

4. Given the hypotenuse 1268, and perpendicular 428 yard*. 

Ans. The haae 1193-583, adjacent angle 19° 43' 37-3"! 

5. Given the base 674, and the perpendicular 438 yards. 
Ans. Hypotenuse 803-816 yards, angle at base 33° I' 4". 

6'. Given the hypotenuse 97, and the base 38 miles. 
Ans. Perpendicular 89-247 miles, angle at base 66° 56' 1 1". 

7. Given the base 326, and the vertical angle 67° Sff. 

Ads. The hypotenuse 352-86, perpendicular 135-034. 

8. In an oblique triangle, given two angles 46° 46' and 
114* 26', and the side opposite the lesser 254 feet. 

Ang. Other Bides 317-233 and 112-097 feet. 

9- Given two angles 56" 24' and 74° 28', and the side be- 

tveen them 354. Ans. Other sides 451-011 and 389-898. 

10. Given two sides 572 and 748, and the angle opposiU to 
ibe greater 67° 30'. 

Ans. Angle opposite less 44° 57' 2", third side 748-26?. 

11. Giren two sides 356 and 294, and the angle opposite 
tothe lesser 51"27'. 

Ans. Other angles 71" 15' S8-2" and 57" 17' 21-8", or 
i08» 44' 21-8" and 19° 48' 38-2"; third side 316-31 or 
187-407. 

12. Given two sides 1864 and 1235, and included angle 
75" 38'. 

Ana. Other angles 68° 21' 15-4" and 38° 0* 44-6", -tbird 
ode 1924-2. 

13. Given two sides 436 and 219, and iocliided angle 197°. 
Ans. Other angles 35" 52' 45-7" and 17° 7' 14-3", third 

ride 594-15. 

14. Given the three sides 456, 327, and 184 yards. 

Ana. Angles 123° 55' 10-6", 36° 31' 3-2", and 19° 33' 46-2". 

15. Given the sides 2586. 1482, and 12S4. 

Ana. Angles 144= 14' 53", 19° 33' 47", and 16° 11' 20". 
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MENSURATION OF SUPERFICIES. 



Thx Imperial Y&rd ie the distance between the centree or the 

Sints ID the gold Etuds tiseil in the brass rod belnngiog to the 
DUie of Commons, and titled, " Standard Yard, IT60." 
When used, the brass must be at the temperature of 62 
degrees of Falircnheit's therm onieter. 

This yard is dicidcd into 3 feet, and each foot into 12 
iijchee ; S^ yards make a [wle, 40 poles make a furlongs and 
8 furlong a mile. 

The length of a pendulum vibrating Eeconds of mean time, 
at the level of the sea, in the latitude of London, conlaios 
39-1393 such inches. 

A square described upon a straight line, of which the length 
is an mch, is called a square inch; and the same ii to be 
understood of a square foot, &c. 

The area of a surface is the number of square inches, feet, 
&c. which it contains. 

Land is estimated by the acre. In England, 640 acrea 
make a square mile ; and the acre is subdivided into 4 roodi, 
each 40 perches or square poles ; and the perch consists of 
30^ square yards. A square yard is 9 square feet, and s 
square foot is 144 square inches. The acre contains 10 square 
chains, each 16 perches or 100000 square links. The length 
of the English chain is 66 feet, and it is divided into 100 
links, each 7 '9^ inches. 

The Scotch acre is also divided into 4 roods, each of them 
40 falls ; and a fall contains 36 square Scotch ells, and a 
square ell 1369 square inches, = 1373-392 English inchef. 
The Scotch ell contains 37 Scotch inches, or 370593 imperial 
inches. The Scotch chain is 74-1196 imj^rial feet; and 
consequently a Scotch acre is equal to l'26l 18345 imperial 



PASAI.LELOQBAUB. 

PnoB. I. To measure a right-angled paraUelogram. 
RuLK. Multiply one of the sides by the other. 



HENBITILATIOIJ OF BUPERFICIES. 



]. Required the area of the rectanglf 
ABDC, of which the sides * " ' 
ud AC 6. 



4 yards, gl L.'[.. i ..LL] 



Area 24 square yards. 
If AC be divided into 6 equal parti or yardi, and AB iuto 
4, aud lioei be drawn parallel to the aides, the rectan^e will 
be divided iuto 24 squares, each of them a yard. 
S. Required the area of a square, each side 37 feet. 

Ao8. 1369 square feet. 
3. Required the area of a rectangle, the sides 326 and 153 

fto. 

326 

153 

91*9878 square feet. 
30^) 5S42 square yards. 
40 [18*—^ 



I 



fAoM, 1 acre roods 23 perches 6^ yards. 
I. Required the area of a square, each side 3525 links. 
Adb. 1S4 ac. 1 ro. I per. 

5. Required the area of a square, the diagoaal being 56 
Beotcfa elfs. 

Multiply the diagonal by its half 

Ads. 156S Sc. ells, = 1 rood 3 foils 20 ells. 

6. A rectangular space, 68 feet 3 inches long by 56 feet 
t inches broad, is to be pared with stonei each 2 feet 3 inches 
bv.lO iaclies. Required how many stones it will take, and 
vbat wilt be the expense at 3s. 3d. for a square yard. 

Aus. 2Q62| stones, espense £43, 6b. LO|d. 

Fkob. II. To measure any parallelogram. 
Rule. Multiply one of the sides by the perpendicular 
(in/pl Upon it from the opposite side. Sec Appendix, Prop. 14, 

Scliol. 

1 . Required the area of the parallelogra 
ABCD, of which the sides are AB 214, and 
BC 354, and the perpendicular CE 192 feet. 
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9 1 6796s square feet. 
4840) 7552 square yards. 



^^M 

1 



Ana, 1 acre 2 roods 9 perches 19| yards. 
The triangle ABF = DCE ; therefore ABCD = rwrtangle 
CEFB. 

2. Required the area of a rhombus, the side S58, and the 
peipendicular od it Ig^' feet. 

Ana. 69452 feet, = 1 ac. 2 ro. 15 per. 3 yds. 5 feet. 

3. Htquired the area of a rhombus, of An 
which the diagfonals are AC *36, aad ^\K..-^j^ 
BD 623 yards. ^-^\/ 

Note. AC and BD bisect oae another -0 £ 

at right angles. 

Ans. AE X BD = 623 x 218 = 135S14 yards, = 28 ac 
9 per. 21 J yds. 

4. Required the area of 3 rhomboid, the sides 1334 and 
762, and the perpendicular on the former 65S links. 

Ana. S acres I9 perches 4 yards 6^ ftet. 

5. Required the area of a parallelogram, the sides 56 feel 
8 iuches and 42 feet 10 inches, and the perpendicular on the 
tatter 47'feet 3 inches. Ana. 2023 feet lOJ inches. 

6. Required the area of a rhomboid, the sides 24 and IS 
poles, and the perpendicular upon the latter 96 yards. 

Ans. 1 acre 3 rooda 34 poles 5^ yards. 

7. Required the area of a rhombus, the diagonals 6^ feet 
and 3^ feet. Ans. 10 leet 81 inches. 

PaoB. III. Given two sides and an angle of a paral- 
lelogram ; to £nd the area. 

Rui^. Multiply the product of the two aides by the natural 
sine of the angle. See Appendix, Prop. 14, Schol. 

Or add the logarithms of the sides and the logarithm une 
of the angle : the sum, after taking 10 from the index, will be 
the logarithm of the area. 

For AB X sin. B = perpendicular AE ; 
therefore ABXsin. BxBC = AExBC 




^ZI7 



1. Required the area of the rhomboid ABCD, of which the 
sides are AB 278, and EC 456 feet, and the angle B 58= 46'. 
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Sin. 58*» 46' = -85506 

456 



109 



38990736 
278 



43560) 108394-24608 square feet. 

Ans. 2 acres 1 rood 38 perches 4^ yards. 

2. Required the area of a rhombus^ the side 172 ells^ and 
an angle 72° 30'. 

Ana. 2-235528 X 2+ 9-979420 =4-450476 log. of 28215 ells. 

3. Required the area of a rhomboid^ the sides 136 and 97 
yards^ and the angle 7S^ l6'. 

Ans. 2 acres 2 roods 17 perches 19 yards 1^ feet. 

4. Required the area of a rhomboid^ the sides 628 and 425 
links^ and the angle 126°. 

Ans. 2 acres 25 perches 14 yards 5*4 feet. 

5. Required the area of a rhombus, the side 57 poles, and 
the angle 67° 45'. Ans. 18 ac. 3 ro. 7 per. 2-4 yds. 

6. Required the area of a rhombus, the side 1 57 inches, and 
the angle 29° 12'. Ans. 83 feet 73^ inches. 

TRIANGLES. 

Pros. IV. Given the bajse and the perpendicular of 
a triangle ; to find the area. 

Rule. Multiply the base and perpendicular, the one by 
half of the other. 

For a triangle ABC is half a parallelogram 
BCAD^ which has the same base and perpen- 
dicalar. See Appendix, Prop. 14, Schol. 

1. Required the area of the right-angled 
triangle ABC, of which the sides about the 
right angle are BC 254, and AC 136 yards. 

254 
68 



D ^A 




4840) 17272 square yards. ' 

Ans. 3 acres 2 roods 10 perches 29^ yards. 

2. Required the area of a triangle ABC, 
the base CB 396, and side AB 278, and per- 
pendicular AE 174 feet. _. 

Ans. 396 X 87 = 34452 square feet, = 3 ro. 6 per. 16^ yds. 
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3. Required the area of a triangle, one aogle 43°, adjacent 
side 296, and perpendicular od it 176 yards. 

Ans. 26048 yards, = 5 ac. 1 ro. 21 per. 2| ydi. 

4. Required the area of a triangle, the sides 156 and 97 
poles, and the perpendicular upon the latter 103 poles. 

Ans. 30 acres 3 roods 27 perches. 
a. Required the area of a triangle, the side 6S4< linke^ the 
angle adjacent 137°, and the perpendicular 928 links. 

Ans. 3 acres 27 [lerches 24^ yardi. 

pROB. V. Given two sides and the included angle of 
a triangle ; to find the area. 

Rule. Multiply one side by half of tlie other, and by 
the natural sine of the included angle. Sec Appendij, 
Pmp. 14, Schol. 

Or add the logarithms of one side and of half the other, 
and the logarithm sine of the angle: the sum, rejecting 10 in 
the index, is the logarithm of the area. -i 

This rule ia evident from Prob. III. I 

1. Required the area of the triangle ABC, A M 

of which AB is 534, and BC 872 links, and 
the angle B 63° 40'. 

Sin. 63° 40' = -89623 



k 



781-51256 



100000)208663-85352 square links. 
2-0866385 



Ana. 2 acres 13 perches 26 yard*. 
Required the area of a triangle having an angle TS'Sff, 
and the containing sides S3S and 471 Scotch links given. 

Ans. 215310-5 links, = 2 acres 24 falls I7-88 clli- 

3. Required the area of a triangle, two sides 12 feet 9 incbea, 
and 7 feet 3 inches, included angle 57" 38'. 

Ans, 5621-5 inches, := 4 yards 3 feet 5^ inchei. 

4. Required the area of a triangle, an angle 54° 30', and the 
coDtaining sides 328 and 157 yards. 

Ans. 4 acres 1 rood 12 perches 29 yards. 

5. Required the area of a triangle, an angle 128°, and the 
lidesabouiitSfi and 93 poles. Ana. 8 ac. 2 ro. 32 per. la^ydi. 

6. Required the area of a triangle, an angle 17° 54', and 
the adjacent aides 27 and 12 miles. Ans. 49'79177 mile«. 

7. Requir^ the area of a triangle, an angle 93°, and the 
udes about it 137 and 428 ells. Aus. 5 ac. 13 falls QSi elk 
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Pkob. VL G^yen the three sides of a triangle ; to 
find the area. 

RuLB. Add the three sides together^ and from half the 

subtract each side separately. Then multiply the half 

and the three remainders successively^ and the square 

of the last product will be the area. 

Or add the logarithms of the half sum and of the three 

s^emainden^ and half the sum will be the logarithm of the area. 

Gee Appendix, Prop. 41, Cor. 

1. Required the area of the triangle ABC, of which the 
^Bides are AB 221, BC 255, and AC 238 feet. 

(255+221 + 238) xi = 357 
357 — 255 = 102 



36414 
357 — 221 = 136 



4952304 
357 — 238 =119 



Ans. 5,89,32,41,76(24276 square feet, = 

Q2 ro. 9 per. 5^ yds. 

44)189 



482) 1332 



4847) 36841 



48546 ) 291276 

2. Required the area of a triangle, the sides 834, 658, and 
423 links. 

The half sum 957*5 log. 2*9811388 
First rem. 123-5 log. 2-0916670 
Second rem. 299*5 log. 2-4763968 
Third rem. 534-5 log. 2-7279477 

2)10-2771503 

Area 137586*3 links log. 5-1385752 

= 1 acre 1 rood 20 perches 4 yards 1*6 feet. 

S, Required the area of an isosceles triangle, the equal sides 
156, and the third side 78 yards. 

Ans. S9V(156 + 39) (156 — 39) = 39'Jl95 X 117 = 
5890*8 yards area, = 1 acre 34 perches 22 yards 2*7 feet 

4. Required the area of an equilateral triangle, each ^VSiit M 
inches. Ana J 7xi7xV^== 500*56268 M{aare\iiidMa«x«a. 
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5. Required tne area of a triangle, the sidea 56, 52, and 60 
yards. Ans. 1344 yards. 

6. Required tlie area of a parallelogram, the tides 43S and 
2fi3, and a diagonal 342 feet. 

Ans. 89945-6fi square feet, =.2 acres 10 percli. 11-46 yards. 
7- Required tlie area of a triangle, one side 956 liuka, and 
eacii of the other two 627 links. 

Ans. 1 aere 3 ronda 30 perchea 10 yards. 
8. Required the area of a rhnmbnid, the aides 57 aiid SS 
pules, and the diagonal 12? poles. 

Ans, 22 acres 3 I'oads 21 perches 26 yards 5 feer. 

QUADRILATERALS. 

PaoD. VII. To find tlie area of a trapeziod. 

Rule. Multiply half the 6um of the jiarallel sides by the 
perpendicular from the one to the other. 

For the triangles iuto vhich it may he divided hare the 
same perpendicular. 

1. Required the area of the trapezind AECD, AD 
of whifth tlie parallel aides arc AD 96 and BC 1 43, Al 
a third aide AB 126 yards, and the perpendicular /_[/ 
AE 89 yards. B~EC 

143 + 96=239 

10t>35-5 yards. 

Aus. 2 acrea 31 poches 17| yank 

2. Required the area of a trapeziod, the parallels 786 and 
473, another side 1230, and the perpendicular distance 9^^ 
links, Ans, 6 acres .S3 perches 3 yardi. 

3. Required the area of a trapeziod, the parallels 564 and 
348, a third side 452, and the perpendii-ular 397 feet. 

Ans. 4 acres 24 perchea 28| yards. 

4. Required the area uf a trapeziod, the parallels QS and 
157 poles, angle at the latter 62°, and the perpendicular 00 it 
8ti poles. Ans. 67 acres 30 percfan. 

5. Required the area of a trapeziod, the parallel sides 386 
and 294 feet, an angle at the first 43°, and the perpendicular 
upon the latter 328 feet. Ans. 2 ac. 2 ro. 9 per. 1 8 yds. T| ft- 

Fkob. VIII. To find the area of any quadrilateral. 
RoLK. Divide it into triaoglea, by drawing a diagonal. 
Find the areas of the triangles separately, and add them : the 
he area of the figure. 
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1. Required tlie area of the quadrilateral 
ABCD, of which llie siiles ure AC i36, 
BD SiS, AB 392, aad DC 427 feet, and tie 
Jiagonal AD 473. 
V(606-5) X {606-5 — 348) X {606-5 — 392) 

X (606-5 — 473) = 67003-<JO DAC 
^(568) X (568 — 236) X (.'568 ~- 427) 

X (568 — 473) = 50259-08 ABD 




117S62j)8Bquarefeet 



K Ans. 2 acres 2 raids ^0 perches 21 yards 6^ feet. 

L 8, Required the area of the trapeze 
ABCD, the aides AB 218, BC Iflt, CD 
166 yards, and the perpeodiculura fnim A 
upon BC ]36, and upon CD 152 yards. 

Ads. 25808 yarde, = 5 acr^ 1 rood K B C 
IS perches 4| yards. 

3. Required the area of a trapeze ABCD, IJicsidesAB 842, 
BC 938, CD 753, AD 826 linL-s, and the an^Ie A 78° 28'. 
|HB y trigonometry BD — 1055-05. 

■■luii. Area 6S38S5 square links, = 6ac. 3 ro, 14 per. 6J ydi. 
^K Required the area of a trapeze ABCD, thiee sides AB 
RS, BC 438, CD 634 links, and the angles B 74" W and 
C 84" Sty. 
By trigonoiuetry BD =: 729077. 

Ans. Area 185392'38 linke, = I ac. 3 ro. l6 per. 19 yds. 
5. Required the area of a trapeze, the four sides 328, 456, 
57S, and 293, and the diagonal from the angle bettreen tba 
first and second 598 feet. Ans. Sac. lro.31 per. 29 yds. 3-8 ft. 
6> Required the area of a trapeze, the diagonal 1268 links, 
the perpendiculars from one of lie extreniitii's upon the oppo- 
site sides 784 and 672, and the length of these sides 656 and 
513 lioks. Ans. 5 acres 31 perclicH 14 yards 6-858 feer. 

Pros. IX. Given a diagonal of a quadrilateral, . 
the perpendiculars upou it from the opposite i 
to fiad the area. 

Rule. Add the perpendiculars togethi 
half the eudi by the diagonal. 

1. Required the area of the quadrila- 
teral ABCD, of which the sides arc AB 
68 and BC 54. yards, the diagonal BD 
133, and the perpendiculars AJ? 37 and 
CE 44 yards. 




37 + 4i = 8I 

53 8 6' 5 square yards. 

Ana. 1 acre 18 perches 2 yards. 

2. Required the area of tlie trapeze ABCD, the aides AB 
672, BC 834, ttie <ii»gotiHl BD 1S<J6, and the perpend iculars 
AE418 and CF 550 links. Aiis. 6ac. 1 ro. 3 per. 181 yds. 

3. Required the area of a parallelogram, uf which one of 
the diagnnah is 486 feet, and each of the perpendiculars upon 
it from the opposite angle 126. 

Adb. 486 X 136 = 61236 feet area, = 1 acre 1 rood 24 
perches 98 yards. 

4. Required the area of a. trapeze, the diagonal 1356, 
the angles at ooe of ite estreniitlcs 57° and 43°, and the per- 
pendiculars on it 568 and 724 linka. 

Ads. 8 acres 3 roods 21 perches 2 yards 6ktt. 

5. Required the area of a quadrilateral, of which the dia- 
gonals cut one another at right angles, the segments of tbt 
ooe are 328 and 523 feet, and of the other 4g8 and 672, 

Ans. 11 acres 1 rood 28 perches 18 yards. 

Pbob. S. Given the diagonals of a quadrilateral, and 
the angle at their intersection ; to find the area. 

Rui,E. Multiply half the product of the diagonals by the 
natural «ine of the angle. 

Or add the logarithms of one diagonal, half the other, and 
the log. line of the angle: the sum, lessened by 10 in the 
index, will be the logarithm of the area. 

Note 1.. If the angle made by the diagonals be a right 
angle, half the prnduct of the diagonals is ihe area. 

The triangle ACD = AED + DEC — ^AE x A 

BD xsin. E+^EC X ED xsin. E = |AC X ED Bf^ 
X sin. E ; and ABC = ^AC X EB x sin. E. 1/^ 

1. Required the area of the quadrilateral C D 
ABCD, of which the diagonals are AC 674 and 
BD 398 feet, and the acute angle at E 67° 30'. 
Nat. sine of 6?" 30' = "92388 
674 



i. Area 123916-32888 square feet, = 2 acres 
3 roods 1 5 perches 43 yard*. 
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2* Required the- area of a parallelogram^ the diagonab 486 

^^^ 324 yards, and their angle 48® 38'. 

Adh. 53009 yards, =10 acres 3 roods 32 perches 11 yards. 
^^ ^- Required the area of a trapeze, the sides 856 and 643^ 
^^^ diagonal joining their extremities 1154, and the other 
' ^ links^ and the angle made by the diagonals 57^ SC/. 

Ans. 6 acres 2 roods 7 perches 7^ jrardi.' 

^ Required the area of a quadrilateral^ the diagonals 72 and 

' feet, and containing a right angle. Ans. I92 yards. 

5. The diagonals of a quadrilateral are 567 and 743 links^ 

' they contain an angle of 73® 30^; the side joining their 

imi'ties opposite to this angle 324. 

Ans. 2 roods 3 perches 4 yards 3f feet. 
^^^ 6. Required the area of a quadrilateral, the diagonals 9^4 
^'^nkt and 1256, and they bisect one another in an angle of 
K -^Sgo S(y, Area 4 acres 2 roods I6 perches 17 yards 4^ feet.' 
Note 2. If the sides be given instead of the diagonals. 
Add the squares of each pair of opposite sides, and subtriMSt 
less sum from the greater : one-fourth of the remainder, 
mltiplied by the natural tangent of the angle contained by 
le diagonals, will be the area.* See Appendix, Prop. 42. 
Note 3. When the quadrilateral is in a circle, or its oppo- 
''te angles are together 180^, 

From half the perimeter subtract each side separately; 
lultiply the four remainders successively, and the square root 
the product will be the area. See Appendix, Prop. 44. 

7. Required the area of a quadrilateral, of which the sidet 
re 7, 8, 9, and 10 yards, and the angle contained by the 
diagonals 80^. 

10« + 8« = l64 
9« + 7« = 130 

4 1 34 



8-5 
Nat. tan. 80® = 5-67128 



Ans. 48*20588 square jrards. 

8. Required the area of a trapeze in a circle, the sides 896, 
438, 247> and 392 feet. 

Ans. 117976 square feet, =: 2 ac. 2 ro. 33 per. 10} yds. 



* If a table of natural tangents be not at hand, multiply by the 
tnnd sine, and diyide by the natural cosine. Or add the lo^. ot VMi& 
the remainder to the lo^. taogeiit : the sum is the log. of th« ai«a. 



i 



i 
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9* Required the area of a quadrilateral id a cirde^ the add 
24, 26, 28, 30 yards. 

Ans. 723*98895 yards, =: 23 perches 28|yai4 ^l 

10. Required the area of a quadrilateral, of which tk 
opposite angles are together 180^, the sides 40^ 55, 60, li 
cnains. 

Ads. 3146*427 ch. = 314 ac. 2 ro. 22 per. 25 yds. VSSAi |^ 

P0LTG0N8. 

Pbob. XI. To find the area of any rectilineal figure, wh 

Rule. Draw diagooals so as to divide the figure into qn* 
drilaterals and triangles, and find the areas of these figiuti 
separately, and add them : the sum is the area of the whole. 

1. Required the area of the pentagon ABODE, 
of which the sides are AB 354, BC 432^ CD 518, 
DE 465, and £A 397 feet; and the diagonals Aj 
AC 674, and AD 612 feet. \__ 

By Prob. VI. the triangle . . ABC is 76338-2 feet 

ACD 137791 -1 
ADE 92302-3 

Whole figure, 7 ac 5 per. 16 yds. 6'35 feet, = 306431*6 

2. In order to obtain the area of the 
field ABCDE, I measured along the dia^ 
gonal AC; and at b, 326 links from A, 
I took the perpendicular bE, 97 links: 
then I measured to v, 543 links from A, 
where I took the offset cB 354 links ; and 
measuring on to d, 749 links from A, I took the offset dD 158 
links. The whole diagonal AC is 987 links. Required the 
area. 

By Prob. VII. EbdD = i(Eb+jyd)xbd= 53932-5 linb. 
ByPix>b.IV. • • A6£=:^A6x£6= 15811*0 

DdC=:idcxdD=z 18802*0 
ABC = iAC X Be = 174699-0 

Area of whole, 2 ac. 2 ro. 21 per. 5*78 yds. = 263244*5 






mmumATioii of bcpebficiss. 



iied the area of tlie field 
, of which are given the tides 
CD 937 links, the diafODali 
IF 1037, CF 1284, aod CE 
;he perpfndiculan upon B6 
r and FK 384, upon GF ia 
1 upon CE an FM 678 and 



'. . . BFC=iCFxLB= S5952(MHinki. 
.ABFGx:iCAH+FK)xBG= 47905S-5 
X;DE = i(FM+DN)xCE= 8488150 

.6 ac. 3 ro. 19 per. S4-85 yds. = 16S7SS8-5 

red along a diagooal from east 
80 frnra its east extremity, a 
1 ti> it on the louth side, of 
ached to an angle, and at 380 
me estreraity a perpeudicular 

side, of 43S, reachea an angle. 
:rpendicular of 560 reached an 

aouth side ; at 813, a perpen- 
30 reached an angle on the north; at 1140, a 
i" of 340 reached an angle on the south ; and at 
remity 1370, there wu a perpendicular of 530 on 
le. Ans. 7 ac 3 ro. U per. 4 yds. 6^ feet. 

hexagon are giren the sides 
C 498, CD 6£0, DE S80, 
ad AF 493 links, and the 
C 918, CE 1048, and AE 




! ro. 9 per. 33 ydt. S-413 feet. 

leptMgon are giren the sides 

; 456, CD 572, DE 640, EF 

3, and OA 386, and the dia- 

>40, AD 864, AE 630, and 

*. 

. € ac. 1 ro. 34 per. 18*3 yds. 
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7> Id an ocla^n, the diagooali are S, 

BH 956, BG 87*. GC 1078, GD 1178. A 

and DF 1240 links; the udti AB 630. C^^, 

and DE 630 ; and the perpendiculare AK _ 

3S6, GL 520, both onBH ; those on GC ^1 
are BM 6lO, DN 354 ; and on DF are 

EP *7i, and GR sg6 links. j 

Ans. 14 acres 2 roods 19 perches 13 jni 
8. Measured AB 538, and on diagonals 
tnm iu extremitiei AG 324, Mid the 
perpendicular GF 260, AH 96O, and 
the perpendiculiu' HE 300 ; the wh<4e 
diagonal AD 1240. And on the dift- 
gonal BD measured BK 460, and the 
perpendicular CK 350 ; the whole BD 
1310 links. Ans. 8 acre* 38 perches 

9- The diagonals are AE 810, AC 930, 
CE 520; on AE at 345 is perpendicular 
GL 6S, at 440 is perpendicular FM 198, on 
AC at 300 is perpendicular BN 189, on EC 
at 400 is perpendicular DP 125 links, all 
exterior. 

Ans. 4 acres 1 percli 1 yard 4-58 feet. j 

Fbob. XII. To find the area of a regular poljgt* 
Rule. Multiply half the perimeter by the perpendii^ 
dropt from the centre upon one of the side*. 

For the polygon may be divided, by drawing linn fron' 
centre to its angles, into a* many triangles as it has sids,' 
baring equal hues and pentendiculara. 

1. Required the area of the regular pen- 
tagon ABCDE, of which the side AB is 250 
feet, and the perpendicular from the centre 
■ FG 172-05 feet. 

172-05 

125 = 250 Xi 

21506-25 



■<A 



Ans. 107531-25 «quare feet. 
. Note. The perpendicular may be found from the «id 
trigonometry ; for 360° divided by twice the number of 
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give the angle AFG, and its cotangent multiplied by AG 
gi?es FG the perpendicular. 

2. What is the area of a regular octagon^ the side 237 feet, 
the perpendicular is found to be 286-084.? 

Ans. 271207-63 square feet. 

'3. What is the area of a regular hexagon^ the side 356^ 
yards^ the perpendicular 308*305 ? Ans. 329269-74 yards. 

4. What is the area of a regular heptagon^ the side 237 
links ? Ans. 2 acres 6 perches 17 yards 5-23 feet. 

5*. What is the area of a regular nonagon^ the side 147 
inches? Ans. 103 yards 95 inches. 

6. What is the area of a regular decagon, the side 243 feet ? 
Ans. 10 acres 1 rood 28 perches 24 yards 6-4 feet. 

RuLS II. Multiply the square of the side by the multiplier 
corresponding to the figure m the following Table : the pro- 
duct will be the area. 



Names. 


No. of 
sides. 


Angle 
centre. 


Angle 
FAG. 

30° 
45 

54 
60 
64f 

67i 

70 

72 

75 


Ferpendicu. 
lars. 


MultipUers. 


Equilateral triangle. 
Square^ . . . 
Pentagon^ • . . 
Hexagon^ 
Heptagon, . . . 
Octagon, . . . 
Nonagon, . . . 
Decagon, • • • 
Undecagon, . . 
Dodecagon^ . . 


3 
4 
5 
6 

7 
8 

9 
10 

11 

12 


1«0° 
90 

72 

60 

51f 

45 

40 

36 

30 


0-2886752 
0-5000000 
0-688 1910 
0-8660254 

1-0382607 
1-2071068 

1-3737387 
1-5388418 

1-7028439 
1-8660254 


0-4330127 
1-0000000 

1-7204774 
2-598O762 
3-6339124 
4-8284272 
6-1818242 
7-6942088 
9-3656411 
11-1961524 



The table is calculated by the first rule for polygons, of 
which the side is 1 ; and regular polygons being similar, are 
as the squares of their sides, (Appendix, Prop. 20, Cor. 3,) 
which gives the rule. 

7. Required the area of a regular heptagon, of which the 
side is 327 feet. 

Tabular multiplier = 3-6339124 

327 

1188-2893548 
327 



Ans. 388570-6190196 square feet, = 8 ac. 3 ro. 

27 per. 7| yds. 

8. What is the area of an equilateral triangle, the side 436 
yards? Ans. 8231398 yards, = 17 ac. 1 per. 3-73 yds. 
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. What is the area of a regular dodecag-on, the side Sbi 
polesP Alls. 4514 acres 2 roods 10 perchea S9-S9 yards- 

10. What is the area of a regular undecagon, the side 37 
yards? Ana. I acre 1 rood 25 perchea 21 jarda S.-7 tixl. 

11. What is the area of a regular decagon, the side 197 
JDchea? Aas, 7 perches 18 yarde 5 feet 198'55 iocbtt- 

12. What is the area of a regular nooagoD, the side S 54 
feet .' Ans. 9 acres 24 perches 28 yardt 

OF THE CIltCLE. I 

pROB. XIII. Given the diameter of a circle, to find 
the circumference. 

Rule. Multiply the diameter by 3\, or Ly 3-I4I6; or, if 
greater accuracy be required, by 3'141592653, &c. 

Note, It will be shown in the Appendix, Prop. 77. Ex.!, 
tbat the arc, of which / is the taDgent, is =: ( — ^l^ +tI'' — 
^', &£. If i = i the length of the arc is i — — + 
^_^, &c. = -463647609000807, &c.; and if ( =j. 
the length of the arc wilt be - — a^i + T:^ — Y^' *'^'~ 
■321750554396641, &c. ; and the sum of these two ans it 
= '785398163397448, &c., and the tangent of their sum u 
— ~~ = 1, which is the tangent of 45°. Having thin 
found the length of the arc of 45", multiplv it bv 4, and the 
product 3-I415926535S9793, &c. is the le'ngth "of (he are of 
180° when the radius is 1, or it is the circumference irhen the 
diameter is 1. 



1. Required the circumference 


of the ^' -^ 

yards. \_J 




356 
IB. 1118-8 


3-1416 
356 




3-1415926536 
35d 


Ar 


III8-4096 


1118-4069846816 



2. Required the circumference of the circle, of which ihe 
diameter is 628 links. 

Ans. 3-I416X 628 = 1972-9248 links, = I furlong 38 pifs 
5 yards 1*56 inches. 
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3. Required the circumference of a circle, of which the 
diameter h 7P58 miles. 

Ans. 250OO-79434. miles, = 95000 m. 6 fur. 14 pol. 1 yd. 

4. Required the circumference of a circle, of which the 
radius is 512 feet. Ana. 4 fur. 34 poles 5 yanU 1 fool. 

5. Required the circumference of a circle, of which the 
ladiua is 157 inches. Ans. 4 poles 5 yards 1 foot S'46 inches. 

6. Required the circumference of a circle, of which the 
radius is 38 poles. Ans. 5 fur. 38 poles 4 yards 679 inches. 

Pbob. XIV. Given the circumference of a circle; 
to find the diameter. 

Rule. Divide the circumference by 3-1416, or multiply it 
by -318309886. 

1. Required the diameter of the circle, of which the cir- 
cumference is 758 yards. 

7580000 ^ 31416 = 241-278 
31831x758 =241-2789 

Ads. 1 furloug 3 poles 4J yards. 

2. Required the diameter of the circle, of which the cir- 
cumference is 9S4' links. 

Ans. 313-21693 links, =: 12 poles 2 yards SJ feet. 

3. Required the diameter of the circle, of which the cir- 
cumference is 24855-43 miles. Ans. 7911-73 miles. 

4. Required the diameter of the circle, of which the circum- 
ference is 393 ells. Ans. 136 ells 25 inches. 

5. Required the diameter of the circle, of which the circum- 
ference is 028 poles. Ans. 7 fur. 15 poles 2 yds. 5-53 inches. 

6. Required the diameter of the circle, of which the circum- 
ference is 1043 feet. Ans. 20 poles 1'997 feet. 

Prob. XV. Given the radius and the number of de- 
grees in an arc of a circle ; to find the lenglh of the arc. 

Rdlr. Find the circumference, multiply it by the degrees, 
and divide by 360°. 

Or multiply the radius by the number of degrees in the arc, 
and by -0174533. 

1, Required the length of an arc AC of y'^ N. 
57°, in a circle of which the radius AB is 38 / \ \ 

'"'■ c — B — a 



I 
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Ans. 37-8038478 60 1 926-82353 

37-30392 

2. Required the length of an arc of 19° 37', the radios 
beinjf 98 yards. Ans. -017*5 X 19'tiJ7 X 98 = 33-553 yards. 

3. Bequired tlie length of an arc of 134" 18', tiie radius 
9 feet 4. inches. Ans. 21-877 *«*• 

4. Required the length of an arc of 83" 21', j-adius 32 pola. 

Ans. 1 furlong 6 poles 3 yards 6*72 inchts. 

5. Required the length of an arc of 150°, radius ig ells. 

Ans. 8 falls 1 ell 27-45 incha. 

6. Required the length of an arc of 17° 50', radius 178 tnilo. 

Ans. 55 miles 3 furlongs 8 poles 4^ yards. 

Pros. XVI- Given the chord of an arc, and its 
height, or the versed sine of its half; to find the dia- 
meter. 

RnLE. Divide the square of half the chord by the hei|lit, 
and the quotient added to the height will be the diameter. 

1. Given the chord BD 287, and the height 
CE 78 feet; to find the diameter AC. 
a 1 287 



k 



78)20592-25 



Ads. 342 diameter. 

2. Given the choid 178, and height 257 yards. 

Ans. 287-821 yaids. 

3. Given the chord 843, height 648 links. 

Ans. 922-17 linlts, = 36 poles 4 yards 2 feet 7i inches. 

4. Given the chord 40, height 12 yards. Ans. 45j yards. 

5 560, height 45 links. 1787glinks. 

6 335, versed sine 78 ells. 4X6-54 elk 
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■ Pkob. XVII. Given the chord of an arc, and its 
height ; to find the length of the arc. 

RuLK. Find the diameWr by Proli. XVI. ; then, 
diameter ia to the churd, so h radius to the Hne of half the 
angle measured by the arc, from which iind the length of the 
arc by Prob. XV. 

1. Required the length of the arc, of which the chord is 
336, and its height 97 feet. 

lea*-;- 97 = 273-90722; and the diameter ia 370-90722, 
md the radiue ISS-i^SGl. 

%. 12-5132176 
L 370-90722 log. 2-5692652 

RBin. 61° 30* 47-2" log. y-9439521 



1 



' l'34.-4"=123-0262°, the angle of the sector. 
u 185-45361x123-0262 X -0174533 =398-20B4 the arc. 
i Required the leogtii of the arc, of which the chord is 
96, and the height 654 liuks. Aqs. I807'7S7 links. 

3. Required the length of the arc, of which the chord is 
l-i6, vented sine 14 iDchee. Adb. 130-10809 inches. 

4. Required the length of the arc, of which the ch»rd is 78, 
i«rsed sine 13 yardi. Ans. 83-655 yards. 

Bv Apphoximation. Divide the height by half the chord, 
and square the quotient. To 3 times this square add 15, and 
to the Bum add 10 times the square. Then as the former sum 
to the latter, so ia the chord to the arc nearly. See Appendis, 
Prop. 77, Ex. 2. 

Otherwise, having found the square as before : As g of the 
square + l to ^ of it + 1, so is J of it to a fourth number. 
Subtract this Dumber from 1, multiply the remainder by the 
square, and to the product add 1-5 : this sum, multiplied by 
I of the chord, will produce- the arc very nearly. See 
Appendix, Prop. 77, Ex. 2. 

5. Required the length of the arc, of which the chord ia 
40, and the height 6 feet. 

^ = '.3, and -S X -3 = 09, the square to be used : then 
3 x-09-f 15 = 15-27 : I5-27 + -9 = 16-17 ■: W: 42-358 feet 
thear^-. 

By the second approximation, -09 X ^ + 1 = '09 X g + 1 
:: -Ogx^ : -0173357, and {1 — -0173357) X -09 + 1-3 = 
1-58843979, and l-58843979x| X 40 = 42-35843. 

6. Required the length of the arc, of which the chord U 
1S4, and the height 34 feet. Ans. 200-32L7 &et. 



r 
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7- Required tbe lenffth of tbe arc, of wbich the chord U 
246, and the height 534 HokB. 

Note. When the height is greater than the chord, find 
the diameter, and from it subtract the height, to get the 
height of the other Begment ; find its arc, and subtract it from 
the circumFereQce. 

Ads. 1512-0056 lioks. = 1 fur. 20 poles Ijyardi. 

8. Required the length of the arc, of which the chord is 
128, height 216 feet. Ans. 60279SS feet 

9. Required the length of the arc, of wliich the chord is 7fi, 
hdght 22 liolffi. Ads. 91-98254 links. 

Pkob. XVIII. Given the radius and the circum- 
ference of a circle ; to find its area. 

Role. Multiply the radius by half the circuDference: d> I 
product is the area. I 

The area of a semicircle, or of a quadrant, is a half or > | 
fbuiih of the area of a circle. 

Note. The circle is the limit of the polyg-ons InscribediB 
!t and described about it, and the circumference is the limit ' 
of their perimeters, and the radius the limit of the perpendi- 
culars, and any polvgon is = perpendicular X ^ jierimeter, 
therefore the circle is = radius x s circumference. See Ap- 
pendix, Prop. if). 

1. Required the area of the circle, of which the radius is 7S, 
and the circumference 471-24 yards. 

471-24 X ^ X 75 = 17671-5 s<juare yards, := 3 acres 3 roods 
S4 perches ^3^ yards. 

2. Required the area of the circle, of which the diameter It 
10, and the circumference 31'4l6. Ana. 76*54. 

3. Required the area of the circle, of which the diameter is 
7968, circumference 25001 miles. Ans. 407394894 mila 

4. Required the area of the circle, of which the diameter ii 
223, and the circumference 700 yards. 

AoK. H acres 10 perches 2^ yank 

5. Required the area of the circle, of which the diameter ii 
751, and the circumference 2485 feet. 

Ans. 10 acres 2 roods 33 perches 21 yards 5^ feet 

6. Required the area of the circle, of which the diameter is 
169, and the circumference 532 inches. 

Ans. 17 yards S feet 13 inches. 

Pbob. XIX. Given the radius or diameter of a 
circle ; to find the area. 

RuLK. Multiply the square of the radius by S-14l6( or 
that of the diameter by 78^4. 
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Note. If K = radius, and D = diameter, then 31416 
xR = 4circBmfereDce; therefore 3-1416 xR^ =^X31+l6 
X D' = -7854 D«, will be the area. See Appendix, Prop. 47, 
Cor. 2. 

1. Required the area of a circle, of which the radiu 
fcet. 

Ans. 3-l«6 X 78 X 78 = 19II3-4944 square feet, = 1 rood 
30 perches 6^ yards, 

2. Required the area of a circle, of which the diameter U 
234 yards. 

Ans. 234 X 234 X -7854 = 43(K)5'3694 square yards, = 

8 acres 3 roods 21 perches 20 yards. 

3. Required the area of a circle, of which the diameter i« 
56s links. 

Ans. 248g47'4rS26 square links, = 2 acres 1 rood SS perches 

9 yards 5 feet. 

4. Required the area of a circle, of which the diameter it 
7-5 feet. Ans. 44'17875 feet. 

5. Required the area of a circle, of which the radius is 193 
yards. Ans. .24 acres 26 perches 14 yards. 

6. Requii'ed the area of a circle, of which the diameter is 
9 feet 6 inches. Ans. 7 yards 7 feet 127 inches. 

7. Required the area of a circle, of which the radius is 59 
poles. Ans. 68 acres 1 rood 15 perches 27 yards. 

FaoB. XX. Givea the circumference of a circle ; to 
find the area. 
Rni.E. Divide the square of half the circumference by 

Or multiply the square of the circumference by '079577^ 

t Required the area of a circle, of which the circumference 
84 yards. 
642 = 1284 X i 
642 
Ans. 3-14.l6)412l64(I3I195-569 square yards, = 
27 acres 17 perches 1^ yards. 
Required the area of a circle, of which the circumfereuce 
S6 links. 
Ans. 152868 square linka, = lac. 2 ro. 4 per. 17-8yds. 
3. Required the area of a circle, of which the circumference 
is 73 feet 8 inches. 

Ans, 43r84942 square feet, = 1 perch 17j yard*, 
b Required the area of a circle, of which the circumference 
9lt5 yards. Aoe. 6acres 1 rood 27 perches 18-2 yards. 
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5. Required the area of a cirde, of which the drcamfercnoe 
b 1448 feet. Ans. 3 ac 3 ro. 12 per. 25 yd& 8-46feet. 

6. Required the area of a drcle^ of which the drcomieRiee 
b 627 poles. Ad8. 195 acres 2 roods 4*2 pot^ 

7* Required the area of a circle^ of which the drcomfereooe 
b 178 inches. Ads. 1 yard 8 feet 75|iiidia 

Prob. XXI. To find the area of a sector of a drck 

Rule I. If the length of the arc be known^ multiplj ht 
the arc by the radius. 

Rule II. If the angle of the sector be giveo^ find tie 
length of the arc, and work as before. Or find the area of tk 
drcle : then, as 360^ to the angle of the sector^ so b the in 
of the circle to the area of the sector. 

1. Required the area of a sector, of which the arc is 19,vi 
the radius of the circle 47 yards. 

39-5 = 79xi 
47 



Ans. 1856*5 square yards, = 1 ro. 21 per. 11^7^ 

2. Required the area of a sector, of which the arc is 17^^ 
5 inches, the radius 22 feet. 

Ans. 191-583 square feet, == 21 yards 2-583icet 

3. Required the area of a sector, of which the aagk '* 
127** 16', the radius 133 feet. 

Ans. 19645*6 square feet, = 1 rood 32 perches 4'845 yarii> 

The area of the circle is 55571*63245 ; and this, multipU 
by 127t^, and divided by 360, gives 19645-601175. 

4. Required the area of a sector, of which the angle i 
137"^ 20^, the radius 456 links. 

Area ^ 2 acres 1 rood 38 perches 21*95 yai^ 

5. Required the area of a sector, of which the an^Ie is 2f, 
the radius 97 miles. Ans. 2216*95 1D1I& 

6. Required the area of a sector, of which the arc is 156 
yards, the radius 478 feet. Ans. 3 ro. 16 |)er. ^8 yds. 6 fiset 

Prob. XXII. To find the area of a segment. 

Rule I. Find the area of the sector which has the same 
arc with the segment, and from it subtract the area of the 
triangle contained by the chord and the radii drawn to its 
extremities, when the segment is less that a semicircle. Other- 
wise, add these areas, and the remainder or the sum will be 
the area of the segment. 
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. Required the area of the segment ABC, of 
which the height BD ia 6, and the diameter of 
the circle BE SQ feet. 



V26x6-=- 16= 12-49-^ 16 = -780625 = Bin. fll-SlTS", 
and {51-3175-^ ISO) x3'Ul6x256 = 229-289 sector, and 
22g-289 — 12-49 X 10 = 104.-389 square feet the segment. 




2. Required the are: 
^S, and the diameter 3 

m :^ = -33.S33 thcsin 



of the segment, of which the chord is 

of 19-47122°. AtiB. 8>283 yards, 

of the segment, of which the chord is 



3. Required the 
20, and the height 

The diameter is 52, the angle 45'2397°. Ans. 26- 

4. Required the area of the segment, of which the heighl 
18, and the radius 56 yards. Ans, 33 perches 95| yards. 

5. Required the area of the segment, of which the chord ia 
257, the diameter 824 feet. Ans. 13 perches. 

6. Required the area of the segment, of which the chord is 
540, and the height 2p links. Ahe. i6 per. 22 yds. 4| feet. 

RuLK II. By ^ Tabli! op Segments. Diviijc the height 
by the diameter. Look iu the table for the quotieat in the 
column of versed sines, and take out (he number □□ the right 
hand of it in the column of areas, and n jt'pl 't by the 
square of the diametei', and the product w 11 he e area of 1 e 
B^ment. 

Note. If the height be greater than 1 e ad b act 

it from the diameter to ^t the height of he o h gn eat 
Find the area of this segment by the ru and ub a t 
from the area of the circle to get the area f he gn en re 

7. Required the area of ihe segment, of h ch h he gh s 
18, and the diameter of the circle 48. 

Ans. jg = -375, opposite to which ia -26901365, and 48 X 
48x-2690l365 = 6l9-80745 the area. 

8. Required the area of the segment, of which the height is 
236, and the diameter 432 links. 

Ans, — ^- — = -4537, opposite to which is -34646534 
the other segment, and -78539816 — -34646534 = -43893282 
'(.segment required from the table. Wherefore 432* X 
"!82 = 81915'399234 links the area, = 3 roods 11 per, 
Wjaria. 
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9. Required the area of the segment, of which the chord is 
334, the lieig-hl 18 feet. Ads. 15 per. 19 yds. 3-63 feel. 

10. Reqiiiretl the area of the Mgment, of which the height 
is 26, and the diameter 298 yards. 

Ans. 2 roods 18 perches 5 yards 7'34feet, 

11. Required the area of the segment, of wtiich the radius 
18 135, and the height 36 links. Ans. 6 perches 2Q yards. 

By Approximation. To the chord add | of the chord of 
half the segment, and multiply the sum by | of tbe height: 
the product will be the area nearly. 

More accurately. Divide the height by half the chord, and 
square the quotient; and as 5 times the square -|- II to 1 
times the square -|- 33, bo is — of the square to a fourth 
number. Subtract this number from 1, and multiply tbe 
remainder by the square, and to the product add 5 ; then 
multiply this sum by the chord and by the height, and jr of 
the product will be the area very nearly. See Appeudix, 
Prop. 78, Es.2. 

12. Required the area of the segment, of which the chord 
is 50, andtlie height 3. 

Ans. ^(e52 + 3«) =25-1794 the chord of^ the segment; 
then (50+25-1794 X §) X "i X 3 = 100-287 the area nearly. 

By the second method, ^ =: "12 and -12* = -0144 the 
square, and 5 X '0144+ 11 = 1]'072 : 4.X-0144 + 33 = 
33'0576 - ^ X '0144 = -0006857142 ; -0020473328 the 
fourth number : then (1 — •0020473328) X -0144 + 5 = 
5-014370518408 ; and this, multiplied by 50X3X^, gives 
100-287410368 the area. 

13. Required the area of the segment, of which the chord 
is 178, and the height 14 Inches. Ans. II feet 85^ inches. 

14. Required the area of the segment, of which ihc chord is 
560, the height 29 |inles. Ans. 67 acres 3 roods 98 perches. 

NoTB. If the height be greater than half the radius, find 
tbe area of the segment subtended by the chord of half the 
arc, and to its double add the area of the triangle contained 
by the chords. To find the height of this small segment: 
Having found the chord of half the arc for the chord of it, 
multiply it by half the chord of the given segment, and snb< 
tract the product from the square of the chord of half the arc : 
the remainder, divided by twice the height, will give the 
height of the small segment. 
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Elequired the area of the segment, of which the chonl is 
id tne height 32 inches. 

3437*4741 07 square inches^ =S yds. 5 feet 125^ inches. 
Elequired the area of the segment, of which the chord 
.nd the height 48 yards. 

us. 2886-325466 square yards^ = 2 ro. 15 per. 12*6 yds. 
Required the area of the segment, of which the chord 
nd the height 15 poles. 

ns. 303-5307427 sq. poles, = 1 ac. 3 ro. 23 per. 16 yds. 
[lequired the area of the segment, of which the chord 
and the height 152 feet. 

Ans. 2 roods 38 perches 10 yard» 6^ feet. 

B. XXIII. To find the area of a zone, or of a 
' the circle intercepted between two parallels. 

B. Find the areas of the segments cut off by the chords, 
iir difference will be the area of the zone, 
nd the area of the segment cut off bv the straight line 
the extremities of the chords, and the area of the 
id formed by the chords ; and the double of the teg" 
Ided to the trapezoid will be the area of the zone. 



equired the area of the zone ABCD, 
h the distance OE of the chord AD 
e centre is 44, and the distance OF 13, 
i diameter HK 104 yards. 



13) =39 -^ 104= -375 vers. sin. to seg. -26901365 
14)= 8-5- 104 = -076923 -02778038 

Difference of segments, -241 23327 

104« 10816 




Area of the zone, 2609-1 79048 yds. 

Ans. 2 roods 6 perches 7*679 yards. 

equired the area of a zone, of which 
rds are AD 15 and BC 20, and their 

jEFl7i. 

some preparation is requisite. Let 
be centre, join AB, and draw OO 
icular to AB, meeting the circle in 
raw OK parallel to AD, and AL 
to EF ; then GK = i(AE-t-BF) = 8|, and BL z^ 
AE = 2i. Also, AL : LB : : GK ; KO = \V 
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(AnpeDdiz, Prop. 18,) and OP = FK — KO = 7l. ^T B 

OG« = 0K« +KG«, (Appendix, Prop. 21, Cor. 2,) thew^ \ii ^ 
fere OG =: 8-838834765 ; and 0B« = OF« + FB«, (Appo- 1 i Ft 
dix. Prop. 21, Cor. 2,) therefore OB or OH = 12*5, ad |«:.i^ 
GH =: 3-66} 165, which divided by 25 gives -1464466 fortb 
▼ened sine, for which the area is '07134954; and thismolti- 
plied by 25^, gives 44*5934625 the area of the segment AHB, 
and the trapezoid ABCD = iEFx(AD + BC) =30W, 
which, added to twice the segment, gives the zone 395'436925i ^^^^ 

S, Required the area of a zone, having the parallel dwA [II5 . 
96 and 60, and their distance 26 yards. 

Ans. 2136*7528 square yards, = 1 ro. 30 per. 19ij^ 

4. Required the area of a zone, the parallels each S6f vi 
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iheir distance 84 feet. §(ji ha 

Ans. 6380*81726 square feet, = 23 per. 13 yds. 2 ft* 

5. Required the area of a zone, the parallels 136«Mi9> 
and their distance 248 feet. -.— 

Ans. 55655-2 square feet, = 1 ac. 1 ro. 4 per. 12 yds. S'Sk K.^^ 

6. Required the area of a zone, the parallels 157 aiMl21|ik a^od 
and their distance 128 yards. k in 

Ans. 3 acres 34 perches 22 yards 7|^|i by 
7* Required the area of a zone, the parallels 247 aodlAfce ^ 

and their distance 368 feet. Ans. 3 ac. 17 per. 23 yds.6^MH(t vi 
8. Required the area of a zone, the parallels 32 and 40,9 k x ' 

ibeir distance 72 inches. Ans. 33 feet 138 indMl Iv ^ 

Prob. XXIV. To find the area of a ring coDtaiQN I v\- 
by two concentric circles. |r/> 

Rule. Multiply the sum of the diameters by their £Sv* 
ence, and then by *7854. 

Note. If the circumferences or similar arcs of the drds 
be given, multiply half their sum by the difference of tkt |vX3 
radii : the product will be the area of the ring, or of the put 
of it contained by the similar arcs. 

1. Required the area of the ring ABC-DEF, 
of which the diameters are 10 and 6, or OC 5 
and OF 3. 

(10+ 6) (10 — 6) X -7854 = 50*2656 the area of tbe riogi 

8. Required the area of the ring, of which the radii are 86 
and 24 feet. Ans. 2261 '952 square feet, = 8 percbes 9^ yaidk 

3. Required the area of the ring, of which the radii are 10 
and 6, and similar arcs 15 and 9* 

Ans. 12 X 4 = 48, the area contained hj the arcs. 
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4. Required the area of the ring, of which the radii are 157 
d 128 yards. Adi. 5 ac. 1 ro. 18 per. 10 yds. 7*42 feet 

5. Required the area of the ring, of which the diameten 
) 246 and 228 inches. Ads. 46 feet 77 inches. 

OF THE ELLIPSE. 

Peob. XXV. To find the area of an ellipse. 

Rule. Multiply one of the semiaxes by the other, and by 
S*1.4l6 ; or ooe of the axes by the other, and by *7854. 

Or if the circle upon either axis be given : As that axis it 
the other, so is the circle to the ellipse, and so is any sector 
segment of the circle to the sector or segment of the ellipse, 
^vhich has the same chord perpendicular to the first* mentioned 
^^i«. See Appendix, Prop. 78, Ex. 3. 

jN'oTE. If any two straight lines be drawn perpendicular to 
and the points be joined in which they meet the circle 
the ellipse, these trapezoids are to one another as £0 to 
and their number may be multiplied, until their sum 
' mT^^ ^^ ^^^ circle or ellipse shall be more nearly equal to it 
^^g^jan by any given difference. Therefore the circle and 
"**«ip«e which are their limits are in that ratio; that is, the 
^ ^*tle is to the ellipse as EG to EK, or AC : BD, or as 
:^^€« X -7854 : AC X BD X '7854. 

1. Required the area of the ellipse ABCD, of which the 
^^miaxes are OA 436, and OB 254 feet. 

- 3-1416 X 436 X 254 = 34791 3*3504 square feet, = 7 acres 
^ roods 37 perches 27 yards 7 feet. 

r 2. Required the area of an ellipse, of which the axes are 
^^6 and 354 inches. Ans. 112 yards 7 feet 84 inches. 

3. Required the area of the sector OHAK 

•Of an ellipse, the chord HK being perpendi- 

^ ^lar to the greater axis AC ; the axes AC 

Ys and BD 54, and the versed sine AE 18. 

— The angle FOG is 120°. The circle = 

' 4071-50408, and ^ of it X | = 1017*87602 

the area of the sector. 

^ 4. Required the area of the segment of an ellipse, the 
chord being perpendicular to the less axis, the versed sine 12, 
^ and the axes 80 and 60 yards. 

Ans. 536*75424 square yards, = 17 perches 22^ yardfl> 
7 5. . Required the area of the segment of an ellipse, the 

- chord being perpendicular to the greater axis, the height 25 
** feet, and the axes 156 and 120 feet. 

Abb. 5 perches 17 yai&»l^A«cl. 
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€. Required the area of the w^eot of an ellipse, tbeclw 
berag perpendicular to the len uxis, the height IID, andlb 
axci S46 and 1 80 jrards. 

Ads. 4 acres 2 rood* 16 perches 3 yardi S^fttt 

Fbob. XXVI. To find the drcumference of u 
ellipse. 

Rule. Add the squares of the two axes, and take 'k 
square root of half the sum, aod to the half of this root siUi 
mirth of the sum of the axes, and then muldply by 3-14lfi: 
the product will be the circumfereDce nearly, ^ee Appeada 
Prop. 77, Es. 3. 

1. Required the circumfereace of the ellipse, of whidtk 
aznare34and 16. 

y^^— = 21-2132, and ?^i^21,and(21-2I32+Jl) 
-J- 2 X 31416 = 66-3085 the circumference. 

2. Required the circumference of the ellipse, of whidi Ai 
axes are €0 and 40 feet. 

Ana. 1586351 feet, = 9 polea 3 yards 1 foot 1-6 intia 

3. Required the circumference of the ellipse, of which ll> 
axes are 256 and 1 96 feet. Ans. 71S-1156bl 

4. Required the circumference of the ellipse, of which A 
axes are 320 and S40 yarde. Ans. 884-1133 jai 

5. Required the circumference of the ellipse, of whicb A 
axes are l6'6 and 12-8 inches. Ana. 46-3736 inch 

€. Required the circumference of the ellipse, of whicb i 
axes are it7 and 18 poles. Ads. 1 furlong 31 poles 2 yui 

OP THE PABABOLA. 

Pkob. XXVII. To find the area of a parabola. 

Rule. Multiply the base by the perpendicular height, m 
S ol the product will be the area. See Appendix, Prop. 1i 
Ex.1. 

NoTK. If EG bisect AD, the tri- ^ ^ ^B 

angle AFG = ^AFR, or it is :^ ^ 

trilioeal AFBK. Also, since GK = 

KH, the triangle PLG = JALG, or 

^f^ ^ trilineal AGBK j and every 

triangle thus formed cuts off more 

than the half of what was left by the 

preceding; therefore the trilineal AFBK is the liibitaftl 

sum of the trianglei. Now the triangle AFG = iFD, « 

Ae triangle GPL =: ^AOB, m of AFG, and so on ; therdi) 
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the ram of them is PD x (^+57+51* &c-)» a°d *^« ^i"""* of 
I this geometrical series is (Prop. S, Cor. S,) FD x j^;;^ = 

JFD = pD X AD, and therefore AKBD = |FD. 

1. Required the area of the parabola ABC^ of which the 
base AC is 54, and the height BD 36 feet. 

I X 54 X 36 = 1296 feet area. 

2. Required the area of the parabola, of which the base is 
^2, and the height 63 yards. 

Ans. 1764 yards, = 1 rood 18 perches 9i yards. 

3. Required the area of the parabola, of which the base is 
^^, and the height 320 feet 

Ans. 2 acres 1 rood 17 perches 20 yards 8^^ feet. 

4. Required the area of the paralx)la, the base 126, and the 
hdght £1.0.inches. Ans. 13 yards 5 feet 72 inches. 

5.. .Required the area of the parabola, the base 67, and the 
height. 98 yards. Ans. 3 roods 24 perches 21^ yards. 

6. Required the area of the parabola, the base I6, and the 
height 12 poles. Ans. 3 roods 8 perches. 

Pbob. XXVIII. To find the area of a frustum of a 
parabola. 

A Frustum is what remains after a part has been cut off 
from the top by a line parallel to the base. 

Rule. Find a third proportional to the sum of the bases, 
and one of them, to which add the other base : the sum, mul- 
tiplied by two-thirds of the height, gives the area. See 
Appendix, Prop. 78, Ex. 1. 

1. Required the area of the frustum of ^J^ 

a parabola, of which the bases are 64 and 
32, and the height 26 feet. ^ 

64 + 32: 32 :: 32: 10| 

64 

7^ 
fx26 = 17i 




Ans. Area 1294f feet, = 4 perches 22*8 yards. 

2. Required the area of the frustum of a parabola, of which 
the bases are I6 and 54, and the height 46 yards. 

Ans. 1768'1 5238 square yards, = 1 ro. 18 per. 13*65 yds. 

3. Required the area of the frustum of a parabola, of wnich 
the bases are 364 and 186, and the height 280 feet. 

Ans. 1 acre 3 roods 12 perches 21 yards 2 feet. 



rl34 
4. ] 
theba 
S. ] 
tfaeba 
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Required the area of the froatiim of a parabola, of wljj 
the bases are 424^ and 268, and the height SIS inches. 

Ana. 2 perches 25 yards 7 feet 75-8828 india. 
Required the area of the frustum of a parabola, of wbidi 
the baeea are 63 and 22, and the height 44 poles. 

Ans. 12 acres S roods 15 perchn< 
6. Required the area of the fi-ustum of a parabola, ofvbicb 
the bases are 18 and 12, and the height 20 yards. 

IAns. 10 perches 1 j yards, 
Prob. XXIX. To find the area of a hyperbola. 
RcLE. Multiply half the base by the semitransFerse ax'a, 
and its distance from the centre by the eemiconjugate, aod 
divide the sum of the products by the product of the two 
semiaxes, and take the hyperbolic li^ritbm of the quotient, 
and multiply it by the product of the semiaxes, and subtract 
the product from the product of half the base by its distance 
from the centre: the remainder will be the area. See Appen- 
dix, Prop. 78, Ek. 4. 

NoTfi. The hyperbolic logarithm is got by multiplying the 
common logarithm by 2'30258509. 

1. Required the area of the 
hyperbola ABC, of which the base 
AC is 24, and the altitude BD 
10, and the transverse axis Bi 30, 
and the conjugate Pp IS feet. 

iaxi5+isx9 Of,.. 
IT - g ^= S, of which 

the logarithm 0-4771212 x 

2-30258509 = 1-0986123 the 

hyperbolic logarithm of 3 ; and ' 

thielogarithm, multiplied by 15X9, gives I48'3126605, nhich, 

taken from 25 X 12, leaves 151'6873395 the area, =: 16 yards 

7 feet 99 inches. 

2. Required the area of the hyperbola, of which the base is 
208, the height 70, and the tranereree semiaxis 105 yards. 

^ ((210+70) X 70) : 104:: 105 : 78 the sem icon jugate. 
Ans. 9202-365 square yards, = I ac. S ro. 24 per. 6| yds. 

3. Required the area of the hyperlwla, of which the We is 

LSS4, the lieight 250, and the axis 176 feet. Ann. 55686 feet 
4. Required the area of the hyperbola, of which the base it 
156, height I96, axis 248 yards. Ans. 18449-84 yards. 

5. Required the area of the hyperbola, of which the base is 
4.8, height 29. axis 36 inches. Ans. 6+7'9483 inches. 

6. Required the area of the hyperbola, of which the base is 
96, height 1 10, axis 124 poles. Ans. 6324-686 poles. 
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Prob. XXX. To find tlie 
on one side by a curve line. 

Rule. Let perpeadiculara be erected upon the ba.se, so 
numerous, that the part of the curre between any two nearest 
10 niie another eball dilfer very little from a straight line. 
Then add the perpendiculars at the extremities of the base, if 
tliere arc any, and to half their aiim add the rest of the per- 
peodiculars. Multiply the lium by the base, and divide the 
product by the number of parts into which the base is divided 
by the perpendiculars; the quotient vill be the area nearly. 

1. Suppoee the perpendiculars at the ex- 
tremities of tlie base to be 10 and 16, and the 
other perpendiculars to bell, 14, l€, and the 
base to be 20 feet. 

(10+i6)xi=:'« -'^^^-^ 



Ans. 2T0 square feet the area. 

5. A curve-lined space meets the base at one of its extre- 
mities, and the perpendicular at the other extremity is 06, 
the other perpendiculars are S3, TO, 6i, 51, 38, 25, and the 
haieSSS linbe. What is the area ? Ans. 17596^ square links. 

3. An offset meets the base at both extremities, the base is 
258 links, and the perpendiculars are 24, 36, 42, 54, 67, 76, 
5S, 49, 33, and I9. Required the area. 

Ana. 10492^\ square links. 

i. Perpendiculars were raised from the baw to a curve ; 
those at the ends were 364 and 578, the others were ,^96, 
416, 4t5S, 512, and 554 links, the base I26O links. 

Ans. 5 acres 3 roods 22 perches 4 yards 3-2 feet. 

5. A curve meets the baae at one extremity, the base is 
SS6l, the perpendicular at the other extremity 758, and the 
o^ers are 643, 567, 524, 433, 417, and 335 links. 

Ans. 11 19S60f links, = 1 1 acres 31 perches 23-5 yards. 

NoTH 1. This rule supposes the figure to be divided into 
tr^Kziods, and would be exact if the breadths of the trape- 
■nods were all equal. But the common rule is to add all the 
perpendiculars, and to multiply by the base, and divide by the 
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number of perpendiculars; which is not much easier, and 
gives the answer sometimes considerably erroneous. Thus the 
third example would come to 11541*6. 

Note 2. If the distances between the perpendiculars be 
equal, the curvature, if single, may be considered as parabo- 
lical. And taking care to have an odd number of perpendi- 
culars, add the first and last perpendiculars into one sum, the 
second, fourth, &c. into another, and all the rest into a third 
sum ; then add the first sum, twice the third, and four times 
the second sum together, multiply this by the base, and divide 
by' three times the number of parts into which th6 base is 
diirided. The quotient is the area. 

Thus, io the first example, the first sum is S6, the second 
27> and the third 14; theriefore (26-f 4x^7+ 2X14) X^ 
X 20 = 270. 
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las Solid Content of a body ia the Dumber of cubical 
iadtea, feet, &c. which the body cootains. 

A CdbicaIi Inch is a solid contaioed by sis square incbes ; 
or it is a solid, of which the length, breadth, aod thickness are 
each of tbem bd inch. And the same is to be understood 
respectiog a cubical foot, yard, &c. 



bical inches make I 


u bical foot. 


. feet . . 1 


. . yard. 


ill 


. . furlong 


. . mile. 



XoTK, S31 cubical inches make a wine gallon, 283 cubical 
inches make an ale gallon, S150'42 cubical inches make a 
malt bushel, and lOi-2 sucb inches make a Scotch pint. 

All these measures are now laid aside by act of parliament, 
and the only legal standard for measuring both liquid and dry 
goods is declared to be the imperial gallon, containing 10 
pounds avoirdupois weight of distilled water weighed in air at 
tbe temperature of 62 degrees of Fahrenheit's thermometer, 
the barometer being at 30 inches; each avoirdupois pound 
containing 7000 troy grains. It is declared that this gallon 
is to contain 277"274 cubic inches of rain water. A pint is 
the eighth part of a gallon, 8 gallons make a bushel of 4> pecks, 
and 8 bushels make a quarter. Hence a wine gallon is 
0-833110!) imperial gallon, an ale gallon 1-017043 imperial 
gallon, a Winchester bushel 0*969443 imperial bushel, a 
Soitch wheat firlot 0-998256 imperial bushel, a Scotch barley 
firlot 1-456^794 imperial bushel, and a Scotch pint 0-373814 
imperial gallon. 

Prob. I. To find the surface of a prism- 

A Paisu is a solid of which the cuds are equal, similar, and 

pitrallel rectilineals, and the other sides arc parallelogTams. 
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Note. If the ends be parallelogranja, the prism is called 
I Parallehpiped ; and if all ilB sides be squares, it is ciilld » 
Cube. 

RuLK. Find the area of one of its ends, and to its double 
add the sum of the areas of tbe parallelogramg. 

1. Required the surface of a cube, upon a line of 37 inches. 
37 
37 



I 



Ads. Surface S^IJi square inchee. 
3. Required the surface of a rectangular parallelopiped, of 
which the length ie 11 feet, aud each side of the lase SY 
ioches, Ans. 109 feet IS inches. 

3. Required the surface of a pentag'onal prism, the len^ 
l^' feet, and each side of the base 33 inches. Ans- 218-53 feet. 

TO FOKM A PRISM WITH PASTEBOAaD. 

Let ABCD be one of the parallelo- 
gmma of which the sides are com pounded, 
AB the leugtb, and AD a side of the 
base. Extend AD and BC, and mate 
the parallelograma DK, AL, FM, &c. 
each equal to AC, and upon AD and BC 
make figures equal lo the bases. 

Then if the ligure thus formed be cut 
out of the pasteboard, and folded at tbe ^ 

sides of the parallelograms till they meet, 
the prism will be formed, and its surface is the figure cut out. 

4. Required the surface of a cheat, of which the length is 
7 feet 8 inches, the breadth 4 feet 7 inches, and the depth 
2 feet 9 inches. Ans. 137 feet 7 inches 10 parts. 

5. Required tbe surface of a triangular prism, of which the 
length is 13 feet, and the sides of the base 33, 34, and Ip 
inches. Ans. 85-22411 square feel. 

FuoB. II. To find the solid conteat of a prism. 

RoLB. Find the area of one of the ends, 
by tbe length or perpendicular height. 

Note. If the height be one iwt, the solid n 
many cubical feet as there aie square feet in the 
height be two feet, the solid will contain twice as many 
cubical feet; if the height be three feet, it will coDtain three 
times as many, and so on. 




ind multiply it 1 

will contain u I 
he base; if tbe j 
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. Required the solid content of a triangiilar 
\m, of which the height is 9 feet^ and each side 
he base 84 inches. 

Tabular number 0-4530127 

34 X 34 = 1 156 square inches. 

500-56268 12 

9 feet. 





144)4505-0641308 

Ans. Content 31-2851676 cubic feet 

2. Required the solid content of a rectangular 
tern, of which the length is 3 feet 2 inches^ the A 
aidth 2 feet 8 inches^ and the depth 2 fbet 6 
thes. Ans. 21 feet 1 inch 4 parts. 

8. Reauired the solid content of a heptagonal 
ism^ of which the length is 21 feet, and each 
le of the base 43 inches. 

Ans. 979*86934 cubic feet. 
4* Required the solid content of a pentagonal 
ism, the length 23 feet, and each side of the base 54 inches. 

Ans. 801 cubic feet 539*739 cubic inches. 
5. Required the solid content of a quadrilateral prism, the 
igth 19 feet, the sides of the b^ise 43, 54, 62, and 38, and 
e diagonal between the first and second 70 inches. 

Ans. 306 cubic feet 81*976 inches. 

Paob. III. To find the surface of a cylinder. 

A Cylinder is a round solid of uniform thickness, of 

ich the bases are equal and parallel circles. 

Rule. Multiply the circumference of the base by the 

ght: the product is the curve surface, to which add the 

as of the two bases. See Appendix, Prop. 79* 

1. What is the curve surface of a cylinder, of which the 

g^h is 16 feet, and the diameter of the base 27 inches ? 

31416 

H 

7*0686 
16 



Ans. Surface 113-0976 square feet. 

2. Required the whole surface of a cylinder 13 feet long, 
1 having the circumference of its base 57 inches. 

Ans, 65*S4^ M\\&ax% totv 
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3. Required the whole surface of a cylinder, the leo^ 1$ 
feet^ and the radius of the base 23 inches. Ans. d4133f iodiei 

4. Required the curve surface of a cylinder^ the length U 
feet, and the diameter of the base 33 inches. 

Ans. 129 square feet S5 incba 

5. How often must a cylinder 5 feet 3 inches long^ aodtk 
diameter of its base 21 inches^ revolve^ to roll an acre? 

Ans. 1509*18 tinei 

TO FORM A CYLINDER WITH PASTEBOARD. 

Find the circumference of the base^ 
and make the rectangle ABCD, of 
which AD b the circumference^ and 
AB the length of the cylinder; and 
draw EP parallel to AB^ and make 
EH^ FK, each the diameter of the 
base^ and describe the circles EGH 
and FKL. The figure thus formed 
being cut out of the paper^ and bended 
rounds so that AB meet CD^ will form 
the cylinder. The area of the figure ^^ 

is the surfEu^e of the cylinder. 

Prob. IV. To find the solid content of a cylinder. 

Rule. Find the area of the base^ and multiply it by tbt 
perpendicular height or length. 

Note. This is proved the same way as that of the prism. 
1. Required the solid content of the cylinder^ of which tbe 
length is 9 feet, and the circumference of the base 6 feet. 

•0795775 
36 



A. 


-L 


r. 




S 




T 




B 


•w i 


^ ' 




2-86479 
9 



Ans. Content 25*7831 cubic feet 

2. Required the solid content of the cylinder^ 
of which the length is 1 1 feet, and the diameter 
of its base 38 inches. 

Ans. -7854 X 3 J x 3J x H = 86*63398 cubic 
feet. 

3. Required the solid content of an oblique 
cylinder, the axis of which makes an angle of 
75° with the base, the axis and the circumference 
of the base being each 20 feet 

Sin. 75«» = -9659258 X 20 = 19-318516 the 
perpendicular height. Ans. 614*92768 cubic feet 
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An upiglit qrlinder 20 feet high, and the diameter of 
ise 3 reety is cat by a plane paraliel to the axis, and 12 
ft from it. Required the coDtent of each of its segments. 

Aos. 15-48741 and 125*88426 cabic ftet. 
Required the solid oootent of an upright cylinder 24 feet 

the base an ellipse, of which the axes are 32 and 24 
8. Ads. 100 cubic feet 917^ inches. 

Required the solid content of an oblique cyknder, of 
1 the axis inclines in an angle of €(/*, the length 25 feet, 
he diameter of the base 30 inches. 

Ans. 106 cubic feet 479i uk^*^ 

Required the solid content of an oblique cylinder, of 
1 the length is 18 feet, and the base an ellipse, of which 
xes are 35 and 28 inches, the inclination is o?er the 
sr axis Sd"". Ans. 79 cubic feet 1318 indies* 

LOB. v. To find the surface of a pyramid. 

Pybamid is a solid which has a rectilineal figure for its 
uid its sides are triangles which have a*oommoB Tortex* 
LE. Find separately the area of the base, and the areas 
triangles which constitute its sides, and add them : the 
rill be the whole surface. 

Required the surface of a triangular pyramid, ei which 
tide of the base is 32 inches, and the perpendicular from 
;rtex upon a side of the base 11^ feet. 

F. I. 
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6 
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0-4330127 
32« = 1024 


15 


4 
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3*0792 area of base. 
46 


46 





Ans. Whole surface 49*079^ square feet. 

iVhat is the surface of a square pyramid, each side of the 
8 inches, and the perpendicular upon a side from the 
: 9 f<Kt ? Ans. 47i square feet. 

What is the surface of a pentagonal pyramid, the slant 
idicular from the vertex 10 feet, a side of the base 26 
? Ans. 62-24335 square feet. 

What is the whole surface of a triangular pyramid, of 
the slant height is 18 feet, and each side of^the base 42 
? Ans. 99*^ ^'({ii^^B'X^ ^"^^^ 
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5. What u the whole aurfiice of a hexagODkl p^nmid, i 
side of the boae being 36 inchea, and tbe slant beigbtSDl 

An*. 203'38J 

6. What ie the whole lurface of a rectangular pyramid 
sides of the baw 40 and SO inches, and the slant height i 
the greater side 20-04, and upon the leas ride SO-07 fct^ 

Ans. 125-308) 

TO FORM A FTHAHID WITH FA8TSB0ARD. 

Draw AB, and make BC C 

perpendicular to it, and make 
AB the radiuH of the circle 
circa macri hi Dg the base, and 
PB tbe radius of the ioKribed 
circle. Then if tbe axis of the 
pyramid be given, make BC 
equal to.it; or if the slant 
perpendicular be giren, make 
PC equal to it ; or if the slant 
side be given, make AC equal 
to it, and from C describe an 
arc through A, and in it place AD, DE, AM, MF, &c 
equal to a aide of the base, andjoin CD, CE, C^M, &< 
upon AM make the base AHKLM. Thia figure beii 
out, and folded along tbe lines till the sides meet, wil 
the pyramid, and its area is therefore tbe surface. 

Pbob. VI. To find the ^lid content of a pyra 

Rule. Find tbe area of the base, and multiply it 
height, and one-third of the product will be the conten 

Note, a pyramid is the third part of a prism, wh 
the same base and altitude. See Appendix, Prop. 81. 

1. JFtequired the content of a equare pyra- 
mid, of which the perpendicular^ height ia 14 
feet, and a side of the base 43 inches. 




14xi= * 8 
Ang. Content 99 11 
3. Required the content of a pentagonal pyran 
height IS feet, each side of the base 24 inches. 

Ans. 27-5276 CTi 
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S. Required the content of a hexagonal pyramid^ of whicli 
e axis is 9 feet, and each side of the base 29 inches. > 

-Ans. 2-5980762 X 29 X 29 X 9 X i -5- 1 44 = 45*52046 cub, 

t, 

if. Required the content of an octagonal pyramid^ the axis 

feet^ each side of the base 35 inches. 



Ans. 177992365 cubic feet. 
JS. Required the content of a triangular pyramid^ the 
■ig:ht 22 feet^ and each side of the base 39 inches. 

Ans. 33 cubic feet 934 inches. 
6. Required the content of a triangular pyramid, the per- 
'^dicular height 24 feet^ and the sides of the base 34, 42^ and 
^ inches. Ans. 39 cubic feet 406*77 inches. 

I^ROB. VII. To find the surface of a cone. 



Cone is a round solid, which has a circle for its base^ 
tapers uniformly to a point at the top. 
IluLE. Multiply half the circumference of the base by the 






^ --« of the slant side and the radius of the base : the pro- 
^^^ is the whole surface. See Appendix, Prop. 79> Ex. 1. 
1 . Required the surface of a cone, which has 10 feet for its 
<it side, and 32 inches for the diameter of the base. 

3-1416 

H 

4*1888 






Ans. Whole surface 47*4731 square feet. 

TO FOBM A CONE WITH PASTEBOABD. 



r 



^ Multiply 180° bv the radius of the 

7 ^^«8e, and divide it by the slant side to 

• ^'et the angle at the vertex. Draw 

/ 'AB, and make BAC and BAD each 

'^ual to the angle at the vertex. Make 

^B the slant side, and from A describe 

^ ^he arc CBD. Make BE the radius 

X^ the base, and from E describe the 

tHrcle BF6. The figure thus formed 

^8 tbe surface of the cone ; and if it be 

* l>ended till AC meet AD, it will give 

^he form of the cone. 

2. Required the surface of a cone, the slant side 14 feet, 
t;fae circumference of the base 92 inches. 

Ans. 58*344 square feet. 
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3. Required the oirface of a cone^ the slant side 10 feet, 
the radius of the base S feet 5 iocheG. 

Ans. 94-2698 square feet. 

4. Required the surface of a cone, tlie slant side 18 feel, 
the diameter of the base 4.2 inches. Ans. 108 feet 83| incLefi. 

5. Required the surface of a cone, the slant side 9 feet, tbe 
diameter of the base 36' inches. Ans. 4JJ aq. feet 69 inclies. 

Prob. VIII. To find the solid content of a cone. 

RuLB. Multiply the aj-ea of the base by the perpendieular 
height, and one-third of the product will be the content. 

Note. The cone is the third of a cylinder, having; the jane 
base and altitude. See Appendix, Prop. 80, Cor. 9, aod 
Prop. 81. 

1. Required the content of the cone ABC-D, n 

of which the perpendicular iieight DO is 14 feet, 
and the diameter AC of the base 43 inches. 



144x3 = 43S 1 1452-3046 square inches. 



Content 47-0622 cubic feet. 
Required the content of a cone, of which the axis is 



ne, the slant side 15 ftet, 

Ans. 39-1589 cubic feet 

cone, the axis IS feet, and the 

Ans. 57 cub. ft. 1956 inchn 

ae, the diameter uf the bait 



9 feet, and the circumference of the base 7 feet 10 inches. 

Ans. 14-6489 cubic feet 

3. Required the content of a 
the radius of the base I9 inches. 

The axis is 178-994 inches. 

4. Required the content of a 
diameter of the base 42 inches. 

5. Required the content of a 
12-7324 leet, and the perpendicular height 107-923 feet. 

Ans. 4580 cubic feet 705j incbo. 

Pros. IX. To find tJie surface of a frustum of a 
pyramid or cone. 

A Frustum is the portion which remains, after a part ha* 
been cut off from the top by a plane parallel to the base. 

Rdle. Add the perimeters or circumferences of the two 
bases together, and nmltiply half the sum by the slant height 
for the curve surface, to which add the aieas of the two bki» 
to get the whole surface. 
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1. B«qaind the nrbee of tie ftntum of a iqaire pjn- 
■4, Am lidM of the bmea being: 40 ud 26 udia, and tbe 
nt heigbt 10 bet. 



1320 cnrre nuftce. 



56-3 
133-S 
1320fl 

IS 1 1S09^ 



Am. Wbob wntmx 135-805 iqaara fcet 

jS. Required tliD wbde KufKe of t friMtmn of « pentuaul 
■nnid, the perpendicnhr bd^t 11 ftet, and tae aan uf 
ie tue* 18 uul M iDcbcb Ant. 157iqi»rafBet S5iiM^n. 

TO WOBM A Wav nU M WITH MBTUOAHD. 

Make As and oi equal 
D the radii of the cirelci 
ariihfil about tbe batei, 
■d drav ad and bD per- 
•ndicular to Aa, and make 
lOer 6D tbe axii, or AD 
tw ilant lide of tbe froituin, 
hd produce ad and AD till 
hcf meet in e. From e 
ncribe circlet tbrongh A 
ud D, and in them [dace 
aai^ lines AB, AC, &c 
Bd DH, DK, Ac. equal to 
le ndea of tbe baMs, and 
•n BH, CK, &C. ; or if 
m fhutQm be that of a " 

ute, make wE, ikG, the angle at tbe vertex. Lattly, upon 
B, DH, make tbe bates. Then the fig:ure nill be Uie mr- 
ee ; and if it be folded along the liaea, or tiendcd, it wUl 
nn the fhutum. 
3. Reqniied the ini&ce i^ a Jmtam of a cone, ii!be Smra^ 
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ten of the bases bebg 43 and 23 inclieg, and the slant hd^t 

9 feet. Adb. gO-7846 eqnare fnt 

4. From H cone, of which the circumference of the buei 

10 feet, and its slant height SO feet, a cone has been cot off, 
of which the slant side ia 8 feet. Required the curve but^ux 
of the remaining frustum. Aoe. 139^ equareftel- 

5. Required the surface of a frustum of a. coue, the perpe- 
dicuiar height of the frustum 13 feet, and the radii ottiie 
bases 15 and 24. inches. Ana. ISOsquarefeet 6l incbet 

Peoi. X. To find the solid content of a frustum of 
a pyramid or cone. 

Oenebal Rule. Find the areas of the two ends, and 
take the square root of their product : this added to the two 
areas, and the sum multiplied by a third of the perpendicular 
height, will giye the solid content. 

Fabticul&b RdiiE. If the base be a circle, or a regular 
polygon, add a diameter, or a side of the greater base, to one 
of tlie less, and from the square of the sum subtract the pro- 
duct of these diameters or bases : the remainder, multiplied 
by the number belonging to the figure, and by a third of the 
height, will gWe the content. 

Note. If A = diameter or side of the greater base, and a 
that of the leas, and h the height of the frustum, and p the 
proper multiplier, the height of the complete cone or pyramid 
IS = AA -^ d (putting d = A — a), and therefore its conleot 
is A^p xAh-7-3d = A^pk -=- 3d. 

In like manner, the part of the cone which is cut off is 
a^'pk -i' 3d ; and therefore the content of the irustum is 
{A.^ — a^)ph -i- 3d = ({A+ay ~ Aa)lpk. See Appen- 
dix, Prop. 81, Cor. 4. 

1. Required the content of the frustum ofasquarepyramiil, 
the aides of the bases being 1 5 and 6' feet, the height S4 feet. 
15 15 

6 6 



AiiB, Content S808 culuc feet 
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2. Required the content of tlie frustum of a triungular 
pyramid, the heig'bt of the frustum 14 feet, the eides of the 
greater base 31, 15, and IS, and those of the leaser base li, 
10, and 8 feel. 

The areas of the baees are 36^6 and 16^6, and the square 
root of theur product 24^6 ; therefore (36^6+i 6^6+Ui^6) 
X^Xl*-=fi6S-7&2S62l cubic feet the con ten t. 

3. Required the content of the frustum of a pentagonal 
pyramid, the sides of the bases being 42 and 23 inches, and 
the height 16 feet Ans. 207'668 cubic feet. 

4. Required the content of the frustum of a cone, the dia- 
meters of the bases 38 and S7 inches, the height II feet. 

Ans. fi3-9756 cubic feet. 

5. Beguited the content of a mast 57 feet high, and the 
girths at its ends 63 and SS inches. Ade. 81-972 cubic feet. 

6. Required the content of the frustum of a cone, the 
Jnight 85 feet, and the bases ellipses, the axes of the greater 

,im M and 32, and those of the lesser base 12 and 15 inches. 
Ana. 133 cubic feet 141'08 inches. 

Pkob. XI. To find the superficial and the solid con- 
tents of a wedge. 

A Wedge has a rectangle for ils base, and its opposite side 
11 s straight line parallel to the base, called its Edge. Its 
taiface consists of a rectangle, tiro parallelograms or trapeziods, 

d two triangles, all of which may be easily found. 

RuLK FOR THE Solid Content. To twice the length of 
the base add the length of the edge, and multiply the sum by 
the breadth of the base, and by one-sixth of the perpendicular 
from the edge upon the base : the product will be the content. 
See Appendix, Prop. 8S. 

Required the superficial and the solid E F 

contents of a wedge ABCD-EF, of which 
^e sides of the base are BC 36 and BA 9 

es, the edge EF 44 inches, and the per- ^ 
pudicular height 2£ inches. 



I 
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Perp. 


■|13 


3 


~1 



Ans. 9 2 7 sulid content. 

2. Required the conteQt of a wedge, of which the height u 
25 inches, the edge S8 incheS] and the aides of the base 34< and 
10 iochee. Ads. S-S14S cubic feel. 

3. Hov Many solid feet are in a vedge, of which the base 
is 40 inches long and 10 inches broad, aod each nf the enda ii 
iDclined to the base ia an angle of 70°, the edge being 30 
inches!' Aas. 1'4^748 cubic feel. 

4. How many solid feet are in a wedge, of which the sides 
of the base are 35 and Id, and the length of the edge 55 
inches, and the height 17/i; inches? 

Ans. 3 cubic feet 175f inches. 

Peob. XII. To find the content of any solid, of 
which the bases are parallel, and the greatest and least 
thicknesses are at its ends. 

RuLB. Find the areas of the two bases, and also the area 
of a section parallel to, and equidistant from, the bases; then 
to four times the middle area add the other two areas, and the 
sum, multiplied by one-aixth of the length, will give the solid 
content. See Appendix, Prop. 83, Cor. ^. 

Note 1. When the sides of the solid are straight between 
the bases, half the sum of two correspooding sides or diameten 
of the bases will give tbe corresponding side or diameter of 
the middle section. 

Note 2. When the extreme thicknesses arc not at the 
ends, divide tbe solid into portions which hare their extreme 
thicknesses at their ends. Find the contents of these portions 
separately, and add them: the sum will be the content of tbe 



MENSCKATIOlf OF SOLIDS. 

1. A round solid ABCD, has its 
I^Dgtli GH 14 feet, and the diame- 
ters of the bases AB gi, and CD SI 
inches, and the diameter EF of the 
middle sectioD ST inches. Required 
its CDUteut. 

94 21 

8S36 441 




I596O637 



144)3a344'8918 

Ans, 155-17286 cuhic feet the content. 
E. Required the content of the prlemoid 
ABCD-EFGH, of which the height is 22 feet, _ C 

tke upper base ABCD is a rectangle, of which C^^^^^a 
the udes are AB 43, and EC 23 inches, and the uC\ll 
ander base EFGH a square, of which the side t"!^ 
KF is 37 inches. Ans. 182-2639 cubic feet. ft— "Tj 

3. Required tlie capacity of a waggon 47i ^ — fj 

ioches deep, and the inside dimensions are, at ^ V 

the top 81^ and 55 inches, and at the bottom ^ ^ 
41 and £9^ ioches. 

Ads. 136340-59375 cubic inches, = 455-6S25 imp. gallons. 

4. R«quired the content of a cylindroid 10 feet long, the 
Dpper base is an ellipse, of which tlie axes are 3Q and 25 
iouus, and the under base a circle, of which the diameter is 
S5 Indies. Ans. 60-S594 cubic feet. 

5. What is the content of a log of wood, of which the 
iengtb is 19 feet, and both the bases are rectangles, of which 
tlie lidee of the lower are 43 and 36 inches, and those of the 
bigher 38 and SI inches, and the sides of the middle section 
ue 45 and 34 inches? Ans. 187-361 cubic feet. 

6. What is the content of a round solid, of which the whole 
length is 37 feet ; the greatest girt, 77 inciies, is 16 feet from 
the greater end, of which the girt is 54, and the middle girt 
67; ako, the girt at the lesser end is S6 inches, and the 
middle girt 59 inches. Ans. 80 cubic leet 6SS^ inches. 



Pbob. XIII. To find the surlkoe of « tfkatj orcf 
any segment or zone of it ' 

BvLB. Multijdy the circamiereBoe of a great cvde of tb 
sphere by the axu^ or by the part of it oorreqKmdiDg to tk 
segment or the zone requirea: the product will be the or* 
fJEioe. See Appendix^ Prop. S3, Cor. 3. 

NoTB. The surface of a sphere^ or any part of it^ cat cf 
by a plane or planes perpendicular to the axis, is equal tolk 
curve surfoce of the circumscribing cyUnder, whidi hai tk 
same axu^ or to the corresponding part of it. Also^ the wliok 
sur&ce is four times the area of one of its great circles. 

1. Required the surfoce of a globe AECD, 
of which the axis AC b 18 inches. A 

31416 
18 



56*5488 
18 




Ans. Sur&ce 1017*8784 square inches. 

2. Required the surfttoe of a segment of a mfaeve, the ni 
54 inches, and the height of the segment 18 iiM^es. 

Ans. 21*2058 sqaarefeet 

8. Required the surfiice of a zone of a sphere, tJie axiiTS 
inches, and the height of the aone 24 inches. 

Ans. 5428*6848 square iocbft 

4; Required the surface of the moon, of which the iaaxa^ 
is 2180 miles, supposing her to be a perfect spho-e. 

Ans. 14980139*84 sq^uare mO» 

5. Required the surface of the earth, supposing it to b»* 
perfect sphere, of which the axis is 79^12 miles ; and* also the 
surface of each of its zones, supposing the torrid zone to extoi 
^^T^^ on each side of the equator, the frigid zones SS^V 
round the poles, and the breadth of each of the tempente 
zones to be 43^^ 

Ads. The part of the axis corresponding to each of tiie 
frigid zones is 327* 19^^ to each temperate zone is 20^3*46624, 
and to the torrid zone is 3150*68104; therefore the surfaee 
of each frigid zone is 8132807*2, of each temperate zone ii 
51041534-0, and of the torrid zone is 78314213*42, andtb 
whole surface is 196662895*83 square miles. 

Pbob. XIV. To find the solid content of a sphere. 

Rule. Multiply the cube of the axis by *5236> which is | 
ef *7854. See Appendix^ Prop. 83. 



HEMSDBATION OF SOLIBS. 



Note. A sphere ia two-thirds of its circumscnbiug cyliiicler. 
1. Required the solidity of the «phere, of which the axis is 
IQ inches. 



Ana. Content 2144-6636 cuhic inches. 
S, Required the aolidlty of a sphere, the axii 3 feet 6 inches. 
Ans. 22'4.49 cubic feet. 
3. Required the solidity of a sphere, the aaia 19 yards. 

Ans. 3591-3724 cubic yards. 
*. Required the solidity of the moon, supposing her a per- 
fect sphere, the axis 2180 miles. 

Ana. 54246174752 cubic miles. 
S. Required the solidity of the earth, supposing it to be a 
perfect s^ere, and its axis 7912 miles. 

Ana. 259332805349-95 cubic miles. 

FsoB. XV. To find the solid content of a aegment 
of a sphere. 

Cask I. When the axis and the height of the aegmeot are 
pveo. See Appeodis, Proj). 83, Cor. 1. 

Roi^ I. From three times the axis subtract twice the 
hm^btj multiply the remainder by the square of the height, 
ana by '5336: tne product will he the coni^nt. 

1. Required the content of a segment 13 inches high, cut 
>ff from a sphere, of which the axis is 48 inches. 

(3 X48 — 2 X 16) 1.^= X -5236 = 1044I-6312 cubic inches. 

S. Required the content of the frigid zone of the earth, the 
beight 327-2 miles, and the axis 7912. 

Ans. 1293879017 cubic miles. 

3. Required the content of a segment, of which the height 
is ST, and the axis 153 inches. 

Ads. 339 <-'"bio feet 1113 iiiche«. 

4. Required the content of a segment, of which the height 
is I of the axis. Ans. -16567 cubes of the axis. 

Cage II. When the height and the radius of the base of 
ilie segment are given. See Appendix, Prop. 83, Cor. 1. 
RvLK II. To three times the square of the radius add the 
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square of the heiglit, xod multiply the sum by the height, i 
by -5236: the product is the content. 

5. Required the content of the segment A 
BCD, of which the height CE is 13 inches, 
and the radius BE of the baee 21 inches. 

Ans. (3x2]2 + 13«)Xl3X-5236 = 
10155-7456 cubic Inches. "' ^fclEj 

6. Required the content of the segment, ^^"c^ 
of which the height is 3 feet, and the dia^ 

meter of the base 9 feet. Ana. 1095633 cubic fl 

7- Required the content of the segmeat, of which 
height ia 12, and the radius of the base 48 inches. 

Ans. 25 cubic leet 1134 incl 

8. Required the content of the segment, of which 
height is 7 yards, and the diameter of the base 84 yards. 
Afls. 19575-8332 cubic yai 

Fkob. XVI- To find the solid content of the midi 
zone of a sphere. 

Rule. From the square of the axis, or greatest diamet 
subtract one-third of the square of the height, and tnultr 
the remainder by the height, and by -7854. See Append 
Prop. 83, Cor. 1. 

Note. Instead of subtracting oae-third of the square of ' 
height from that of the axis, add two-thirds of the square 
the height to the square of the least diameter. 

1. Required the content of the middle zone of a sphere, 
vhich the axis is 44 inches, and the height of the zone 
inches. 

{W + lx 14«) 14 X -7854 = 20569-1024 cubic inches. 

S. Required the content of the middle zone of a sphere, 
which the height Is 4 feet, and the least diameter 3 feet. 

Ans. 61-7848 cubic fi 

3. Required the content of the middle zone of a sphere, 
which the height is 24 inches, and the least diameter 18 incli 

Ans. 13345-5168 cubic incli 

4. Required the content of the middle zone of a sphere, 
which the height is 3, and the least diameter 5 yards. 

Ans. 73-0422 cubic yar 

5. Required the solidity of the torrid zone of the ear 
the axis being 7912, and tiie height of the zone 3150-681 
miles. Ans. 146717436823 cubic mil 

Pkob, XVII. To find the solid content of any zo 
of a sphere. 
Rule. Add the squares of the radii of the two ends, ant 
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I of the gqnitre of the height, and uultiidf the bdid by 
i the height, and by 78^4. See Appendix, Prop. 83, 
Isr. 1. 

. Required the solid content of » spherical Eooe, of which 

le height is 10, and the diameters nt its eods 12 and 8 feet. 

(6a + 4« + lXlO»Jx2XlGx-7854. = 1340-ll6cub.feefc 

2. Required the solid content of a spherical zone, of which 

I llie height is 14, aod the diameters at its ends l6 and 12 inches. 

Ans. S cubic feet 179'378 iDcheB. 

. Itequired the solid cooteot of a spherical zone, of which 

I tbe height is 9 yards, and the radii at its eods 14 and 10 

I yards. Ans. 4566 cubic yards 8^ feet. 

4. Required the solid content of a spherical Eone, of which 

lie height is 11, and the diameters IS and 13 feet. 

Ana. 104 cubic yards 18^ feet. 
. Required the solid content of a spherical zone, of which 
I At height is SS, and the radii 27 and 18 inches. 

Ans. S5 cubic feet 121S'S464 inches. 

6. The height of the temperate aoae of the earth is 

!!053*46624 miles, and the squares of the greatest and least 

adii are 131682^ and 2461097 square miles. Required its 

mteat Ans. 550l38664fi9-728 cubic miles. 

FftOB. XVIII. To find the solid cootent of a spheroid- 

A Sfbe&Ois is a solid, generated by the revolution of an 
dUp«e about noe of its a.ies. If it rerolfe about the greater 
Kot, the solid generated by it is called an Oblong Spheroid; 
utd if it revolre about the lesser axis, the solid is <^ed as 
Oblate Spheroid. 

The axis about which the ellipse revolves is called the Axis, 
ud the other is called the Greatest Diameter, of the spheroid. 

Rdlb. Multiply the square of the greatest diameter by 
ibe ucii, and by -5236 ; the product is the content. See 
Apptaidix, Prop. 83, Cor. 2. 

I, Required the solid content of an oblong spheroid, the 
aies of the generating ellipse being 54- and 36 inches. 
S6 
S6 



Ads. Content 36643-6224 cubic inches. 
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Nonu IfadidebedacribedvpMcUvintfBd 
tod both rerolre about that azk^ the MkiiM pauM 
the elUpM will be to the iphere dcKrihed bj tkoRk,! 
drde deKribed by the refolna^ ask ef the dfiiBl 
drck dcKiibcd by the diameter of the chde; aWiii 
HgmeDt or fhutuni of the i phei pid to the c '' 

ment or frmtuin of the fphore. 

8. Rcouircd the oootcot of the oUale 
•pberoid ABCD, the axes of the gmrmting 
cbipie boo|; 48 and SO feet. 

Aot. 87708-912 cabic lieet. 

3. Required the cooteat of an obloiif» and 
alto of ao oblate iphercHd, the aies of each 
ellipee beiai; 48 and S6 iochct. 

Ant. The oblate 43429*4784, and the obloD|^ S2i 
cubic inches. 

4. Required the content of an obkoffpberoid, of 1 
axes are 50 and 30 yards. Am. 23562 cal 

5. Required the content of an oblong, and of : 
tpheroid, the axes of each ellipee beinft; 25 and 15 iw 

Ani. Oblong 2954^ cubic inches oblate 49O8J cub 

Pbob. XIX. To find the solid content of a 
of a spheroid. 

RuLB. Find the spherical seg^ment which has 
height and the same axis ; then^ if the base be peq 
to the fixed axis^ the square of that axis is to the sqi 
other as the spherical to the spheroidal segment. 1 
revolnng axis be perpendicular to the base^ that ax' 
fixed one as the spherical to the spheroidal segm 
Appendix, Prop. 83, Cor. 2. 

1. The height CG of the segment ECF 
of the oblong spheroid ABCD, of which the 
base is perpendicular to the fixed axis, is 
16, and the axes are AC 48 and BD 38 
feet Required the content 

3 X 48 = 144 
2xl6z= 32 

112 
16«=256 




28672 
•5236 



Ans. 48« : 15012*6592 : : 38^ : 9^8-975< 
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the content of a segment of an oblate spheroid^ 
t perpendicular to the fixed axis, the height 12^ and the 
and 30 inches. Ans. 10704*5622 cubic inches. 

Bqnired the content of a segment of an oblong spheroid^ 
I. parallel to the fixed axis^ the height 14^ and the axes 
45 inches. Ans. 13177*127 cubic inches, 

■quired the content of a segment of an oblate spheroid^ 
r parallel to the fixed axis^ the height 18^ and the axes 
42 feet Ans. 16245*3393 cubic feet. 

B. XX. To find the solid content of the middle 
r a spheroid. 

B. To twice the area of the greatest base add the area 

least base, and multiply the sum by one-third of the 

or height : the product will be the solid content. See 

lix. Prop. 83, Cor. 1. 

equired the. content of the middle 

BCD of an oblong spheroid, the 

eing perpendicular to the fixed 

be height GH 48, the greatest 

ir £F 42, and the least AB 32 




32 
32 


42 
42 


1024 


1764 
1764 
1024 




4552 
16 




72832 
•7854 



18. Content 57202*2528 cubic inches. 

tequired the content of the middle zone of an oblong 

id, the bases parallel to the fixed axis, the height 28, 

imeters of the greatest base 54 and 42, and those of the 

5 and 25 inches. 

. (2 X 54 X 42 + 35 X 25) X i X '7854 X 28 = 

79^4 cubic inches. 

[tequired the content of the middle zone of an oblate 

id^ the bases perpendicular to the fixed axis, the height 

i the diameters of the greatest and least bases 46 and 

i. ^ Ans. 28233*559% caUc ^«ex. 
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4. Required the cont«Dt of the middle zone of an oblatu 
spheroid, the bases parnllel to the fixed a^, the beifht IS, 
the diameters of the greatest baee 35 and 50, and those of the 
least base 20 and 28 feet. Ana. 12754-896 cubic feet. 

5. Required the content of the middle zone of an obfong 
spherfud, the bases perpend ieular to the fised axis, the length 
40, and the diameters SO and IS inches. 

Ans. 13 cubic feet 1506^ inches 

6. Reqtiijred the content of the middle zone of an oblate 
spheroid, the bases parallel to the fixed axis, the length 40 
inches, and the diameters of the greatest base 50 and 30, aai 
of the less 30 and 18 inches. Ans. 31 cubic feet 7B2-88 incbea. 

PaoB. XXI. To find the solid content of a, paraboTtc 
conoid. 

A Conoid is generated by the revolution of a curve about 
its axis. 

Rdle. Moltiplf the area of the base by half the height: 
the product will be the content. See Appendix, Prop. 84. 

1. Required the content of the parabolic 
conoid ABC, of which the height BD is 36, 
and the diameter AC of the ba.'^u 42 inches. 
42= = 1764 



Content 24938-0208 

2. Required the content of a parabolic conoid, of which the 
height is 54, and the diameter of the base 40 feet. 

Ans. 33929-28 cubic feet. 

3. Required the content of a parabolic conoid, of which the 
height is 16, and the diameter of the base 36 inches. 

Ana. 8143-027 cubic inchet. 

4. Required the content of a parabolic conoid, of which the 
height is 30 inches, and the diameter of the base 40 inches. 

Ads. 10 cubic feet 1569-6 inches. 

5. Required the content of a parabolic conoid, of which the 
height is 37i and its parameter 12 inches. 

Ans. 7 cubic feet 1645-3584 imies. 

Prob. XXII. To find the solid content of a frus- 
tum of a parabolmd. 

Rule. MuIti^Jy the sum of the squares of the diarael«« of 
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the bases by half the height, and by -7654 : the product will I 
be the content. See Appendix, Prop. 84, Cor. 

1. Required the contsDt of the fruetum EACF (last figure) 
uf a paraboloid, of which the height DG is 12, and the radit 
if the bases are £G SO, and AD S8 inches. 



28 '^ 



:784 



Content 2231'-QS6i cubic inches. 

3. Required the content of the fruatum of a paraboloid, of 
vhich the height is 38, and the diameters of the bases 32 and 
80 feet. Ans. 2I24g-782i cubic feet. 

3. Eequired the content of a cask consisting of two frus- 
tQtns of a parabolic couoid joined at their greatest ends, the 
greatest diameter 34 inches, the least 27, and the whole 
kagih 42 inches. 

Am. SlOgO'OSg cubic inches, = 112 imperial gallons 1 pint. 
Reqiiired the content of a cask, the length 40, and the 
iters S2 and 26 inches. Ans. 15 cubic feet 7S3'6 inches. 

'5. Required the content of a cask, the length 45, and the 
lelers 40 and 20 inches. Ans. 20 cubic feet 783 inches. 

Feob. XXnr. To find the solid coutentof a hyper- 
bolic COD old. 

RuLK. Find the content of acylinder having the same base 
iiad altitude with the hynerboloid ; then, as the sum of the 
tnuuirerK axis and the height to the sum of this axis and 
tvo-lhirds of the height, so is half the cylinder lo the content 
of the hyperboloid. See Appendix, Prop. 85, Cor. ]. 

1. Suppose the height BD 
lo be 10, the radius of the 
kue AD 12, and the tfans- 
veree axis B6 30 inches, 
Bcqnired the content. 

31416 



452-3904 
5 

40 : 2261-952 r : 36| : 20T3-456 cubic inches. 




I 
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2. Suppose the height 14, the radius of the base 48, and 
the traosverse 60 feet. Required the content. 

Ana. 47472-4629 cubic feet. 

3. Suppose the heiglit 22, the radius of the base 60, and 
the transverse axis 96 feet. Required the couteut. 

Aus. 116675-829 cubic ftet. 

4. Suppose the height 4g, the radius of the base 7S, and tbe 
transverse 124 inches. Required ihe content. 

Ads. 424069*15 cubic inches- 

5. Suppose the height 55, the radius of the base 96, and the 
trausverse 84 inches. Required the content. 

Ana. 691191-778 cubic india. 

Fbob. XXIV. To find the content of a frustum of 
a hyperboloid. 

Rule. Find a fourth proportional lo the transverse, tbe 
conjugate, and the altitude, and subtract a third of its square 
from the sum of the squares of the radii of the bases: tbe 
remainder, multiplied by twice [he altitude, and by '7854, 
will give the content. See Appendts, Prop. 85, Cor. 9. 

1. Suppose the transverse B6 270, the conjugale Pp 108, 
the height DG 10, and the radii of the bases AD 24 and EG 
16 inches. Required the content of the frustum. 
270 ; 108:: 10 : 4 94^ = 576 



3)16 

"si 



I 



Content 12985-28 cubic incha. 

2. Suppose the transverse 200, conjugate 350, height 14, 
and the radii of the bases 36 and 20 feet. Required the con- 
tent. Ans. 32897 cubic feet. 

3. Suppose the transverse 270, conjugate -rrg, height 40, 
diameters of the basee 32 and 24 inches. Required the con- 
tent. Ans. 24596'6336 cubic incbe*. 

4. Suppose the transverse 30, conjugate 18, height 5, and 
the squares of the radii 141 and 1.94-4 inches. Required tbe 
content. Ads. 2634-2316 cubic inches. 
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5. Suppose the transvene 45^ coniugate 27, height 9, dia- 
meters 72 and 544 inches. Required the content. 

Ans. 1064111 cubic inches. 

OF SPINDLES. 

A Spindle is a solid generated by the 
revolution of a segment about its chord, 
nins^ if ABC be a segment of the circle 
ABCD, and it revolve about the chord AC, 
the solid ABCF generated by the revolu- 
tion is called a Spindle ; AC is the length 
of the spindle^ BF = 2BE is its greatest 
4iameter^ and £0^ the distance of the chord 
from the centre of the circle^ is called the 
Central Distance. 

P&OB^ XXV. To find the content of a circular 
spindle. 

Rule. Multiply the area of the generating segment by th^ 
half of the centra) distance, and subtract the product from the 
third of the cube of half the length of the spindle, and four 
times the remainder, multiplied by 3*1416, will give the con- 
tent. See Appendix, Prop. 86, Part 2. 

1. Required the content of the circular spindle ABCF, of 
which the length AC is 40, and its greatest diameter BF 30 
ioches. 

15)400(26§ 




15 



Diameter 2 1 41 1) 15-000 (-360 ver. sin. — seg. -25455055 

^5 



Radius 20§ 



1736f 



Cent. dist. 2 { 5f 



15 44I-9280382 



1288-9567781 



4 cent dist. 2JJ ^x 20^ =2666-66666666 



1377-709888i56 
3-1416x4= 12-5664 

Content 17312*8535428464 

2. Required the content of a circular spindle, of which the 
length is 24, and the greatest diameter 18. Ans. 3739-576. 

3. Required the content of a circular spindle, of which the 
kogth is 32^ and the greatest diameter 24 inches. 

Ans. 8864*181 cubic inches. 
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4. Rehired the content of a circular spiodle^ of which the 
length is 48, and the greatest diameter 18 iocbes. 

Ans. 6770-318 cubic iDches. 

5. Required the content of a circular spiudle^ of which the 
length is 60^ and the greatest diameter 1 2 inches. 

Ans. 8660-251 cubic iodies. 

PaoB. XXVI. Tq find the content of the middle 
zone of a circular spindle. 

Rule. From the square of half the length of the ^iodk 
subtract a third of the square of half the length of the zoo^ 
and multiply the remaincler by half the length of the zone; 
also find the area of the space which generates the zone, ani 
multiply it by the central distance^ and subtract this from tk 
former product; and twice the remainder^ multiplied b^ 
8- 1416^ will give the solid content See Appendix^ Frop.8^ 
Parti. 

1. The length GH of the middle zone of the spindle ABCF 
18 40, and its diameters are BF 32 and KN 24 inches. B^ 
quired its content. 

4)400(100 

4 



Diameter 104)4-0000(-0S84y8y ver. sin. — seg. -00994038 

104« = 10816 

Radius 52 ■* 

16 107-51515 

— 12 X 40 = 480 

Central dist. 36 ^ 

16x88 = 1408 sq. of jlen. spin. Gen. space 587*51515 

ix400 = 133 J 36 

1 274| 2d product 211 505454 

2^ Ist product 25493*3333 



Ist prod. 25493-3 4342*7819 

6-2832 



Content 27286-605125 

2. Required the content of the middle zone of a circular 
spindle, the length 20, diametera 18 and 8 feet. 

Ans. 3657-15 cubic fietU 

3. Reauired the content of the middle zone of a circular 
spindfe) the length '^364 and the diameters 24 and 16 inches , 

Ans. 13089*676 cabic incto 
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'• 4. Required the content of the middle zone (»f a circular 
^jpindlcy Uie length 60, and the diameters 50 and 30 inches. 

Ans. 91302*31 cubic inches. 
. 5. Required the content of the middle zone of a circular 
^Ipindle^ the length 80^ and the diameters 80 and 40 inches. 

Ans. 298353-27 cubic inches. 

Pbob. XXVII. To find the content of an elliptical 
«pindle. 

Rule. Divide three times the area of the generating seg- 
ifnent hj the length of the^spindle, and from the quotient sub- 
: tract the greatest diameter, and multiply the remainder by 
;|pipr times the central distance, and subtract the product from 
:dh0 square of the greatest diameter ; and the remainder, mul- 
i^plied by the length and by -52S6y will give the content. See 
J^ppendiz, Prop. 86, Cor. 1, Part 2. 

1. Suppose the length AC of the spindle to be 
40> the greatest diameter BF 12, the central 
Artance OE 9 inches, and the area of the elliptic 
•^^ent ABC 167*7345 square inches. Required 
the content. 

Elliptic segment 167*7345 

3 




40 1 503-2035 



12-5801 
Greatest diameter 12 



4X9 = 



•5801 



20-88316 
12« = 144 



1231169 
40 

4924-674 
•5236 



Ans. Content 2578-55931 cubic inches. 

d. Let the length of the spindle be 48, its greatest diameter 

18^ and the central distance 24. Required the content. 

The elliptic segment is 296-8996. Ans. 6800972. 

5. Required the content of an elliptical spindle, the length 

Bo, tiie greatest diameter 24, and the central distance St 

Ans. 15113*306acu\ivt\iw3t!«fc* 
o 2 



! 
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4. Raqmred the eontnt of m dlipdod tpiadfe, dbe k|(i 
56t the gmtert diaiaeter l6, and the oentnl ^itoiKe H^ 
inches. Aoft. 40S9-418 akk Ma. 

5. Required the content of an elliptial tpindl^ iktlafk 
90, the grealM diameter 14^ and the caatnl diittittil^ 
inchci. Ana. 2565-4S2 onUciak . 

PsoB. XXVIII. To find the cootent of the midiiie i 
zone of an elliptic spindle. p 

RuLB. Find the area of the eUintic aegmenty of whiditk 
diord ii equal to the length of tne zone, and diridfe tiKC 
timei thii area by its lenfth^ and from the quotient nbtnH 
the difference between the greatest and least diameten ^^ ^^ 
tone, and multiply the remainder by eight times the oeotrf L 
distance. Subtract the product from the sum of twice tk 

Snare of the greatest diameter and the square of the least, at 
e remainder^ multiplied by the length and by -26lB,«l 
giTe the content See Appendix^ ^^P' ^f ^^' h ^^^' 

NoTB. The rules for an elliptical spindle and its zones «I 
give the content of a hyperbolical spindle and of its zones, 'i 
the product be added to the squares of the diameters instead i 
subtracting it 

1. Suppose the length GH of the zone (see last figure) to 
be 40, its greatest and least diameters FB 32 and KN24,tlie 
central distance 0£ 4 inches, and the area of the eUipticil 
segment cut off by the straight line KL 1(^ square inches^ 
Riequired the content of the zone. 

Elliptic segment, 109 32^ = 1024 

3 1024 



24«z= 576 



401327 



2624 



8175 5-6 

32 — 24 = 8 

2618-4 



•175 40 

4X8= 32 

104736 

Product 5-60 -261^ 



Ans. Content 27419*8848 cub. ind 

2. Suppose the length of the zone to be 60, its. greatest an 
least diameters 40 and 30^ and the central distance 20 incbe 
Required the content of the ^one. Ans. 64058*2081 cub. incbi 

3. Suppose the length oif the zone to be 48, its dia^ietci 



UEMSUKATIOH OF SOLIDS, 



ed the S 



36 and 38, aod the central distance I6 incheg. Required 
content of the ziKie. Ana. i2i6i'7S cubic inches. 

4. Sup|K)8e the length of the zone to be 30, itsdiaioeten 
%0 and 14, and the central distance 12 inches. Required the 
Dt of the zone. Adb. 7757-1035 cubic inches. 

SuppiMe the length of the zone to be 36, its diameter* 
30 aod 24, and the central diiitance ]8 inchex. Required the 
content of the lone. Ane. S33!6'l cubic inches. 

Peob. XXIX. To find the solid content of a para- 
bolic spindle. 

Rule. Multiply the square of the greatest diameter hy the 
length and bv -7854, and ^ of the product ia the content. 
Or multiply by -418879 to get the content. See Appendix, 
Prop. 87. 

1. Suppose the length AC to be 80, 
«d the greatest diameter BD 32 inchee. 
Hequured tbe content. 

32' = 1024 



819S0 
.^X -7854 = -418879 

Ana. Content 34314-56768 cubic inches. 
S. Suppose the length to be 64, and the greatest diameter 
) inches. Required the content. 

Ans. 1072S-33S cubic inches. 

3. Suppose the length to be 84, and the greatest diameter 
S6 inches. Bequired the content. Ans. 45601 cubic inches. 

4. Suppoee the length to be 73, and the greatest diameter 48 
inches. Required the content. Ans. 53201 cubic inches. 

5. Suppose the length to be lOS, and the greatest diameter 
88 inches. Required the content. Ans. 65325 cubic inches. 

P&oB. XXX. To find the content of the middle zone 
«f a parabolic spindle. 

Rut-B. To twice the square of the greatest diameter add 
Ae square of the least, aod from the sum subtract ^% of the 
Innate of the difference of these diameters, and multiply the 
^ nainder by the length and by -2618, to get the content. 

e Appendix, Prop. 87, Cor. 

I. Suppose the length FG to be 40, and the greatest dia- 
meter BD 32, and the least HK 24 inches.. Required tfa& 



I 
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S8< = 1024 


39 — 24s8 


1024 


8 


24«= 576 






6i 


2624, 


4 



25-6 



2598*4 
40 

losgse 

•2618 



25-6 



Ans. Content 27210*4448 cubic inches. 

2. Suppose the length to be 42^ and the diameters 34 fd 
27 inches. Required the content 

Ans. 33222-10584 cubic inchft 

S. Suppose the length to be 48, and the diameters S6aod 30 
ifacbes. Kequtred the content. Ans. 43701 cubic iocba 

4. Suppose the length to be 44^ and the diameters 34aod2l 
inches. Kequired the content. Ans. 35497 cubic iMki> 

5. Suppose the length to be 38, and the diameters 30 vA^ 
inches. Required the content. Ans. 23494 cubic incii» 

OF UNOULiE. 

An Unoula, or Hoof, is a part of a solid cut off by i 
plane inclined to the base. 

PaoB. XXXI. To find the contents of the parts 
into which a frustum of a rectangular or square pyra- 
mid is cut, by a plane passing through one of the sida 
of the base. 

Rule. One of the parts cut off will be a wedge^ of wbid 
the content may be found by Prob. XI. ; and this subtractii 
from the content of the whole will give the other part. 

1. Let the perpendicular height of the frustum of a sqmre 
pyramid be 287*9649 inches^ and the sides of its bases 15 sod 
o inches ; and let a plane pass through one of the sides of the 
lesser base^ and cut the side of the frustum at the perpendi- 
cular height of 119'98536 inches from that base: the feogtli 
of the section it makes is 9*7^ inches. Required the contcBti 
of the parts. 

((15+6)« — 15 X 6) X J X 287-9649 =33691-8933 frustnn. 
{1^+9-75) X 6 X J X 1 19-98536 = 260968I 6 wedge. 

Ans. Content 31082*2117 ranaio. 
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3. Let the height of the frustum of a rectangular pyramid 
30 inches^ the sides of the greater base 48 and 36^ and 
>se of the lesser base 36 and 27 ; and let a plane pass 
rough the lesser side of the greater base^ and cut the oppo- 
5 at the height of 20 inches; the length of the section it 
Lkes with that side is 30 inches. Required the contents of the 
rts. Ans. Wedge 15120^ remainder 24840 cubic inches. 

3, Required the contents of the parts of the frustum of a 
lare pyramid^ the sides of the bases 30 and 20^ a plane 
x>ugh the greater base passes through the lesser base^ the 
g:ht 72 inches. 

Ans. Wedge 28800^ remainder 16800 cubic inches. 

if. Required the contents of the parts of the frustum of a 

tenguiar pyramid^ the sides of the under base 40 and 30^ 

I of the upper base 24 and 18^ and the plane passes through 

greater sides of the two bases^ the height 42 inches. 

Ans. Wedge 21840, remainder 11088 cubic inches. 
^* Required the contents of the parts of the frustum of a 
fcaogufar pyramid, the height 60 inches, the sides of the 
l«r base 36 and 28, and of the upper 30 and 23^ ; a plane 
^cs through the greater side of the lower base, and cuts the 
iosite side at the height of 30 inches ; the section it makes 
^3 inches. 

Ans. Wedge 14700, remainder 36260 cubic inches. 

PaoB. XXXII. To find the content of the hoof of 
cylinder. 

Rule. Find the area of the base of the hoof, and multiply 
by the difference between the radius and the versed sine or 
ght of the base, and add the product to ^ of the cube of 
chord of the base, if the height of the base be greater than 
radius ; otherwise subtract them : the sum or difference, 
liiplied by the height of the hoof, and divided by the 
^ht of the base, will give the content. See Appendix, 
»p. 88. 

^OTE. If the cutting plane pass through the centre of the 
s, multiply the square of the diameter by ^ of the height 
he hoof to get the content. 

« Suppose the diameter AC of the base of 
cylinder to be 50, the height CF of the 
r 120, and the height or versed sine of its 
i C£ 10 inches. Required the content of 
hoof, 
lie chord is 40^^ the segment 279*5595. 
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50 )10-0 (- 2000 versed sine — Segment ■11183380 

\'40xl0 = 20 2500 



Chnrd 40 
18)64000 = 40' 



5333-33333 
4193-3925 



I 



Ans. 13679-29 cubic inches content. 

2. Suppnse the vei-»cd s^Ine uf the base l« he 40, the tat n 
before. Rerjuirecl the content. 

Here the churd ia 40, the base l6S3-93r,g. 

Ans. 9l777'I154 cubic iodici. I 

3. Suppose the cutting plane to pass through the ceotrt, [ 
tfae rest as before. Kcquired the content. 

Adb. SOOOOcul 

4. Suppiise the diameter of the cylinder 48, the versed aot 

of the huuf 30, and its height 36 inches. Required the con- , ' 
tenL Ana. 18604-97 cubic inche. , 

5. Suppose the dinmeter of the cylinder 36, the height nf* 
the hoof 42, and iis versed sine 12 inches. Required the con- 
tent. Ana. 5167-082 cubic inchet 

Pjiofl. XXXIII. To find Ihe content of the hoot 
of the frustum of a cone. 

Cabs I. WHcn tlie cutting plane passes through the ext^^ 
mities of the two bases, ' 

RuiiB. Take the E(|uare root of the product of the diamt- ^ 
ters at the base and the top of the hoof, and multiply ii hj ^ 
the diameter at the top, and take the difference tietweea the 
product and the square of the dianaeter of the base, and dmii 
it by the diSereuee of these diameten ; the quotient, multi- 
plied by the diameter of the base, by the height, and hf 
■2618, will give the content. See Appendix, Prop. §0, 
Case 3. 

1. Suppose Ihe diameter of the base of the hoof to be 3(1^ 
and the diameter of ilie fruttum at the top of the hoof to ti 
19% and the height 18 inches. Required tfae contetlt. ' 
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19*2 S0«=900 

9-2x30 = 24 460-8 

Product 460-8 SO — 192 = 1 0-8) 439 2 

40-6 
SO 



1220 
18 

21960 
•261 8 



Am. Content 5749*128 cub. inchet. 

. SappoM the diameter at the base 19-2, and that at the 
SO, and the height 18 inches. Required the content. 

Ans. 2943*55 cubic inches. 

^* Suppose the dianoeter of the base 24^ and the diameter 
he top 18^ and the height 36 inches. Required the oon- 
t. Ans. 7610*6 cubic inches. 

^ Suppose the diameter of the base 20^ that at the top 28^ 
^ tlie height 14 inches. Required the content. 

Ans. 2406*215 cubic inches. 

>• Suppose the diameter of the base 15^ that at the top 12^ 
1 the height I6 inches. Required the content. 

Ans. 1340*481 cubic inches. 

Case II. When the plane cuts off a part of the base. 

Rule. Find the tabular area answering to the quotient of 
e height of the base by its diameter, and multiply it by the 
ibe of that diameter for the first content. Also^ from the 
ight of the base subtract the difference between the dia- 
eters at the top and the base of the hoof^ and take the 
hilar area answering to the quotient of the remainder 
rided by the diameter at the top^ and multiply it by the 
be of tne diameter at the top^ and by the quotient of the 
^ht of the base divided by the said remainder^ and by the 
lare root of the same quotient, for another content. Mul- 
jy the difference of these contents by one-third of the 
g^ht of the hoof, and the product, divided by the difference 
^e diameters, will give the content of the under hoof; and 
i ho!of> subtracted from the content of the frustum^ will 
e the other hoof. See Appendix^ Prop. 90^ Case 2. 
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1. Suppose the height of the hoof to be 18> 
the diameter AC of the lower base 30, and the 
diameter FH at the top 19*2, and that the 

ftlane cuts off CE 20 inches height from the 
ower base. Required the content. 

20 

The tabular area of — is "55622573, which, miiIti|iliBi 

by 27000, gives 15018*09471 the first content; aodtkl,^ 
tabular area for 9*2 -«- 19*2 = -47911 i« -37 187178, whU 
multiplied by 19-2^ and by 20-^9*2, and 'J^O^gHyJP^ifa 
8436*45824, which, subtracted from the former GODta^|(c 
leaves 6581*63647; and this, multiplied by 6, and diTiU|3 
by 10*8, gives 3656*4647 the content. 

2. Suppose the plane to cut 15 inches for the height of lk|^ 
base, the rest as before. Required the content. 

Ans. 2517-8608 cubic iodA 

3. Suppose the height of the base 10*8 inches, the reiiv 
before. Required the content. Ans. 1 606*41834 cubic iodi&< 

Note. In this example, when the height of the base'i 
equal to the difference of the diameters at the base and top, 
the tabular versed sine for the second area is nothing. There- 
fore, multiply the first tabular area by the cube of the dii- 
meter at the base, and divide the product by the height of tbe 
base, for the first content. Also, multiply the height of tk 
base by the diameter at the top, and multiply the square rsot 
of the product by the same diameter, and tcfthe product aU 
one-third of itself, for the second content. The aifieieDcetf 
these contents, multiplied by one-third of the height of tk 
hoof, gives its content. 

4. Suppose the diameter of the base 36, and at the top il, 
the height 24, and the versed sine 18 inches. Requirea die 
content. Ans. Hoof 4945*152 cubic inciia> 

5. Suppose the diameter of the base 24, and at the top 52, 
the heignt 42, and the versed sine l6 inches. Required die 
content Ans. Hoof 11447*96 cubic inchft 

Prob. XXXIV. To form the five regular bodies 
with pasteboard. 

A Regular Body is a solid bounded by similar and n^ ' 
lar plane figures. Of these there can be only five* 

7 
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1. The TsTKABDBON^ bouDded bj four equi- 
triangflei. 

Make the equilateral triangle A^ and upon 
tide of it make an equilateral triangle. The 
B^ cut out of the paper^ and fold^ at its 
\y will form the tetraedron. 

2. The Hbxaedron^ bounded by six 
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Make the square A, and upon its sides 
e squares B^ C, D, E^ and on the outer- 
t side of D make the square F. The 
re^ cut out and folded^ will form the 
ron. 
3. The OcTAEDRON, bounded by eight 
Unilateral triangles. 

•' Make the equilateral triangle ABC^ and 
lihrough A draw AK parallel to BC^ and 
^•ake CE, EF, AD, AG, GH, and HK, 
MbA equal to BC, and join the points as 
in the figure. Wben folded^ this figure will form the octa- 
edron. 



^ 4. The DoDECAEDRON, bounded by 
P ftwelre pentagons. 

^' Make two regular pentagons A and 
^ B on the same straight line^ and on the 
^ '^ost distant sides of these make the 
_^ pentagons C and D ; then make a pen- 
^ 'tagon on each of the sides of C and D ; 

and the figure, when folded, will form 

tbe dodecaedron. 



5. The IcosAEDRON, bounded 
hy twenty equilateral triangles. 

Make the equilateral triangle 
ABC, and through A draw AD 
parallel to BC, and lay BC ^ve 
times on each of the parallels, and 
join the points as in the figure. This figure, when folded, 
will form the icosaedron. 

Their surfaces are got by finding the area of one of their 
faces, and multiplying it by the number of them. Thus the 
aquare of a linear side, multiplied by *4330127> and by 4, or 
by 8, or by 20, will give the surface of the tetraedron, or the 
octaedron, or of the icosaedron ; the square o{ tVi^ si^<(, tEkxiX^- 
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plied by 6, will g^ye the hexaedron ; and . the square of the 
side^ multiplied by 1*7204774^ and by 12, will give thenr- 
face of the dodecaedron. 

Or the surface and the solidity of any of the regular bodies 
may be found from the following Table. 

TABLE 

OF THE SURFACES AND SOLIDITIES OF REOCJLAB B0DIS8. 



No. of 
tides. 


Name. 


Surface. 


Salidity. 


4 

6 

8 

12 

20 


Tetraedron, . . 
Hexaedron, . . 
Octaedron, . . 
Dodecaedron, . 
Icosaedron, . . 


1-7320508 
60000000 
3-4641016 
20-6457788 
8-6602540 


01178511 
l-OOOOOOO 
0-4714045 

7-6631189 
2I8I695O 



Rule I. To find the Surface. Multiply the square 
of the linear side by the proper number in the table under 
Surface ; the product will be the surface. 

KuLE II. To FIND the Solidity. Multiply the cube of 
the linear side by the proper number under Solidity: the 
product will be the solid content. 

1. Required the surface and the solidity of an octaedron, of 
which the side is I6 inches. 

Ans. 16x16x3-4641016 = 886-81 square inches surface. 
16' X -4714045 = 1930-8728 cubic inches solidity. 

2. Required the surface and the solidity of a dodecaedroo, 
of which the side is 12 feet. 

Ans. Surface 2972*992 sq. feet, solidity 13241-86.95 cub. feet 

3. Required the surface and the solidity of a tetraedron, d 
which the side is 2 feet 

Ans. Surface 6-9282 square feet, solidity 0-9428 cubic feet. 

4. Required the surface and the solidity of a hexaedron, of 
which the side is 27 inches. 

Ans. Surface 4374 sq. inches, solidity I9683 cub. inches. 

5. Required the surface and the solidity of an icosaedron, 
of which the side is 15 inches. 

Ans. Surface 1948-557 sq. inches, solidity 7363-22 cub. in. 

Peob. XXXV. To find the convex surface of a 
solid ring. 

Rule. To the thickness of the ring add the inner diameter, , 
to get the axis; multiply this by the thickness, and bj 
9-8696, to get the surface. 
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1. Suppose the thickness of the ring 3 inches^ and the inner 
liameter 12 inches. Required its surface. 

Ans. (12 + 3) X 3 X 9-8696 = 444152 square inches. 

2. Suppose the thickness 2, and the inner diameter 18 
inches. Required the surface. Ans. 394*784 square inches. 

3. Suppose the thickness 3, and the inner diameter 14 inches. 
Required the surface. Ans. 503*3496 square inches. 

4. Suppose the thickness 5, and the inner diameter 18 inches. 
Required the surface. Ans. 1135 square inches. 

5. Suppose the thickness 6, and the inner diameter 24 inches. 
Bequired the surface. Ans. 1776*528 square inches. 

Fbob. XXXVI. To find the solidity of a ring. 

Rule. Multiply the axis by 3*1 41 6 to get the length, and 
tten by the square of the thickness, and by *7854 : the pro- 
duct is the content. 

' " Or multiply the axis by the square of the thickness, and by 
«'4674. .... 

1. Required the solidity of a ring 2 inches thick, of which 
Ae inner diameter is 18 inches. 

' 18+2 = 20 axis, 20 X 31416 = 62*832 length. 

Ans. 62*832 X 4 X '7854 = 197;39S cubic inches. 

2. Required the solidity of a ring, the thickness 3,. and the 
inner diameter 8 inches. Ans. 244*2726 cubic inches. 

3.' Required the solidity of a ring, the thickness 4, and the 
inner diameter 16 inches. Ans. 789*572 cubic inches. 

' 4. Required the solidity of a ring, the thickness 5, and the 
inner diameter 12 inches. Ans. 1048*65 cubic inches. 

' 5. Required the solidity of a ring, the thickness 6, and the 
inner diameter 18 inches. Ans. 2131*8445 cubic inches. 
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SURVEYING. 



Surveying is the method of determiDing the magnitodi^ 
pOAitioD^ and shape of lines^ fields^ &c. on the surface of tlie 
earth. 

For this purpose^ various instruments are used for aO' 
suring lines and angles. 

OF LINES. 

Straight lines are measured by applying to them a line ' 
known lengthy as a foot-rule^ a yaro, a measuring-line, tf ' 
chain. 

The Chain consists of 100 links^ and is distinguished utift 
end of every 10 links by a brass ring or point. It is madiif 
such a lengthy that 10 chains in length, and 1 in breadtly 
contain an acre. 

If the length of a pendulum vibrating seconds at OreemriA 
Observatory be taken 23 times, and the amount be dividel 
into 25 equal parts, each of these parts will be ne&rlf M 
English yard, or 22 of them an English chain; therewret 
link of it will be 7*92 inches.* 

The Scotch chain is 74*1196 English feet long, and iiA 
link of it is 8-89 inches. The Scotch ell is S7 Scotch iodid^ 
= 37*0598 English inches; and 6 ells make a fall. 

Of the Offset-Staff. This is a pole of 10 links lengtk 
It is divided into 10 parts, and the last of them subdivided 
into 10 smaller parts. Its use is for examining the chaai) 
which is liable to stretch with long usage or the roughnesKit 
the ground. It is also used for measuring short distance!, 
such as perpendiculars from the principal straight line to tbt 
hedges. 

Of the Cross. This consists of two pair of sights fixed 
on a pole, at right angles to one another. Its use is to deter- 

* The length of the pendulum vibrating seconds in a vacuum at A^ 
level of the sea in the latitude of London, is 39*1393 imperial inches: 
23 times the length of this pendulum comes to 900*204 inches, and S5 
yards to 900 inches ; so that 23 times the length of the pendulum is 
very nearly 25 yards. 




mine the point in wbich a perpendicular from a corner would 
meet the priDcipiil line thai is Dieaeured. More the erosa 
along the line, keeping; its extremities ia view thrnugh one 
pair of the sights, till the corner from which the pcrpendiculai: 
comes is Been through the other pair of eights: the cross is 
then at the foot of the perpend ie!ular. 

The Perambulator is sometimes used for measuring 
roads, &C. It turns upon a wheel, of which the ctrcum- 
Ference is 8-25 feet, so that 8 revolutions make an English 
chain in length. The distance meoEured is pointed out by an 
index moved by clock-work. 

Pkob. I. To measure a straight line in the field. 



I 



Erect poles at tbe extremities, and at convenient distances 
along the line, for showing the directioo. Ten arrotrs of iron 
or wood are used for pointing' the spot to which the chain 
estende, and for preserving the number of chains. Let the 
leader, or the person going before, take the end of the chain 
and the ten arrows ; and having stretched the chain, and 
taken notice that none of the links are involved in one another, 
let the follower, placing the end of the chain at the extremity 
of the line, direct him, by waving his hand towards the right 
or left, into the proper direction. And the leader having 
fixed an arrow at the end of the chain, let them both go for- 
ward with the chain, till the follower comes to the arrow: 
there let liim direct the leader as before, who fixes another 
arrow, while the follower takes up the former one. Let them 
proceed thus, till all the arrows are in the hand of the follower, 
and tbe chain stretched beyond the last of them ; then let the 
arrows be conveyed to the leader, and let him lis one of them, 
and proceed in the same way till all the arrows are again 
changed, or till he has arrived at the end of the line to. be 
measured. And at the last, let the follower reckon tbe num- 
ber of changes, the number of ariows in his hand, and the 
number of links between him and the extremity of the line. 
Thus, S changes 7 arrows and 45 links, mate the length of 
the line to be 3745 links. 

The surveyor, while measuring a straight line, ought cai'e- 
fully to take notice of every surrounding object of which the 
pobition can be more easily determined from it than from any 
other line wbich he intends to measure. He ought to mark 
the distance at which the line meets a corner, or crosses a 
boundary, or begins or ceases to run along a. hedge, a wall, or 
a road. He must likewise mark the distances at which per- 
l«ndiculars or offsets are to be raised ; and, in general, every 
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thio^ which may tend to shorten his other operatioai in th 
mvnrey, or will assist him in drawing his plans. When bek 
•eitlea^ by the cross^ the place of an ofnet or diort perpeoi' 
cular, it will be easiest to measure the length of it m be f» 
along, to sa?e the time and trouble of returning to the phisi 
second time. 

It is proper to remark, that the plan ought to be dnii| 
upon paper, with horizontal distances only ; otherwise it m 
be impossible to join several fields together without diswikf 
For when several lines are to be ioined together, a snsllafff 
in the lengths of some of them will alter the pocdtion of o(M[ 
a circumstance which has a greater tendency to distort »si 
plan, than even the lengths of the lines themselres. Itkik 
nowever, impossible for a surveyor to ascerUun the exact Mf 
of every elevation and depression of his lines ; but it wonVbl 
of great advantage to him to take a level at that portwliiij 
he lodges to have a mean inclination. This may be i^\ 
with the offset-staff thus : — Having laid the chain aIoo{[ '^l 
part, place one end of the offset-staff at the uppennostrf^ 
links on it, and let the assistant take the other end, and bT^ 
and plummet hung exactly over the other end of the 1^^- 
on the chain, and let the surveyor apply a pocket or oH'K 
level to the staff; and when it is level, the line of theph^l^ 
met will point out on the staff the horizontal length of tMV|^i 
links of the chain. Consequently, by using a diagoiul ^1^ 
of 10 to a link, it will point out how much the lioe iito*|N 
diminished to get the horizontal length of it. 

I! 

OF THE IN8TBUMENTS U8BD FOB TAKING AXQJ^ 

Angles in the field are taken either in a vertical or it'lin 
horiflontal plane. The former are measured by a QoaMu 
and the latter by a Theodolite or Circle. 1^ 

A Quadrant is the fourth part of a circle of any Ofl^T 
nient radius. It is made of brass or wood, and the Vt^\ 
divided into 90 degrees, and each degree is subdivided iB^j 
smaller parts. The degrees are numbered from one extrenntl> 
called the beginning of the arc, to the other extremity ^' 
end of it. 

The most simple quadrant, ABC, has a 
line with a plummet suspended from its 
centre, as AD, which, when hanging freely, 
is always perpendicular to the horizon ; and 
sighU, or a telescope, is affixed to the radius 
AB, which passes through the 90th degree, 
or end of the arc, to direct the eye in a 
stri^ht line towards the object. 
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lometimes in index AD, with 
laeopic ttghtis it made to re?olTe 
nd the centre A ; in which case a 
riulerel is fixed to the radius AC, 
idi passes through the beginning 
the arc The telescope is placed 
mg AD. But sometimes the de- 
lft are numbered from B, and a 
ilKope is fixed at D, perpendicular ^ 

the index AD. 

Ilie Theodolite is the most complete instrument for sur- 
ing. It consists of a brass circular plate, the circumference 
rhich is divided into 360 degrees, or twice 180 degrees^ 
each degree is subdivided into smaller parts. An index 
1 a compass on it is fixed to the centre, and revolves round 
And on it is erected a semicircle, perpendicular to the 
^ of the instrument^ furnished with a telescope perpendi- 
K* to the index of it, which moves round its centre. The 
:>■£ the circle is for taking horizontal angles, and that <tf 
semicircle is for taking vertical ones. The instrument is 
ished with two spirit-levels for placing the plate, and the 
Cdope, when at the top of the semicircle, in a horizontal 
^tioD ; in subservience to which, the tripod upon wfaicll 
instrument stands has four screws, &c. A more particular 
*^tion of this instrument, in its most improved states 
Idf scarcely be intelligible to a learner, without seeing and 
^ it ; and it is therefore omitted here. 
^e CiBCUMFERENTBR is a circlc, on the centre of which 
large compass ; and the circumference is divided^ not only 
^ points ana quarters, but also into degrees and parts of a 
?ree. An indTex or two is moveable ali^ut the centre. Its 
i is the same with that of the theodolite ; only, when using 
greater reliance is placed upon the compass. It is chiefly 
cd for surveying mines. 

Large Levels, with telescopic sights, are often requisite 
r fioding the elevation of one place above another in feet, &c. 
td the surveyor ought also to be possessed of several pocket- 
'els, to be applied when occasion requires them. 
Each of the indices of these instruments has a Nonius, for 
lUing the artist to read off minutes. The nonius is a scale 
which the number of divisions is greater by one than the 
mber in the same space upon the arc If the nonius 
apy the space of 29 divisions on the arc, it is divided into 
equal parts, by which means each division will exceed one 
toe nonius by 3*^ of a divinon on the arc ; «o t\\9Ll, \^ 
ring forward the index 3^ of a divuioii ot V\i« «xc, ^«i 
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first one on the nonius will coincide with one on the arc; 

and hy moFiDg another ^, the second will coincide, and soaa. 
Consetiuently, if the arc be divided into half degrees, the 
DODtui will point out niiQutes. 

INSTRUMENTS USED IN DBA WING FLANS. 

The surveyor ought to be provided with compasses of 
various sizes, some of which must have very Gi 
of steel and for ink. He ought also to have di 
different finenesses, for drawing coarse and fioi 
numher of scales of various sizes, from one chaii 
8 or 10 chains io an inch, which ought to have the dinsioM 
marked on the edges for laving down distances without com- 
passes. He will also stand in need of lines of chords, and 
E retractors of different radii ; and, for the sake of espedittoD, 
e ought to use parallel and perpendicular rulers and reducing 
scales. 

Phob. II. To take a vertical angle in the field. 

Vertical angles are denominated Angles of Elevation when 
the object is higher than the eye, and Angles of Depression 
when it is lower. 

1. To lake an angle of elevation. If the 
quadrant ABC have 3 plummet, place tlie 
eye to the linib B, and look through the 
sights in AB to the object S, and the line and 
plummet AD banging freely, will cut off the 
arc CD from the end C, farthest from the 
sights, the degrees, &c. of which will be the 
measure of the angle EAS, contained by the hor 
AE, and the visual ray AS ; for DAE and CAS a 

If the quadrant have a telescope fixed 
on the index AD, which moves about 
the centre A: Having levelled the ra- 
dius AC, and directed the quadrant 
towards the object S, move the index 
AD till S is seen at the crossing of the 
wires of the telescope; then the arc ! 
CD is the measure of the angle CAD. 

If the telescope be at D, perpendicular 
to AD, move tlie index, till, looking through the telescope, 
the object E is in the centre of the telescope ; then the arc 
BD is the measure of the angle of elevation. 
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K'S. To lake an atigle of depression. If 
tbe quadrant ABC have a plummet, 
place the e3'e at the centre A, and Iwik 
tlirough the sights in the radius AB to 
the object S below, and tbe line of the 
plummet AD will cut off ihe arc CD, 
the measure of tbe angle of depression EAS; for EAD and 
BAC are right angles. 

If the teleEcope be on the index AD, place the eye at the 
limb D, and look dnwn to S through the telescope; and the 
arc CD is the measure of the angle of depression. 

If the telescope be perpendicular to the indes, depress the 
object-glass till the object be seen ; and the arc BD between 
the index and the vertex is the measure of the angle of de- 

Prob. III. To measure a liorizontal angle in the 
geld. 

First, milk the Theodolite. Having placed the inatruiaent 
at the angular point, and the cipher of the index at the 
beginning of the degrees on the circle, turn the whole Instru- 
ment about till a distant pole in one of the aides of the angle 
be seen in the centre of the telescope ; there fix the inatru- 
tnent, and turn the index upon it, till a pole fi.ted in the 
other side of the angle be seen in the centre of the telescope : 
then the degrees, &c. mored orer by the index is the measure 
of the an^le. 

Secondly, with Ike Circumferenter or the Compass. Having 
fixed the instrument, so that the north point of the cnmpaas 
point to the fleur-de-lis, direct the sights to a mark in one side 
of the angle, and mark the degrees, &c. pointed out by the 
needle. Then turn the sights towards a mark in the other 
side of the angle, and again mark the degrees cut by the 
needle. Their sum or difference, according as they are on 
different or on the same side of the north or south points, will 
gire the quantity of the angle. 

Note. The degrees marked show the bearing of the sides 
of the angle, allowance being made for the variation. 
' Thirdly, mitk the Chain. Extend the 
chain along one of the sides, from the an- 
gular point A to B, and along the other ^V^^^ 
•ide from A to C, and measure from C to B. \'^ 

Then, having drawn the triangle ABC upon a. C"~ 

paper, the angle BAC may be measured with 
a protractor, or with the line of chords. 

XoTB. If a table of natural sines be at hand, look among 
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e for ^BC, and the ilegrees, &c. aaswering to it vUl be I 
half the angle BAG. | 

Fourlklt/, nilk the Crass. If the angle 
be acute, a§ BAG, place the cross at B iQ 
one of the sides of the angle, so that one 
pair of the Eights may be directed along 
AB ; and, looking through the other pair " "r: 

of sighta, let au assistant mark the pntuC C of the line AC, 
which is Been through them ; and then the angle BAC ti "" 
determined hy measuring AB and BC. If the angle be obtUM, -^ 
as CAD, it may be determined by meafiuring its supplemeLI !' 
BAC, or by placing the crosa at A, so that AD may be sew r- 
through one pair of the eigbis; then let an assistant placet ^-' 
distant mark at E, seen through theother pairof sights; afltr * 
which measure the angle £AC as before, and add a rig^t *' 
angle to it, ■& 

Peob. IV. To make or lay down an angle in the field. ■!■ 

First, with the Theodolite. Having placed the inKtrumeit ,,g 
at the point at which the angle is to be made, and fixed tbt -, 
index at the beginning of the degrees, turn the theodolite . 
until a mark is seen in the given line, there fix it, and tun _ 
the index upon it the proper way over the given number of ,^ 
degrees ; then, looking through the telescope, direct an ^ 
assistant to place a mark. _ 

Secondly, nrith the Chain. The angle must 
first be made on paper, as ABC. Make Bi ani' 
Be each SO, and measure be. Lay 30 links o. 
the given line on the ground from B to £ ; ani 
having reckoned as many links of the chain i 
are in the sum of Be and ch, fix the ends of them at B and h, . 
and, taking SO links from B in your hand, go backward till 
both ends of the chain are equally stretched, and there fii i 
pin in the ground, which will give c. 

Fbob. V. To raise a perpendicular in the field. 

First, tvilk the Tkeodolile, Circumferenler, ^. At tBe 
glren point in the line make an angle of 90°, hy the last pn- 

Secondly, nitk the Cross. Having placed 
the cross at A, and directed one pair of the 
sights to a mark B in the given line, look 
through the other pair of sights, and cause's 
mark D to be placed in that direction. 

Thirdly, faith the Chain. Measure in the given line 2f> J 
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inks from A to B, and as many from A to C; and, fixing 
be ends of the chain at B and C, take hold of the 50th link, 
nd go backwards till both ends of the chain arc equally 
:retched, and there fix a pin at D ; then AD will be perpen- 
icular to BC. 

pROB. VI. To drop a perpendicular in the field. 

First, teilh the Crost. Move the cross along the given line, 
I that its extremities appear through one pair of the aightSf 
ntil tbe given point is seen through the other pair. The 
utrument is then in the point of the line upon which the 
erpen<ticiilar falls. 

Secondly, with the Chain. Measure a 
luight line from the point A to any noint 

I of tlie given line. Let BC be a chain in 
lat direction. Fix one end of the chain at 
, and with the other go along the given line 

II the chain is again stretched, and there 
lake a mark, at at D, Measure BD, and multiply ^BD by 
A, and cut off two figures from the right of the product : the 
est will give BF, the distance of B from the foot of the per- 
leodicular AF. 

Thirdly, viith tlic Theodolite. Fix the in- A. 

trament at any point B of the given line BC, .-'' 

md measure the angle ABC bv Prob. III.; / 

ihen fix the instnimeot at A, and hy Ptob. IV. -g A — 

make the angle BAG the complement of ABC, 
lad AC will be the perpendicular required. 

Peob. VII. To run a line in the field parallel to a 
given straight line BC. 

Take any point B in the given line BC, and 5 __ a 

Di«asure the angle ABC contained by BC, and ^-^* 

ihf line directed to the given point A ; then at .,-'' 

A make the angle BAD equal to ABC, and b c 

AD vill be the direction of the parallel. 

OF THE PLANE-TABLE. 

This is an instrument much used in surveying, when the 
niney is not large, because it gives the plan of the ground, as 
veil as its quantity. It is a rectangular board fixed upon a 
Iripod, with a ball and socket- for giving it any inclination. 
It nasa loose frame fitted to it, one side of which is divided 
into equal parts all around ; and the other side is divided into 
360 degrees, by lines directed to tbe centre of the table ; and 
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compass is fasteoed to one of the sides of the table. Tbere I 
a. loose iodex U> be used with it, having' a. telescope pltcitd I 
parallel to its fiducial side ; aud there nre several plane scaln f^ 
upoD the iodes. For laying dnwn the measured distances. A 
sheet of paper, moistened e<)uallv with a sponge, is spread upcn 
the table, aod the frame pressed duwi) upon it to keep it fixed. 
The paper will become smooth when it is dry, and it will then 
be fit for drawing the plan upon. 

Ad angle may be measured with the plane-table, by placio; 
that side of the frame uppermost which has degrees on it, and 
proceeding as with the tlieodolite. Or the angle may be dram t_ 
on the table, by directing the index to marks in the eidttiif ^ 
the angle in the field ; and, in like manner, a given aoglE E 
may be formed in the field by the table. Also, a perpeodi- t 
cular may be drawn in the tield with it, by placing the ceotit R» 
of the instrument at the given point, and turning it, till tb( 
index, while cutting the same divisions on oppoEite sides of ibe 
frame, is in the direction of the given line: then, if the indci 
be made to cut similar divisions on the other sides of the table, 
it will give the direction of the perpendicular. 

OF HEIGHTS AND DISTANCES. 

Fkob, VIII. To find the height of an object A, 
■when the point B on the level ground, directly below 
it, is accessible. 

On the level ground measure any distance 
BC tn a straight line, and at C take the 

angle of elevation ACB with a quadrant. 

1. Suppose BC 236 feet, and ACB 35= iS'. .^'' 
In the triangle ABC, right-angled at B, are (^ " b 
given BO S36, and ACB 35° 48'. To find 

AB. Ans. R ; tan. C : ; CB : BA 170-208 feel. 

Note. The height thus obtained is that above the level of 
the eye of the observer, and must be increased by the heigbl 
of the eye, to have its height above the level ground. Tlie 
same is to be done in all the observations on heights. 

2. From the bottom of a steeple I measured upon a lertl 
plane a straight line 136 feet, and at its extremity I took iht 
elevation of the top of the steeple 47" 25'- Bequired ik 
height of the steeple, Ans. Ii7-98f«l- 

3. The elevation of a wall, taken from the edge of the ditcli 
18 feet wide, was 62° 40'. Required the height of the wall, 
and the length of a ladder to reach the top of it. 

Ans. Height 34-824, ladder 39-2014 feel. 
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Near the bottom of a liil! I took the elepatioa of its ton 
156 feet. Required 



54," 40', and the altitude of tife hill was 
the distance of my staiion from ita top. 




At 85 feet from tlie bottom of a tower, the angle of its 

«leyatioQ waa 52° Sff. Required its altitude. 

Ana. 1 1074* feet. 

' " "" :S 

1417-01 feet. 

PiLOB. IX. From the lop of a known height AB, to 
find the distance of an object C, on the plane below. 

Take the angle of depression ...p. a 

CAD ; then, in the triangle ABC, 

right-angled at B, lire given AB, .--'"^ 

nippoee 83 feet, and the angle ACB ,.--'' 

= DAC, BuppoBe 23° 37', To find C" B 

AC or BC. 

Ans. Sin. C : R : : AB : AC 207181 feet, and tan, C : R 
i: AB ; BC 189-829. 

Note. If AC be given, AB and BC may be found from it. 

2. Let the sloping side of a hill AC be 268 feet, and the 
angle of depresMOn at its top DAC, be 33° 45'. Required the 
base BC, and ita peipendicular height AB. 

Ana. BC 222-834, AB 148-893 feet. 

3. From the top of a mast 80 feet high, the angle of 
depression of another ehip's hull was 30°. Required their 
distance. Ans. 219-798 foet. 

4. From the top of a tower 120 feet high I took the 
depreasion of two trees 57" and 25° 30'. Required their 

tiuccs from the tower and from each other. 
Ans. 77-93 feet, and 251-58 feet, and 173-65 feet. 
, Suppose the mean semidiameter of the sun subtends at 
earth an angle of l6' 7^"j what is his distance from the 
h? Ans. 213-2379 Bemidiameter*. 

6. From the top of a lighthouse 1 10 feet high I observed 
IwoBhips in a straight line from it, and took the angle' of 
■depreraioD of their hulls 56° 44' and 18° 26'. Required their 
^Mance from the lighthou^. 
^m Ans. 72-165 feet, and ^30-032 feet. 

^HPkob, X. To measure an inaccessible height AB. 

On the level ground mesBure any ,.y- 

distance CD, in a straight line to- --'''/'I 

wards the height, and at C and D ,,--'' _/'' I 

tak e the angles of elevation ACB ,--'' ,■' i 

ADB; their difference is ---'' 1 

Let CD be 948 yards, C Xl U 

8,23° 30', ADB 37-'24'; then CAD is 13° 54'. 
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Ant. SId. cad : sin. ACD : : CD : DA, sad R : tin. D 
DA : AB 250OS6 yards; that is, on. C xsib. DxCD 
sio. (D — C) = AB. 

Or the dittereDoe of the natural ootaogents of C and Dal 
the nulius as CD to AB. 

2. Sailing in a boat, a hill was obsenred, and the denk 
of its top alwFe the level of the sea was 27^ S8\ After aabf 
540 fathoms, each 5 feet, directly towards the hilf, the eb» 
tion of its top was 35"* 28'. Required the height at tbf Mj 
abore the level of the sea. Ans. l066'26Mm^ 

S. The elevation of a hill at the bottom of it was 46',ai\ 
at 100 yards distance 31^ Required the height of it 

Ans. l^'Wjuk 

4. The angle of elevation of a tower was 2&*S(y,mi\ 
yards nearer to it, the elevation was 51^ 26^. ReqoMii 
height and disUnce. Ans. Height 6l -97, dist 49^9^ jfS^ 

5. Measured 149 yards towards a hill, and at theeili^ 
mities of the line the elevations of its top were 29^1^^ . 
Sgr 25'. Required its height. Ans. 265<» p^ r 

Prob. XI. To measure a height which has no 1^ P 
ground before it. |''i 

Take two stations C and D, in a ^ A 

vertical plane, and measure CD, and * y /^ 

at C take the elevation of D above C, ^^^B.--'''' -/fl 
viz. GCD 3V 26', and the elevations ^^'31 ll 

or depressions of the top and bottom of AT^^ISpE ll 

the height, viz. ACF 53? 2&, and ^^11 

BCF IS"" 32', and at D take the elevation of the top AlJ^f 
22"" 3(y, and let CD be 286 feet. Since £DC=:IP> 
ADC = ADE + DCG = SS"* 56', and DAC = ACF - h^ 
The triangle ADC has two angles ; and the side CD gwes,* 
find AC. Then in the triangle ACB are given ACB^ 
ACF ±: BCF, and B = 90° dl BCF, and AC ; to find AB. 

Ans. Sin. DAC : sin. ADC : : DC : CA, and on. I 
: sin. ACB : : CA : AB 271 39. 

Note 1. If D£ be above A, the angle DAC is the sumt 
ACF and ADE ; otherwise it is their difference. Alao, '■ 
this case ADC is the difference of DCG and ADE ; othe 
wise it is their sum. Also, when F is below B, the ang 
ACB is the difference of ACF and BCF ; otherwise it istlx 
sum. 

Note 2. If the stations C and D cannot be convenient 
taken in a vertical plane, they may be taken anywhere, • 
then the angles ADC and ACD must be measured lAtb 
sextant, and the triangle ACD wUl ^ve the side AC. ' 
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- At a eonidenlile distaiioe from a hill, I took the elera- 
of the top, of a tower built upoo it, SS^ 45'; and mca- 
Dg^ on lerel ground 300 feet directly towards the hill, I 
ta took the ele?ations of the top and the bottom of ihe 
tt 51** and 40^. Required the height of the tower. 

Ani. 46*666 yards. 
^ At a window on a level with the base of a steeble, 1 took 
' tleration of its top 40° ; and at another wiaaow of the 
•e boose 18 feet higher, I took again the eleiration of the 
> of the steeple 37^ 30". Required the height of the steeple. 

Ans. 210-44 feet. 
w The eleiration of the top of a hill at one station was 38^ 
Another station was taken 450 feet from the first, but 
bier on a Ie?el with it nor in. the direction of the hill. At 
first station, the line from the other station to the top of 
a^fil subtended an angle of 67^ 30^; and at the second, the 
fxH)m the first to the top of the hill subtended an angle of 
h^. Required the height of the hill. Ans. 441*25 feet. 
I measured directly up a hill 132 yards : there I took 
(^pression of the hill 42°, that of the bottom of a distant 
^ 27°, and that of ite top Iff*. Required the height of the 
^« Ans. 28*&7 yards. 

^OB. XII. To find the distance of a place A, from 
^accessible object B. 

^st Let B be visible from A. Choose a 
CHi C, from which both A and B can be seen. 
*%re AC 650 yards, and take the angles 
C 72° 22', and ACB 78° 37', with the theo- 
te. Then ABC is 29° 1', and sin. B : sin. C / \ 
}A : AB 1313-67 yards. 
ieeondkf^ Let B be not visible from A. 
now a station C from which both A and B 
f be seen, and their distances from it mea- 
id. Take the angle ACB 75° 38', and measure AC 358, 
CB 560 feet. 

Iins. (BC+CA)918 : (BC — CA)202 :: tan. i(A+B) 
11' : tan. 4(A — B) 15° 497'; whence BAC is 68"* 0-7', 
sin. A : sin. C : : CB : BA 585-041. 
. A straight line was measured along the bank of a river 
fiset, and at its extremities the angles contained by it, and 
ight lines directed to a tree upon the opposite bank, were 
not and 73° 26'. Required the breadth of the river. 
m.. 648*366. perp. breadth, and 676*444 feet to the nearest 
on. 
. Straight lines from a station to two places measooradL Q^ 




182 SURVEYIKG. 

Ans. Sin. CAD : sin. ACD : : CD : DA, and R : tin. D : : 
DA : AB 250 026 yards; that u, sin. C xsin. D xCD-i- 
ain.(D — C) = AB. 

Or the difference of the natural cotangents of C and D ii to 
the radiuB as CD to AB. 

3. Sailing in a boat, a hill was observed, and the elerBlioii 
of its top above the level of the eea was 27° 38'. After sailing 
,'i'lO fathoms, each 5 feet, directly towards the hill, the elen- 
ti«n of its top was 35° 2S'. Required the height of the M 
abo7e the level of the sea. Aus. I066-2b' &tfaoiDi. 

3. The elevation of a hill at the bottom of it was 46°, u>i 
at 100 yards distance 31°. Required the height of it. 

Ads. 143-145 yardi. 

4. The ang-le of elevation of a tower was 26° 30', and, Ii 
yards nearer to it, the elevation was 51° 26'. Required iti 
height and distance. Ads. Height 6l 97, dist. 49-294 ywdi. 

5. Measured 149 yards towards a hill, and at the estic- 
mities of the line the elevations of its top were 2Q° 17'aDd 
39° 25'. Required ita height. Ans. 263-02 yardi. 

Pros. XI. To measure a height which has no lesel 
ground before it. 

Take two stations C and D, in a A 

vertical plane, and measure CD, and 
at C take the elevation of D above C, 
viz. GCD 31° 26', and the elevations 
or depressions of the top and bottom of 
the height, viz. ACF 53° 26', and 
BCF 18° 32', and at D take the elevation of the top ADE 
22° 30', and let CD be 286 feet. Since EDC = DOG, 
ADC= ADE+DCG = 53° 56', and DAC = ACF— ADE. 
The triangle ADC has two angles ; and the side CD given, to 
find AC. Then in the triangle ACB are given ACB = 
ACF zb BCF, and B = 90° zb BCF, and AC ; to find AB. 

Ans. Sin. DAC : sin. ADC : : DC : CA, and no. B 
; sin. ACB ; : CA : AB 27139. 

Note 1, If DE be above A, the angle DAC is the sum nf 
ACF and ADE; otherwise it is their difference. Also, in 
this ease ADC is the difference of DCG and ADE ; other- 
wise it is their sum. Also, when F is below B, the angle 
ACB is the difference of ACF and BCF; otherwise it is their 

Note 2. If the stations C and D cannot he conveniently 
taken in a vertical plane, they may be taken anywhere, anil 
then the angles ADC and ACD must be measured with » 
sextant, and the triangle ACD will give the side AC 
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P* £■ At 3 coDeiderable distance from a bill, I took the elen^ 
tiou of the top of a, ton-er built upon it, 33" 45' ; and mea- 
sunng on level ground 300 feet directly towards the hill, I 
agaia took the elevationii of the top and the bottom of the 
Wwer 51° and 40". Kequired the height of the tower. 

Ans. 46'666' yard*. 

3. At a window on a level with the base of a steeple, I took 
the elevation of its top W; and at anuther window of the 
same house 18 feet higher, I took agiiin the elevation of the 
top of the steeple 37° 30'.' Required the height of the steeple. 

Ans. 210-44 feet. 

4. The elevation of the top of a hill at one station was 38^ 
35'. Another station wa* taken 450 feet from the first, bul 
neither on a level with it nor in the direction of the hill. At 
(he first station, the line from the other station to the top of 
the hill subtended an angle of 6?° 30' ; and at the second, the 
line from the first to the top of the hiti subtended an angle of 
74° 48'. Required the height of the hill. Ans. 441-25 feet. 

5> I measured directly up a hill 133 yards: there I took 
the depression of the hill 42°, that of the bottom of a distant 
f*ject 27% and that of it* top 19°. Required the height of the 
object. Ans. 28-637 yards, 

Pkob, XII. To find the distance of a place A, from 
an inaccessible object B. 

First. Let B be visible froni A. Choose a -n 

KtatioQ C, from which both A and B can be seen. 
Measure AC 630 yards, and take the angles 
BAC 72° 22', and ACB 78° 37', with the theo- 
dolite. Then ABC is 29= 1', and sin.B : sin. C 
:: CA ; AB 1313-67 yards. 

Secondly. Let B he not visible from A. 
Choose a station C from which both A and B 
may be seen, and their distances from it mea- 
sured. Take the angle ACB 75'' 38', and measure AC 358, 
aud CB 560 feet. 

Ans. (BC+CA)9I8 : (BC — CA)202 : : tan. K^+B) 
52" 11': tan. ^(A — B) 15° 49-7'; whence BAC is 68'' 0-7', 
and sin. A: sin.C:: CB : BA 585-041. 

3. A straight line was measured along the bank of a river 
Sas feet, and at its extremities the angles contained by it, and 
ilraigbt lines directed to a tree upon the opposite bank, were 
62°40' and 73° 26'. Required the breadth of the river. 

'ins. 648-S66perp. breadth, and 676-444 feet to the nearest 

Straight lines from a station to two places measured 694 
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and 456 yards, and tlie angle contained by tliem was 137° 16'. 
Required the distance of the one place from the other. 

Ans. 1035-773 yanJs, 

5. To find the distance between two trees, I found the ang;Ie 
it subtended at a station to be 55° iO", and measured from the 
atatioD to the trees 58S and 672 yards. Kequired their dis- 
tance. ■ Aqs. 592-967 yanti. 

PeoB. XIII. To find the distance between two 
]}!aces A and B, both of them inaccessible. 

Take two stations C and D, such, that A 
from each of them the other elation and the 
places A and B may be seen. Measure CD 
1267 links, and at C take the angles BCA 
53° 38', and BCD 34° 50', and at D take 
the angles ADC 43" 44', and ADB 58" 38'. 

In the triangle ADC, the angle ACD is "" 
88= 28', and CAD 47° 48', and sin. A : sin. C : : CD : DA 
1709-69. Also, in the triangle BCD, the angle CDB is loa' 
22', and CBD 42° 48', and sin. B : sin. C : : CD : DB 
I065'I4. Lastly, in the triangle ADB are given AD and 
DB, and the angle ADB . (AD + DB) 2774-83 : (AD — DB) 
644-55 ;; tan, ^(A + B)60°41' : tan. ^(A — B) 22° 28i'; 
whence ABD is 83° 9^', and sin. ABD : sin. ADB ; : DA 
: AB 1470-304 links. 

2. To find the distance between two steeples A and B, I 
took two stations C and D, distant 428 j'ards from oec 
another; and al C took the angles ACB 54" 30', and BCD 
42° 26'; and at D took the angles CDA 40° 44', and ADB 
57° 42'. Required the distance of the steeples. 

Ans. 546-704 yards. 

3. To find the distance between two places M and P, 1 took 
two stations A and B, distant from one another 9^8-36 feet; 
and at A look the angles PAM 14° 34', and MAB 4*° Ifi*; 
and at B took the angles ABP 96° 44', and PBM 18° sg/. 
Rei{uired the distance between M and P. Ans. 67464 feet. 

Note. If the distance between the objects be known, and 
the distance between the stations be required, assume 1 or 
1000 for the distance between the stations, and with it God 
the distance between the objects. Then, as the distance found 
is to the giren distance, so is 1000 to the true distance be- 
tween the stations. 

4. Suppose the distance AB 700 feet, and at the station C 
let ACB be 42= 45', and BCD 54° 12', and lei the angles at 
D be ADB 50° 19', and ADC 57° 33'. Required the dis- 
lance CD. Ans. 33004 feet. 
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5. Ta find the distance between two lig'hthouses A and Bi 
I measured the distance between two stationK M and R 3370 
yards, and at M took the angles AMB 37° S3', and BMR 
91° 27', and at E the angles ARM 29" 5&, and ARB 40" 27'. 
Required the distance AB. Ana. 70(J3-4()5 yards. 

6. At a station C took the anirle ACB, subtending a line 
AB 3291 yards, and found it 4° 35', and the angle BCD 
between B and anoihet station D 86° 53' ; and at D took the 
anfles ADB 8° 24', and ADC 70° 23'. Required the di»- 
lance of the stations from one another. Ans. 3370'423 yards. 

Peob. XIV. Given the distances of three places, 
A, B, C, from one another, viz. AB 317, AC 308, and 
BC 478 feet, and the angles which thcao distances Bub- 
tend at a station D in the same plane with them, viz. 
ADB 24° 5(y, and ADC 27" 4* ; to find the distance 
of the station D from each of the places. 

Having; drawn tlie triangle ABC, make j^ 

St the point C, on the side of BC, opposite x^Sv 

10 that on which the elation D lies, the angle t>>^7^^ 

BCd 24= 50', and at B the angle CBd 27° /f~y -^^J 

H', and about the triangle BCd describe a I i / ,''' '• 
circle, and join Ad, meeting the circle again i ; ,' x' ; 
ia D, and join BD and DC. •■M-'' J 

The three sides of the triangle ABC are ^■... ^ 

pren to find the angle ABC 39" 25' 14"; 
ihen AB(i = ABCrt'/BC =67" 9' 14", when A and d are 
on different sides of BC, or=ll'' 41' 14", when, as here, A 
aad d are on the same side of BC. Also, the angles of the 
triangle BCd are given, with the side BC, to find Bd 252'7 
feet. Again, in the triangle ABii are given the sides AB 
and Bd, and the included angle ABd, to ^od the angles AdB 
131" 53' 53", and BArf 36" 24' 53". Then in the triangle 
ABD are given the angles and the side AB, to find BD 
M8'065, and AD 6fil-7.'i8. And in the triangle DBC arc 
gii-en the angles and BC, to find DC 591-67 feel. 

%. If A be the place nearest to D, the angle BAd is 46° 
47' 32": then BD is 550154, AD 282-25, and CD 528-43 
feet. 

Note 1. If the given station be within the triangle, as at 
i, make the angles BCD and CBD equal to the supplements 
ufBdAaod AeiC. 

NoTB S. If two of the given places, A and B, be in a 
straight line with the station D, the distances BC and CA 
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rabteod the eame angle BDC. After fitiding- tlie angle at B, ' 
work the triangle DBC. 

NoTB 3. If llie three places A, B. C, be in a straight line, 
the first opcratioa u'ill not be required. The rest are the lanie 
as before. 

3. The three sides of the triangle ABC are AB 280, JiC 
314, and AC 326 yards; and from the station D without tk 
triangle, the angle ADB wai 25" 52', and ADC Z3° 6', tbe 
point C being the nearest to D. Required their distances 
from D. Ans. AD 586-154, BD4134.1, CD 308-107 yardf, 

4. Suppose AB 26? feel, BC 209, and AC 34.6, and at the 
point D, within the triangle, the angle ADC is 128" 40', and 
ADB 91° 20'. Required the distances of D from tbe angle* 

Ans. AD 104-05, BD 180-33, and DC 178-85 feel. 
Note. When D is in one of the sides, describe a segmenl 
on 60 containing the girea angle. 

5. Suppose AB 122-4, BC 74, and AC 82 chains, and at D 
in AB, produced beyond B, the angle ADC is 22" 45'. Re- 
quired the distance of D from the angles. 

Ang. AD 181-8, BD 59% and CD 125-4 chains. 

6. Suppose AB 1234, BC 873, and AC 632 yards, and it 
D in AB the angle ADC is 120". Required its distantt 
from the angles. 

Ans. AD 226-12, BD 1007-88, and CD 487-84 vaiis. 

7. Suppose AB 138, BC 224, and AC 326, and at D the 
angles are ADB 7" 22', and ADC I9" 58'. Required the 
distance of D from the angles. 

Ans. AD 51096, BD 385-286, and DC 204'B:- 

PttOB, XV. Given the angles of elevation of a tower 
PS, taken at three stations A, B, and C, on a level 
plane, no two of which are in the same vertical plane 
with the tower, viz. PAS 20" W, PBS 18" 50', and 
PCS 34° SO', and also the distances between the sta- 
tions AB 324, BC 568, and AC 672 yards; to find 
the height of the tower. 

Make the triangle ABC, of 
which AB is 324, BC 568, and 
AC 613, and make BE = BC, 
and BD = BA, and join ED, and 
upon it make the triangle EDF 
on either side of DE, so that 
BE : EF : : cot, PBS : cot. PAS, 
and BD : DF : r cot. PBS : cot. 
PCS ; or make EF 527494, and 
DF 160-79, and join BF, and 
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make the angle BAP = BFE. Then erect PS perpendicular 
til the plane ABP, and in the plane parsing' through AP aod 
PS make the angle PAS 20" 10', and PS will be the tower 

Join PC, CS, BS, the triangles APB, FBE, being similar. 
AP : PB : ; FE : EB : : cot. SAP : cot. SBP, therefore SBP 
it 18" SC; also PB ; BE = BC : : BA=BD ; BF, therefore 
the triangles PBC and FBD are similar; and BP : PC :: 
BD ; DF : : cot. PBS : cot. PCS, therefore PCS is 34° 30'. 

In each of the triangles EBD, EFD, are given the three 

udes, to find the an£;lea BED 28" 4.5' 30", and FED 6" 47' 

26"; and their difference 21" 58' 4", or their sum 35" 32' 

56", is the angle BEF, from which, with the tides BE and 

EF, the angle BFE or BAP is found in the fi rat case to be 

89" 48' 7", and in the other 78" 48' 22". Therefore AP is 

Hti6-108 or Si6-67f>, and PS 318-094 or 200-78. 

_ 2. Let AB be 326, BC 584, and AC 683, and the angles of 

Bhntiou SAP 30°, SBP 26", and SCP 23" ; to find PS. 

■ Ana. PS is 952-14 or 168-642. 

PP& Let AB be 80, BC II9, and AC 140 yards, and the 

•^jferation at A 50", at B 60", and at C 55". Required the 

height of the object D. Ana. 96-4 feet, 

4. Let AB be 60, BC 72, and AC 132 feet, and the elec- 
tions of S at A 30" 48', at B 40" 33', and at C 50" 23'. 
Required the height of S. Ans, 94'84 feet. 

5. Let AB and BC he each 84 feet, and the points A, B, 
C, in a straight line, and the elevation at A 36" 50', at B 
21" 24', and at C 14". Required the height of,the object. 

»AnB. 53-96 feet. 
OF LEVELLING. 
When the altitudes of the several parts of an irregular 
lent are to be determined, a, spirit-level with telescopic 
lits ia to be used. 
pROB. XVI. To find the height of g- above a. 

Erect ,1 pole ab 1 
another cd at a conv( 
tancc. Place the level between 
tliem, and, directing the sights to 
the jiole ab, cause the point b to 
be marked on it ; then direct the 
nights to the pole cd, and on it ^ 

marl; m. , Nest erect a pole nearer to g, as at c, and place 
the level between it and the pole cd, and mark upon them, as 
before, the points d and ic; and proceed in this nay to g. 




To find tbe faeig-ht afg abore a, take the Bum of the lieigbti 
ab, cd, &c. gnt by looking towards a, and rrom it subtract the 
Eum of the faetghu cm, ek, &c. gut bf looking towards^: tbe 
remaiader is tbe liei^lit of g above a. Iq like manner the 
heigbti of c, e, &c aWe a ai-e got. If the liorizonial dis- 
tance betwccQ a and g be required, add bm, die, &c 

To find the height of any point c in a regular ascent: The 
distance ag is to ac, aM the height of g above a to the height 
which c ought to have above a. 

It is nut DeceHsary to place the poles in the same dtreclioD 
with ab and gk, but it is oecessary to erect them perpendi* 
cular, or nearly so. 

Note. When the distance between the pnles ab and cd it 
very great, the line bm will differ a little from the true level; 
for bm ia a tangent to a great circle of the earth, passing 
through the centre of the instrument, and the true level is tbe 
ai<c of that circle between the poles ab and cd. The corFection 
may in general he neglected : for a mile it is 7-96 or S iochei ; 
and for other distances from the instrument, the correction 
varies as the square of the distance, 

1. Let the heighta on the poles taken by looking down the 
eminence be II, 8, 5, 6, 4, and those taken by looking up be 
5, 3, 1, 4, 6 feet. Required the height of the eminence. 

Ans, 15 feet high. 

2. Let the heights taken by looking down be 10, 11, 7, 5, 
8, 4f, 9, and those taken by looking up be 3, 5, 2, 6, 4, 5j, 
3| feet. Required the height of the emioence. And, sup- 
posing the sloping distance from the bottom to the top to be 
346 feet. Required the height in a regular blope at the distance 
of 136 feet from the bottom. 

Ans. 25 feet high in all, and, at 136 feet, 9'8366 feel. 

3. A hollow in a road, of which the depth on the lowest 
side is 56 feet, and on the upper 74, and the width at the top 
of the lower side ia 234 feet, and at the bottom 87, and half- 
way up 172 feet, ia to be filled up from the road on the upper 
bank, HO as to form a regular slope. How much of the road 
must be excavated P Ana. 1263-13 feet. 

TO MEASUBE HEIQHTS BT THE BABOMETEa. 

The elasticity or the density of the air ia aa the weight of 
the superincumbent atmosphere ; and therefore, if the height* 
vary in arithmetical pnigrcssion, the densities will vary id 
geometrical progression ; that is, the height is as the logarithm 
of the density. It has been found by experiment, that the 
module of the barometrical logarithms is 10,000 times that of 
n logarithms; wherefore, if B be the height of (he 
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mercury at tbe lower station, and b that a' 
the difference of the heights of the " ' 
X{coin. log. B- com. log. b) ex, 
this formula ia true only upon the s 
pemture of the air ie 32", and that it i 
tions; neither of which is esactly true. 

It is fouDi) by experiment, that quickeiker expands about 
loooo I****' "^ ''^ '"'''' ''"' every degree of Fahrenheit's ther- 
mometer. Let r be the temperature at the lower station, and 
/ that at the higher, aa indicated by the thermometer at- 
tached to the barometer, then ^ + 1^;^* ""1 be the height 
of tbe mercury at the higher EtatioD, when reduced to tbe 
tame temperature with that at the lower station ; and thus 
*= lOOOOx (log. B-I,B. (J+^S) ). 

Again, the air expands nearly -00245 of its bulk for'every 
degree of Fahrenheit's thermometer. Let t he the tem- 
jMrature of the air at the lower station, and t' that at ibe 
higher, as indicated by a thermometer in the open air, then 
?('+'') """y be taken for tbe mean temperature; and there- 
lore the former formula has to be multiplied by '00245 x 
{~ 32 1 for an additional correction. 

BOB. X VIL To find the height of one place above 




P 



From what has been shown, the complete formula 
will be h = lOOOO X (log. B-log. (6 + ^6))x 
(l + -00245x('-^ — 32) Y which, expressed in words, 
gives the following 

Rule. Divide the difference of tbe heighlB of the attached 
thermometer by 10000, and add 1 to the quotient, and add 
the logarithm of the sum to tbe logarithm of the height of the 
barometer at the highest station, and subtract the sum from 
the logarithm of the height of the barometer at the lower 
•laiiuQ: tbe remainder, multiplied by 10000, will ^ve the 
approximate lieight. Take the difierence between 32° and 
half the sum of tne heights of the detached thermometer, and 
multiply it by '00245 ; and if the half sum of the heights be 
greater than 32°, add the product to 1, otherwise subtract; 
.-ind tbe sum or remainder, multiplied by the approximate 
height, will give the true height. 
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Note. This method of finding heights is convenient, but il 
is not very accurate. 

1. Suppose the height of the mercury in the barometer at 
the bottom of the hill to be 99-56 inches, and at the top 28-37 
inches, and the temperature of the mercury b'.S" and 54", and 
the temperature of thu air SG" and 46". Required the heiebt 
of the hill. 

AnB. ^^~[^* ^ -0009 and 10000 x (log. 29'56 — log, 
28'27 — log. 1-0009) = lOOOOx (I'4.7070*4— l'4SIS25a 
— 0-0003907) = 10000 X -0189879 = 189-879 fathoms = 
1139-274 feet, the approximate height. Also, ^(56+48) — 
32=20, and I + 20X -0024.5 =: l-048g; theretbre 1139-27* 
X 1-0489= 1195-098 feet, the true height. 

2, Let the height of the barometer at the lower station Ik 
29*57, and at the higher 28-7 inches, the height of the attached 
thermometer at the lon-er 55-28°, and at the higher 51-75", 
and the temperature of the air at the lotver 54°, and at tbe 
higher 50-5''. Required the elevation. Ans. 807'1 17 feet 

3, Let the heights of the baj-ometer be 29-1 and 25-19 
inches, the attached thermometer 50" and 46", and the tem- 
perature of the air 45° aod 39°. Required the elevation. 

Ads. 686-45S fathoms. 

4. Let the heighu of the barometer be 29'89 and S&il 
inches, the attached thermometer 56-5° and 42-75°, and the 
temperature of the air 55-25° and 43°. Required the eleva- 
tion. Ans. 3467-783 feel. 

Peob. XVIII. To measure distances by sound. 

Rdlb. Multiply the time the sound takes in secondi bf I 
1142 : the product will be the distance in feet. 

NoTB. Sound iu common air moves uniformly at the rale 
of 1142 feet in a second. Cold, and uneven surfaces, retard 
its motion a little, and heat accelerates it in a small degree. 

1. I ohserred the flash of a gun 30 seconds before I heard 
the report. How far was it diaiant from me ? 

Ans. 30 X 1 1 42 = 31260 feel. 

3. I observed a flash of lightning, and after 6 strokes of 
my pulse I heard the thunder, and my pulse makes 68 strokes 
in a minute. How far was the thunder distant from me ? 

Ans. 1 mile 255 yards. 

3. How long, after firing a gun, will it be till the report is 
heard at the distance of 8 miles? Ans. 37 seconds. 

4. A person standing on the bank of a river heard the echo 
of his voice reflected from a rock on the opposite bank, in 4 
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wonds after be uttered it. Wliat is tbc breadth of tbe 
rirer? Ana. 2384 feet. 

Fbob. XIX. To measure a height by Ihe descent ctf | 
a EtoQe, he. 

Rdi.£. Multiply the square of tlie time of deticent Id seconoi -j 
by 16^'j : the product will be the height ia feel. | 

To^nd the time of descending. Divide the height in fset I 
by 16^'], and tbe square root of the quotieot will be the time I 
ill Geconde. I 

Note. A heavy body descends 16^'^ feet in the first second ] 
of time, and the spaces descended are as the squares of the 1 

1. A stone takes 3 eecoods in falling: from the top of a toirer 1 
1" ibe ground. What is tbe height of the tower? ■ I 

Ana. 3 X S X 16-^ = I*4f fee*; I 

2. In what time will a (ttone dropt from the height of 579 
feet reach the ground ? Ans. d seconds. 

S. What is the height of a precipice, when a slooe takes 7 
Moonds in falling front the top to tbe bottom p 

Ans. 788,^ feet. 

4. I reckoned 7 strokes of my pulse during the falling; of a 

Etnae from the top of a rock. What height did it fall, tbe 

pulse beating 70 times in a minute ? Ans. 579 feet. 

fl. While a sione descended from the top of a tower, a pen- 

dllliR 10 inches Itmg made S tibratioos. Required the height. 

Ans. 263 feet. 

TO SURVEY FIELDS. 

Pbob. XX. To survey a triangular field ABC. 

FirtI, tvith Ike Chain only. Measure the three sides by 
Prob. I. 

Secondly, with the Chain and Cross. A. 

Measure alting BC by Prob. I., and 
witfa the cross liitd the point D, where 
the perpendicular from A meets BC, by 
ft(*.VI. Write down the measi 
rfBD, BC, andDA. _ _ _ 

Tlthdlu, wiik tlie Theodolite and 
Chaiti. Measure one angle ABC by Prob. III., and the con- 
Isitalog sides AB and BC by Prob. I. Or measure BC by 
Prub. I, and two angles ABC" and ACE by Prob. III. From 
tbte measures the plan may be easily drawn by Prob. XIX. 
XJLorXXI. of Practical Gbometrt; and the area may 
be found bv Prob. IV. V. or VI. of Mensuration. 



1. In a triangula)- field I measured tlie base 856 lii^ 
round llie extremity to be the foot of tlie perpeDdiculi 
it, wtiich I measured 672 links. Requirea the cttitten 

Ans, 2 acres 3 tooda 20 perches 5 j-ards 5-53 squl 

2. In measuring' the base of a triangular field, I fti. ___, 
fool of the perpendicular 356 lluks from its extremity,^!*! 

links, and the perpendicular 532 links, ne^uiHl 
the area. Ane. 3 acres 2 roods SI perches IS yardii 4-4^1. 

3. I measured an angle of a triangular field 73" 24', aeii 
the sides containing it 688 and iQ2 links. Required the plaa 
of the field, and the area. 

Ans. 1 acre 2 roods ig perches 15 yards 4 feel. 

4. I measured one side of a triangular field 126S links, ^d 
took the angles at its estreniitics 57° S6' and 02° 24'. Re- 
quired "the area. 

Role. Add the sines of the given angles and the log. of At 
side, and subtract the sine of the third angle, or of the sum of 
the i^ven ones, to get the perpendicular ^ 10g5'55. 

Ans. 6 acres 3 roods 31 perches 9-8591 yarfls. 

5. The three sides of a triangular field are 1S75, 987, awl 
642 links. Required the area. 

Ans. 3 acres 17 perches 24 yards 3-106S feci. 

pROB. XXI. To survey a field containt'd hy four 



First, with Ike Chain only. Me.iaurc the four Fig. 
sides and a diagonal BD by Prob. I. ^ 

Secondljf, rvilk Ihe Chain and Cross. Mea- 
sure along a diagonal BD by Prob. I., and, with 
t!ie cross, find by Prob. VI. the points E and F, . 
upon which the perpendiculars fall from A and G 
C, and write the lengths of BE, BF, BD, AE, 
and CF. 

Or measure the longest side BC, marking E 
and F the places of the perpendiculars, and 
iiieasore AE and DF. 

Thirdly, tviili the Theodolite and the Chain. 
Place the theodoliie at B (%. 1,) and take the 
angles ABD and DBC by Prob. III., and mea- 
sure the dia^nal BD by Prob, I., and again 
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!B ADB and BDC. Or take the angle ABC, and measate 
the four sides. 

If the angle ABC cannot be measured conveniently witfifn 
the field, fix a pole G in the direction of either side AB, 
extended beyond B, and measure the nngle CBG, which, 
subtracted from 180°, will give ABC. 
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^FourlMg, fvilk the Plane-Tahle and the Chain. Place the 
Mole at one of the angles B, from whicb all the other ungln 
may be seep, and turo it round till the needle points to the 
Heiir-de-lis, and there lis !t. Fix also a pin in some part of 
tlie paper to represent B. Apply the fiducial eide of the 
index to the pin, aod turn it till the angle A is seen through 
the sights. Drau- a line from the pin in tiiat direction. 
Measure BA, and by the scale on the index lay it on that 
line from B to A. Next turn the index till the angle D is 
Ken through the sights, and di'aw a line in that direction, and 
on it Isy the length of BD. Lastly, draw a line in the direc- 
tion of C, and on it lay BC, and join CD and DA. In the 
eame manner any field may be surveyed by the plane-table, 
when an angle can be taken, from which all the other angles 
of the tiehl arc Eecn. 

1. I measured along the diagonal BD, (fig. 1,) and at E, 
118 HdIis fram B, was the foot of the perpendicular A£ 318, 
and at F, 527 links from B, was the foot of the perpendicular 
CF OD the opposite side of BD, 4S6 links: the whole length 
of the diagonal BD was 968 links. Required the plan and 
the area. 

Ans. Area 3 acres 2 roods IC perches 4 yards 5'8176 feet, 

2. I measured along BC the longest side of a four-sided 
field ABCD, {fig. 2,) and at E, ]25 links from B, was the 
foot of the perpendicular AE, which measured 624 links, 
and at F, 635 from B, was the foot of another perpendicular 
FD i62 links: the whole .length of the side BC was IS74 

pjil^u. Required the plan and the area. 
^B Ans. Area 4< acres 2 roods 21 perches 20*0376 yard;. 

^H. I measured an angle ABC of a quadrilateral field 128", 
Em the four sides AB 536 links, BC S^.^i, CD 634, and AD 
9S6 liiiks. Required the plan and the ai-ea. 

Ans. Area 4 acres 2 roods 26 perches I6 yards 5\ feet. 

4. I measured the diagonal BD of a four-sided field 1462 
linksi and at its extremities I took the angles which it made 
mth the sides, viz. ABD 48" 20', CBD 41" 26', ADB 29° 
40', and BDC 38° 44'. Required the plan and the area. 

Ans. 8 acres 2 i-oods 4 perches 28 yards 3^ feel. 

5. In taking the plan of a quadrilatei'al field by the plane- 
table, I found the straight side AB to lie N. 73" E., and 10 
measure 568 links; the diagonal AC to lie S. 83" E., 97s 
Bnks; and the side AD to lie S.47° E., 734 links. Required 

b^^u) and the area. 

Ans. 3 acres 38 perches 9 yards 3-071 feet. 
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Prob. XXII. To survey any field with the chain. 

First, wilk the Chain only. Measure all the • 

aides of the field, and then the diagonals BP, ^.rfr^s^-, 
FC, FD. From these the field may be drawn ^^^7'' 
upon paper by Prob. XXVIII. of Pkactical J^^\/ 

Geouetry, and its area may be found by ^ E 

Prob. XI. of Mensuration of Supbhficieb. 

1. In a six-sided field I measured all the sides, riz. AB 
583 links, BC 334., CD 45fi, DE 892, EF 728, and AF 477 
tiaks, and from F measured the diagonals FG 89?, FC 733, 
and FD 948 lioks. Required the plan aod the area. 

Ana. 7 acres 12 '9 yard). 
Secondly, mitk the Chain and Cross. Diride the field by 
diagonals into as many trapezes as possible, and the remaio- 
der will consist of one or more triangles. Thus the field 
ABCDEF may be divided into two trapezes ABCP and 
CDEF, by joinmg CF. These may be surveyed as in the list 
Problem. 

2. In a heptagonal field I measured along the northernmosl 
diagonal EG, and at 207 links from B found the foot of a 
perpendicular above it AH, which measured 272 ; and at 578 
from B found the foot of a pcqiendicular under it FK, wbicli 
measured 4^8 ; the diagonal BG 9^8. From F, I measared 
along a diagonal FC, and at 488 from F was at the foot of 
the perpendicular from B, which measured 587, a.nd the dia- 
gonal FC 8g6. Then, from C, I measui-ed along a diagoni! 
CE, and at 498 from C was the foot of an under perpendicular 
ND 630, and at 688 from C was at the foot of a iierpendi- 
cular FM 574 links; the diagonal CE was 1093 links. Re- 
quired the plan and the area. 

Ans. 12 acres 3 roods 5 perches 5 yards 5'965 (cet. 
Note. If a perpendicular, as Ep, upon a diagonal DF, 
fall without the field, and it be inconvenient to lueaiurc it ia 
that situation, the other diagonal CE, with tlie perpeadiculin 
upon it, may be taken; or the two trianglen DEP, CDF, 
may be measured separately. 

3. lu a hexagonal field ABCDEF, I measured along ihe 
diagonal BF, aod, at 328 links from B, I was at the foot of 
the perpend iculai' AG, which measured 286, and the diagooa! 
BF was 536 ; but had to measure 127 links farther without 
the field, to come to the foot of the perpendicular £H on the 
opposite side of BF, which measured 453. Again, measuriDg 
along the diagonal EC, I found, at 386 from E, the Foot 
of the perpendicular DK, which measured 496; aDd,'67* 
from E, found the foot of the perpendicular BL, which mea- 
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sured 436 ; the whole length of ibe diagonal EC 
lints. Requirecl the plan and the area. 

Ann. 6 acres 24 perches 5 yards 8v 
Thirdly. In fields not very large, it will be eufficient 
measure one diagonal, and the perpendiculars upon it from 
tbe other angles. 

4. Suppose the distances of the perpendi- jj 

culara from A to be 50, 145, 290, 395, 380, 
475, and 655, the whole line AD being 725 
links, tbe second and sixth distaDcca reach to 
perpendiculars on the right hand, and the rest 
to tho«c on the left hand. Also the perpendi- 
culars OQ the right are 75 and 1.50, and the 
others in their order are 110, 135, 85, 275, 
and 165 links. Required the pluQ and the 
area. 

Erect perpendiculars upon AD, at their proper disi 
from A ; ana, having made them of their proper length, the 
plan is drawn by joining their extremities. The area is easily 
ftotid by Prob. IV. and VII. of Mensuration op Supbb- 
' Ans. 1 acre 3 roods 5 perches 1 yard 7'335 feet. 

Pkob. XXIII. To take the plan of a field by going 




bQ. 



n the 



Wirtl, tviik the Plane-Table. Place the 
|Uf at a corner A, and fix it when the 

edle points to the fleur-de-lis, and take a 
pmnt A on the paper. Direct the index 
from the asHumed point to the corner E of 
the field, and draw a line; then direct the 
index to B, and draw another line. Measure the li 
field from A to B and from A to E, and lay these lines on the 
ptper. Place the table at B, and, laying the index along BA 
w the paper, turn the table about till A is seen through the 
i^ts: the needle ought then to point to the fieur-de-lii. D'u 
red the index to the corner C of the field, and draw a line, on 
vbich lay the length of BC. In the same manner are to be 
lud down the position and the lengths of tlic other .sides CD 
and DEj and the last line will terminate at E on the paper, if 
DO error has been committed. 

Secondly, with the Theodolite- Place the instrument at the 
comer A of the held, and, having turned it till the needle 
points to tbe fleur-de-lis, take the bearing of one of the sides, 
as AE ; then obscrte the angle EAB, and measure ABi 
Again, place the theodolite at the corner fi, and observe tbe 
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aogle ABC, and measure BC. And proceed in this way to 
take all the angle* and to measure the Bides. 

Add all the angles together, if they be interior; but if any 
of them l>e eslerior, add the difference between it and 360° : 
the euni should be equal to ISO", multiplied by the number of 
tides, wanting two. 

If the interior angles cannot be taken, let the exterior be 
taken by extending the direction of the sides. The sum of all 
the esterior angles should be 360" ; but if any of the cornen 
pmnC inward, add 180" to 360" for every such angle, and the 
sum should be the sum of the angles. 

The things measured for laying down the plan of a field 
will always be sufficient for finding its content, but they will 
not always afford the shortest method. Thus, in taking the 
plan of tie pentagonal field ARCDE by measuring the aido 
and angles, if we draw diagonals AC and CB, we can find the 
area of the triangle ABC from the sides AB and BC and the 
angle B, and the triangle CDE from the sides CD and DE 
and the angle D ; but then we have nothing given in tie 
triangle ACE from which to find its area. We must therefore 
find, by trigonometry, in the triangle ABC, the angle ACB 
and the base AC, and in the triangle CDE, the angle DCS 
and the base C£ ; and these two angles, subtracted from BCD, 
will give the angle ACE, from which, with the sides AC and 
CE, we can find the area of the triangle ACE. And thin, 
by the help of trigonometry, we may find in every case anflS- 
cient data for computing the area from the things measured for 
taking the plan. Shorter methods are given afterwards. 

1. LetABbe750, BC 810, CD 628, DE 598 links, and the 
angles at B 72", at C 136", and at D 122". Required the area. 

The angles will be found to be ACB 50" . 68' 11", DCE 28" 
13' 23", and ACE 56° 48' 26", and AC 918'23, and CB 
1072-32 links. 

Ans. Area 8 acres 2 roods 1 6 perches 6 yards 4-283 feet. 

2. In a six-sided field ABCDEF, let AB be 482, BC 586, 
CD 760, DE 812, and EF 910 links, and the angles at B 96", 
at C 132", at D 1*6", and at E 106". Required the area. 

Ans. Area 15 acrea 3 yards 5-122 fcel. 

PiioB. XXIV. To survey a field from a. station 

within it. 

The station must be chosen such, that all the 
angles may be seen from it. 

First, mlk the Plane-Tabk. Place the fable 
at O, from which all the corners may be seen, 
and turn it to bring the needle to the fleur-de- 




lis; and on the paper take a point O, to represent the Rtatioih ' 
Direct the index from O fi tne corner A, and drav a. straight 
line to represent OA in the field. Draw, in the name maaner, 
Jioea to represent OB, OC, &c. Then measure from the Btutioa 
to A, B, C, &c. in tbe field, and la^ them on their represen- 
talLves, and join their extremitiea. 

Secondly, wUk ike Theodolite. Place the instrument at the 
elation O, and, putting the needle In the fleur-de-lia, take tht 
brtringr of OA. Nest observe the angles AOB, BOC, &c., 
which, added, should amount to 360°. Then measure straight 
lines from O to A, B, C, &c. 

1. Suppose OA 798, OB 4.59, OC 434., OD S52, and OE 
919 linltB, and the angles at O, AOB 71°, BOC 38", CQD 
102% DOE 82°, and EOA 6i°. Required the area. 

Ans, 11 acres 1 rood 8 perches, 

2. In a heptagonal field I found the angles at the instru- 
ment to Iw 67", 43", 84°, 56", 27", 51", and 32°, and the 
distances uf the angles from the Instrument to he 528, 632, 
916, 478, 732, 830, and 81fi links. Required tbe plan and 
area. Ana. Area 12 acres 1 rood 6 perches 12-07 yards. 

Peob. XXV. To survey a field frorei two stations. 

The itations must be such, that all the objects to be laid 
down on the plan may he seen from them both, and that the 
angles which they make with tbe line joining the stations may 
not he too small. 

First, ^ilk the Plane-Table. 
Place the table at one of the sta- 
lioDs, and the needle to the fleur- 
ile>lie, and take a point G ud the 
paper to represent that station, and 
ditect the sights of the index from 
it to the other station, and draw 
GH, and on it lay tbe distance be- 
tween the stations from 'G to H. Direct the sights from 6 to 
the corner A, and draw GA with a black-lead pencil, and 
upon any part of it [dace the letter A. Again direct the 
agktt from G to the comer B, and draw GB, and on it write 
B. In the same manner draw 6C, GD, &c. 

R«mDPe the table to the second station, and turn it till the 
needle points to the fleur-de-lis; then the index, laid on HG 
of ihe paper, will point to the former station. Direct now the 
MghUfrom H to the corner A, and draw HA, which will 
meet tbe line GA in the point representing that corner, at 
which place A, and erase the former A. In the same manner 
draw HB, meeting GB in B, and so on ; then join AB, BC, 
a2 
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&c. In the same way the position of any oilier thing, bb the 
bouse K, may be determined by drawing- GK toward* it when 
the table h at G, and HK iDwards it when the table is at H. 

Secondli/, with the Theodolite' Place the instrument at 
the fii'it station G, and turn it till the needle points to tbt 
fleur-de-lis, and lake the bearing of the station H, bdi! 
measure GH. Then take the angle HGC, then CGD, DGB, 
Sec., and lastly BGH. Remove the instrument to thesecoad 
station H, and bring the needle to the fleur-de-lis; then tbe 
Btation O ought to hear upon the point opposite to that upni 
which H bore from G. If it does, then take first the angle 
GHF, then FHA, AHB, Sic, and lastly EHG. The sum 
of tbe angles taken at each station ought to be exactly 330°. 

Every thing else which is to be put in the plan must be 
Nirveyed in the same way, by taking at G the angle between 
OH and the line from G to iC, anil the same at I]. All theie 
observations must be placed in a liekl-book. 

When the whole cannot be seen at two stations, more sta- 
tions must be taken. The lines between the stations must be 
measured, sod tbe angles taken as before. But care must be 
taken to determine the position of each of the lines joining tbe 
stations. 

1. Required the plan and the area of a field from tbe 
following 





FIELD-BOOK. 


Angles. I G. 


Augla at H. 


Remmrfea. 


C 22° 0' 


F 20° 0' 


GH bears S. 67" 30' W. 


D 86 30 


A 72 


1038 links. 


E HG 30 


B 145 


Corner of a house at K. 


F 932 30 


C 243 


^"^■..{alHSs.. 


A 313 SO 


D 317 


B 348 30 


E 344 




H 360 


G 360 





i 



In this field-book, the angles at G are marked as taken 
with the theodolite tthen placed at that station. The ^hti, 
when at the beginning of the degrees, were directed to the ~ 
station H, and the instrument lixed there. Then the move- 
able iudes was turned to C, and cut off S2° for the angle 
HGC, which, in the field-book, is marked C, the other two 
letters being found at the top ; then it was turned to D, and 
cut off 8C° 30' for the angle HGD ; and the differeDCe of 
these two is the aoglc CGD. It was then turned to £, and 
tut off 146" 30' for the angle HGE ; and so on all tbe way 
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feund. In the ^ame va.y the angles were taken at H, both 
^determining the corners of the field and for finding the 
comer of the house at K. 

In calculating the areas of fields surveyed from more than 
one station, it is necessary to calculate, by trigonometry, the 
length of all the lines drairn from one of the stations to the 
angles; and for this purpose ive have, in every triangle of 
which GH is a aide, all the angles and this side to find the 
other side ; after which the area is found as in the preceding 
problem. Here the distances from 6 arc GA 11S3-3, GB 
1*93-1, GC 140973, GD 917-43, GE 951-47, and GP 
~0'?4:3 links; from which the areas of the triangles AGB-; 
:, COD, DGE, EGF, and FGA, are to be calculated. 

Ans. 27 acres 5 perches 25 yards 3-47 feet. 
Required the plan and the area of a. field from tha 



KCGI 
Requ 



FIELD-BOOK. 



I 



Ai«IastP. 


Aisles St R. 


RiimaTha. 


P 3" 


A 6" 


PRbearsS.22=>30'E. 


E 28 


H 94, 


1827 links. 


D 49 


G 64 




C 65 


F 186 




B 132 


E 228 




A 197 


D 271 




H 24,7 


C 319 




G 320 


B 342 




R 360 


P 360 





Ans. Area 100 acres 1 rood igperchesSI yards t'4foot. 

PaoB. XXVI. To draw the plan of the field upon 
paper from the field-book. 

Draw a laint line up and down 
llie paper to represent the meri' 
dian, the upper end the north, and 
the under end the south. Using the 
data given in Es. 1, Prob. XXV., in 
this Ime take a conrenient point G 
for the first station. On the south 
side of G make an angle of 67° 30' 
tovards the left hand, which will 
gire the position of GH ; and take 
1038 from any convenient Kale, 
and lay that extent from G to H, 
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to get tfie atalion H. The best protractor for layiag don 
the angles is a circular one, dirided into 360". Place thi 
centre at G, and the begiDDing of the degrees on GH. Mabt 
a mark at ^2", and at it write a faint C ; make another maik 
at 86° 30', and tliere (Frite a faint D, and so on all the wny 
round; and draw faiot tines from G to the marks. Neit 
place tiie centre of the protractor at H, and the beginning ef 
the degrees on GH; and at SO" make a mark, and write F; 
at 72° make a mark, and write A, and so on ; and draw lion 
from H through the marks. The lines from G and H, 
through the points where the same letter is written, must be 
drawn out till tliey meet, and their intersection is at tli< 
angle to which that letter belongs. Thus GA and HA will 
meet in the angle A, GB and HB will meet in the^ angle B, &c 
After this join AB, BC, &c. for the boundaries of the field. 

If the protractor be a semicircle, then, after laying doira 
the angles less than ISO", the protractor must be laid on the 
other aide of GH, and 1 80° (aken from each of the remaining 
angles before they arc laid down. 

FaoB. XXVII. To survey fields with crooked 
boundaries. 

The boundaries of fields are seldom straight lines, and 
therefore surveyors generally erect poles near the corners of 
the ground to be surveyed, and conceive these poles joined by 
straight lines. This constitutes the body of the field ; and 
the parts between these lines and the boundaries arc considered 
as offsets, and their areas found separately. 

The points, therefore, which, in the preceding problems, 
were called angles or corners, are to be considered only ai the 
places of these poles, and the fields surveyed as contained by 
the lines joining them ; and to complete the surrey, the situ- 
ation and distance of the boundaries from these lines mitst be 

1. Let EIMF be a field to be 
surveyed. Poles are erected at 
A, B, C, D, near corners of the 
field, and the space ABCD is 
surveyed as before. The rest of 
the field is obtained by taking 
offsets from the lines AB, BC, 
CD, DA, and adding the spaces 

which are without these lines, and taking away the 
within them. 

The field-book for such a survey must consist of thim 

colnsma: the middle one contains the distance measufed alMg 

7 




I AB^ BC. 



FIELD.BOOE. 



; Ldt^:. 


M^M^ 


1^* 


AC. s. etr 23' 


R.IS96. 




»** 


■Act to tar. 


86 


746 


ClMtoA. 


-.,,^2 


688 
594 


^ 




*Gi 


M0~ 


D 


64 


90 




1410 


D r 




1362 


9! 




924 


196_ 




744 




-^U6 


600 




C *8 







^108 




t r 


10* 


9H 




36* 


508 




84 


152 




B 70 







z^m 




B r 


9* 


1672 




-.^^2 


1166 
752 


___^_^ 




530 


lOS ^ 


^_^— 


+42 


_- — 


--''soo 


SS4 




A 106 







To left. 




T.risfct. 



B ciTNsei the bnundary-liDe FG ; therefore write 
jniddle odIuihd, aad io the adjacenl calumu draw 
X in the direclioD of the ttraighl line FO oevlr, 
:t |M*ilion of it i* not requiivJ at ibis sttge of tM 
t £30 the perpendicular from G meets AB, utd 

place therefbn 5S0 in the middle colamn, and 
e to it in the right-hand column. 
>B tbit vay to B, where, be«idm the offiwti BI k 
ad [daoed m the leFi-hand column, with the marii 

tliM it ia not pcrppndiciilar. Af the nne plan 
-hand colainn !•< placpd ihc mark V, to ibow tUt 

XtnnM to the right band. Thu fimihca tibft 
!iw 4l£, aad a line ii dn*ii leraK ite\«^ 
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to separate it from the next line. Proceed in the same waj 
from B to C^ from C to D^ and from D to A. 

The position of any one of the lines^ as AC, being fbood 
with the compass, it will determine the position of the whol& 
But in using the compass, the variation should be allowed; 
and great care ought to be taken lest the needle be attracted 
by some metallic substance in its neighbourhood. 

Ans. Area 14 acres 2 roods 19 perches 22^ yiA 

(2.) FIEI.D.BOOK. 



Left off- 


Main 


Right off. 


sets. 


lines. 


•ets. 


Diagoc 


lal AC, ^ 


J. 28° W. 




760 linl 


:8. 





660 




30 


450 




D 


400 







490 


D r 


10 


400 




40 


800 




55 


200 




C 20 


5(i 






635 


oc r 




500 


25 




400 


30^^-^ 


^^ 


800 


^-"^"^ 


^^(^ 


200 




B 40 


100 







895 


B r 


20 


350 




^5 


800 




45 


250 




5(i 


200 




SO 


100 




A 15 


50 





(3.) 


FIELD-BOOK. 


Left off- 


Mala 


Right df. 


sets. 


lines. 


sea. 


Diagonal AC, S 


.56*E. 


' 


1560 links. J 




1350 







1200 




40 


900 




20 


750 




60 


550 




85 


400 




70 


350 




D 35 


200 


Df 





800 


\34 


700 
500 


.^ 




350 


80^ 


C 


200 


^ 


B 


1100 


C 1 





912 


B t 


^v^ 


800 
750 


.^^ 


^ 


680 
600 


my 


--^ 


450 




A 50 


340 






Ans. 3 ac. 28 per. 7*038 yds. 



Ans. 10 ac. 3 ro. lOpef. 
17 yds. 5-558 feet 



Lay down the plans of the following propertiM fromtbl 
field-book foi* the three examples^ and calculate their conteoti 

C 
Fig-1. yC'-'l) Fig. 2. 
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(4.) (Pig.l.) 



Diagonals. 
BD 1100 
BE 720 
BF 1080 
AF 1000 
B bears N, 87^^ E. 



) 
3_ 

5 
} 
3 

7 
l^ 

} 
5 



} 
} 
} 



510 

360 





612 

320 





600 

256 





480 

220 

114 





920 
826 
560 
S56 
281 
180 




900 
728 
560 
256 




1040 
980 
826 
673 
522 
443 
156 




A r 



G r 



F r 



E 1 




78 

340 

90 



c r 



B r 




15 ac« 5 per. 15 yds. 
3-394 feet. 



(5). (Fig. 2.) 





Diagonals. 




C£ 620 




CP 1000 




C6 610 




GB 850 




GK 710 




BK 940 


AK bears S.ll"" £. 


20 


1150 


A r 


i6 


680 




35 


420 




50 







60 


580 


A r 


90 


500 




150 


300 




100 







»9 


470 


u r 


130 


260 




200 







400 


80O 


<? 1 


380 


630 




220 


480 




\86 


230 
153 


-..^^ 




110 


25^^ 







40 


F r 


760 


50 




640 


78 




520 


115 




380 


85 




200 


4() 


^^^^ 


86 


^.^^'^'"'^'^ 


--^ 







30 


420 


E r 


85 


320 




SO 


100 




20 







25 


500 


D r 


89 


360 




72 


150 




SO 







40 


730 


c n 


150 


540 




110 


210 




30 







20 


450 


B 1 


70 


250 




30 





A 



Ads. 18 ac. 1 ro. 23 per. 
25y4su 



AM 
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(6.) 






2180 


A 


- 


15 


626 


15 


S. 5gPE. 




426 


H 




20 





10 




20 


1610 


10 B r 




20 


1590 




N. 29**E. 







L 




TohooMt. 








A r 


2050 


15_,^^--^ 






1969 


^^-^"""^ 


& 13«»W. 


^Ifso 


1000 






9 









51 


1380 


F r 




120 


600 




S.77**E. 


20 









20 


750 


E r 




24 


500 




S!.85''E. 


10 







•-- 


10 


1400 


D r 


■ 


500. 


1000 






400 


700 




N. 51»E 


,,.,300 


400 
25 


.^_^ 









20"^^^--^ 




15 


655 


c r 




10 







N. 45** E. 


10 


1450 


M r 




350 


600 
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Peob. XSVIII. To take an extensive survey. ^ 

Choose far atatioos the most emtnent placei, from which the 
principal parta of the survey may be Been. Particularly cbooee 
juch emioences as lie near the boundaries. Take the angles 
which these statioDs make with one anuther irith great accu- 
racy, and measure carefully in a straight line the distances 
from station to statioo, marking the places where the lines 
psBS ditches, roads, rivulets, &c., and take oflsetB to near 
algectB, leaving in the ground a mark at erery place where 
jou marked the distance in the field-book, distinguish log these 
narks by letters or tiguren, that they may not be mistaken for 
one another. In this way you will obtain the situation of the 
principal parts. Then take other stations within these, and 
measure the distances as before. And thus divide and sub- 
divide the survey, till you come to single fields, which may be 
measured by some of the preceding methods. 

Tbe longer the distance is between the stations, if accu- 
rately measured, the more correct will the work be; but this 
caouot be ascertained by a single measurement, without using 
'ariouB methods of determining it. At the same time, aa 
error in these primary distances affects the whole survey ; and 
therefore every care ought to be taken to prevent it. 

After the principal parts of the survey are laid down accu- 
rately, so as to have the nhole divided into small compart- 
Dieuts, these may be tilled up by the planC'tablc, oue by one. 

In laying down the plan, proceea in the same way, first 
kying aown the principal distances and the boundaries, and 
then the interior parts as they are surveyed ; and in filling up 
the particular departments, care must be taken to lay dowa 
the boundaries of parishes, estates, farms, &c. and to point out 
the particular situations of towns, villages, churches, gentle- 
men's seats, towers, farm-steads, also rivers, lakes, poods, 
woods, plantations, rocks, precipices, and all the eminences, 
mines, pits, quarries, and in general every thing which can 
contribute to give a proper understanding of the nature of the 
survey. All these must be neatly sketched and properly 
coloured, and the names of the places are to be printed in tiiem. 
1. I took two stations near a road, of which B lay from A, 
N. 61' E. 1 830 links ; and from A look the bearings of the 
Biiinences C, S. 70= E,, D, S. 62° E., and E, S. 36" E., and 
at B took their bearings C, S. 14" E., D, S. 6^° W,, and E, 
8. 26" W. Ret^uired their distances from the stations, and 
their bearings and distances from one another. 

An*. BC 1684-14, AE 1201-788, CD 596 64, andD 753-41 
links. 
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Hano^ drawn the plan of the obaormtioDS in En 
It 11 required to lay down on it, and to calcnktetliepi 
contained in the mld-book of the SoUomiDg eyaapkfc 
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Ana. 6*50322 acres. 



The distances not mentioned in 
k taken £rom the^«ceding ones. 



Ans. 4*07145 acres, 
these two examples are to 



Pbob. XXIX, To find the contents of a survey. 

The areas of single fields^ bounded by straight lines^ may be 
ibimd £rom the lines measored in the neld^ by the fu^t twelve 
problems of Mensubation of Superficies. 

To CALGVLATE OFFSETS. The most accurate method is 
to compute them separately^ as triangles and trapeziods^ by 
Prob. IV. and VII. of Mensubation of Sufebficies. 

Method 2. If the distances between the perpendiculars be 
nearly equal. To half the sum of the perpendiculars at the 
extremities of tlie base^ add all the rest^ and multiply the sum 
by the base^ and divide the product by the number of divisions 
in the base made by these perpendiculars. 

Common Method. Divide the sum of the perpendiculars 
by the number of them for a mean perpendicular^ by which 
multiply the base. 
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Am. r25x(ix(il04-lS5+&5+275+lg5)+(U 
75) xi) = 196112*5 arei. 



Bat sarreron ecDenDj cndeinHir fint to «bdu ai 
pba of the lud, and tlftcn tWy ■eiMore^ <m the pfan, 
fmet M will ciafale tliem to cilrnhir its ooBtnts wA 
grcatot expeditioo ; and for tbii purpoK tbey ndaoi 
crooked boundaries to straight lines. Sometiines this in' 
bf stretching a hair through the crooked put, m tktf ^ 
•niall parts cut off bj the haur maj becQoal to the partiti 
in, as nearly as the eye can judge ; and this can be toe' 
nicely by an experienced sunreyor. 

Otben reduce the crooked parts to a trian^ 
Prob. XXXIV. of Practical GsoMBTmr^ whidi ctf 
done by the parallel ruler without drawing linet. 
•uppoie ABCDEF6 to be the space 
which is to be reduced to a triangle. 
Lay the parallel ruler from A to C, 
ana move it till it pass through B^ 
and mark the point 1 in which it 
cuti AG. Lay the ruler through 1 
and D^ and move it till it pass through 
C, and mark 2 where its cuts AG. 
Again lay the ruler from 2 through E^ and move it till k 
pais through D, and mark S where it cuts AG^ and so cb) 
then join 4 and F, and the triangle F4G is equal to the giT0 
space. For Bl is parallel to AC ; therefore if Cl were dran 
tne triangle ACl = ACB. Now^ when the ruler pafl> 
through A and C^ it takes in die triangle ACB ; and when 
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it u moved to Bl, it cuta off tbe triaii|l«i ACl. In like 
Danoer tbe triangle lD2, which is taken in, la equal to the 
triangle IDC cut off; and so of the rest. 

Another method of calculation much practised by eurveyors 
<i the following, which, though it depend upon judgment, will 
be found to come very near the truth, and is very expeditious. 

Let ABCD be the plan of a ^ h D 

surrey, and DC a straight bound- ft — -_, . 1 1 

ary. Draw EF perpendicular E-U^iv^-i+^-a-^^-SlE 

Id DC, and on it lay a chain, LL_L-J ' L 

from E to a, from a to f>, from SI* 
i to c, &c, ; and draw parallela to CD through a, b, c, &c., 
and they will divide the plan into spaces, each a chain in 
breadth. Measure in a line parallel to DC, half-way between. 
E and a. This is supposed to give the mean length of the 
Gnt space, and therefore is to be measured where the length 
iia mean, as nearly ae the eye can judge. It is here supptBed 
lo be 109 links, and is written so in the first space. In the 
uue manner the mean len^hs are taken in all the other divi- 
yons. After this these lengths are to be added together, and 
rtquire only three places to be cut off to give the area in acres. 
The small space ABGH remaining beyond the last parallel, 
which is only 39 links in breadth, may be found by malti- 
I^yiDg 39 by its mean length, judged of as before. Or o&ets 
upon GH may be takeu from A and B, and thus a mean 
breadth may be obtained, to be multiplied by GH, or the 
mean length. Suppose the oifsets at A and B to be 44 and 
31, and suppose the mean length to be g6 links ; then 
98x39 = -03744 of an acre. Or the mean offset is 37-5, 
irhich, multiplied by GH, suppose 100, gives -03750 of an 
Kre fiir the content of the part ABGH ; and this, added to 
-593, the sum of the mean lengths of the other pieces, gives 
'4305 of an acre, or I rood 28-88 perches, for the whole area. 

If the boundary be a curve line, and the distances between 
the perpendiculars eqnal, the area may be calculated by Note 2, 
Prob. XXX. of Mensuoation op Sppbefioies. 
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Peob. XXVI. To divide a triangular field ABC in 
any proportion, as thai of 9 to 7, by a straight line 
drawn from the angle A, the opposite side BC bein? 
950 links. b • i-H S 

An. l6:T:: 950: 4I5| tobelaidfrom 
6 to D; then AD is the dividing line. 

8. Divide the triangle ABC, of which the 
ndtt are AB 386, BC 4S6, and AC S3S 
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tlic ratio of 8 to S, by a line dra^rn from the 
angle B. Ana. AD 328, and DC 205 feet. 

3. Divide the triangle ABC, of which AC is 374, and AB 
473 links, and the angle BAG 54°, id the ratio of 5 to 6, by 
■■ ' iwn from C. Aob. AD 215, and DB 258 linlii. 

. XXVII. To cut oft' three acres from the 
para.]lelogrflm ABCD of ten ncres, by a straight line 
parallel to AB, the side BC being 495 links. 

Ans. 10 : 3 :: 495 : 148^ to be laid from 
B to E, and from A to F ; then EF " 
dividing line. 

2. Divide the parallelogram ABCD, of i i 
which AB is 236, and BC 574 yards, and the 

angle ABC 76°, in the ratio of 3 to 4, by a line parallel to 
AB. Ane. BE 246, and EC 328 yards. 

3. Diride the rectangle ABCD, of which AB ia 472, and 
BC 675 feet, in the ratio of 7 to 8, by a line parallel to AB. 

Ans. BE 315, and EC 360 feet. 

PKOB. XXVIII. To cut off two acres from the 
tiiangular field ABC of six acres, by a straight line 
drawn from D, 230 links from B ; the line fiC bang 
466 hnks, and BA 420 links. 

Ana. 6 ; 2 r : 466 : 155^ = BE, and 
230: 155^:: BA420: BF283^f ; then 
DP is the dividing line. 

If E had fallen between D and G, 
then AC must have been divided. _ 

2. Divide the triangle ABC, of which 

the sides are AB 451, BC 528, and AC 364 links, in the 
ratio of 7 to 9, by a line drawn from D in BC, 363 lipk* 
from B. Ans. BP in AB 287 liob. 

3. Divide the triangle ABC, of which AB is 464, and BC 
580 feet, and the angle ABC 64°, in the ratio of 3 to 5, by »- 
line drawn from E in AB, 290 feet Irom B. 

Ans. BP in BC 348 feet frwm B- 
Pbob. XXIX. To divide any field ABCDE in a. 

given ratio, as that of 5 to i, by a straight line drawi* 

from the point P in AB, one of its sides. 
Reduce the field to the triangle 

AFG, having its base in the side CD, 

which the dividing line will cut, by 

Prob. XXXIV. of Pkactical Geo- 

HETBY. Divide the triangle AFG in ■ ^ ... A . |. 

the given ratio by the line AH, by ** ^ ■°- 
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Prob. XXVI. Draw AK parallel to PH, and join PK : it 
wilt be the dividing line. 

Note 1. If the point K fall in CG, the field muat be re- 
duced to a triangle which has its base in BC, or a triangle 
equal to PCK must be made by a line drawn from P to BC. 

2. Divide the quadrilateral ABCD, of which the sides are 
AB 255, BC 28*, CD 313, and AD 47S yards, and the angle 
ABC 57°, in the ratio of 6 lo 7, by a line drawn fn)m P in 
AD, 118 yards from A. Ana. BH 294, and BK 189 yards. 

Note 2. As the method of dividing the field geometricaltf 
hy parallels ia much caaier than the arithmetical, it is beat to 
do it in that way very accurately, and then to measure the 
result by the acale. 

PttOB. XXX. To divide a field ABCDE in a given 
ratio, by a straight line drawn from the point P, with- 
out or within the field. 

Conaider what lides will a 

be cut by the dividing line, 
Boppoae AE and CD. Pro- 
duce these lines till they 
meet in F, and parallel to 
Ihem draw PG, PH. Di- 
vide the field as in the last 
problem, by a line GK 
drawn from G. Find FL 
a mean proportional betwee 
it will be the dividing line. 

Note. To find the point L. Take FH and JFK, and 
add them when P is without the triangle, otherwise subtract 
them, and multiply the aum or difference by FK, and take 
the square rrait of the product. The difference between this 
root and FK will be KL, which is to be laid towards F when 
P ia within the figure, utherwiae the contrary way. 

2. Divide the pentagon ABCDE, of which the sides are 
AB 356, EC 381, CD 347, DE 182, and EA 412 feet, and 
the angles CDE 138°, and AED 124", into two parts, in the 
ratio of S to 3, by a line drawn from P within the figure; 
PH parallel to CD being 374, and PG parallel to AE being 
3S feet. Ana. FK 440, the root 283, and KL 157 feet. 

Pkob. XXXI. To divide a field ABCD in a ^ven 
ratio, by a straight line parallel or perpendicular to a 
g^veh line, or making a given angle with one of the 
sides, as BC. 
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Connder wbich of the sides are 

to be cut by the ilividiDg line, aa 
AD and BC. Produce these lines ^ 
till tfaey meet ia F. Reduce the 
Held to a triangle ABE, and di- 
vide BE in the giren ratio. 
Draw AH in the portion of tfae 
dividing line, and make FL equal 
to the square root of the product of FK and FH, and drar 
LM parallel to AH, and it will be the dividing line. 

2, Divide the quadrilateral figure ABCD, of which AB ii 
356, BC 528, CD 2l6, and AD 418 links, and the angle 
ABC 78°, in the ratio of 3 to 4, by a line perpendicular W 
BC. Ans. BL 205, or CL 323 Jinia. 

These methods of dividing land, though accurate, and in 
general as short as any, are seldom used by surveyors. They 
generally draw a line aa near as they can conjecture to the 
position of the dividing line required, and lind the area of the 
part cut off by it, which discovers how much they have cut 
off, too little or too much ; and they alter the line as in the 
following problem. 

Prob. XXXII. From a given field ABCDEF, 
suppose of 20 acres, to cut off B acres towards B, by a 
strfught line drawn from the point G in the line CD, 
436 Unks from C. 

Draw GH as near to the posi- 
tion of the line required as you 
can conjecture, and calculate the 
area of the space ABCGH, which 

suppose to be 9-0496 acres : this ^ 

is l-04g6 acres too much, which, c STJ 

divided by ^GH, suppose 364 
links, gives 268 links. Draw a parallel to GH at this distance 
from it, and let it meet AF in K : then GK is the dividing 
line required. 

When a quantity of land, such as a common, is to be divided 
among several proprictoni in certain proportions, the quantity 
to be assigned to each will be as the value of his claim, di- 
vided by the quality or value of the ground allotted to bim. 
This may be done by adding into two sums the contents and 
the values : then, by distributive proportion or fellowship, 
compute the value of each person's snare; and from the qua- 
lity of the ground where his share is to be determined, find 
what quantity will amount to the ralue of his share, and buj 
it off by the lost problem. 
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Suppose it were required to divide 780 acres amoDg^ three 
proprietor*, whose estates are £1000, £3000, and £4000 
a-ycar, and the values of the land in which their aliarea are to 
lie are 5s., 8a., and 10s. the acre respect ively. 

The claims being as 1, S, and i, and the qualities as 5, 8, 
and 10, the quanlities assigned to them must be as }, |, and -^i 
or as 8, 15, and 16, and their shares l60, 300, and 330 acres. 

Pbob. XXXIII. To transfer, and to enlarge or 
diminish, a plan. 

After the first plan is completed, it will be necessary to 
drair out a fair one upon vellum or paper. 

There are various ways of doing this. 

First. If the fields be generally bounded by straight lines, 
lay the plan upon the clean paper, keeping it firm by weights, 
and prick through all the corners of the plan, and 'then con- 
nect the points on the clean paper. 

Secondly. Lay a piece of paper covered with black-lead 
dust between the papers, with the powdered side towards the 
clean paper, and with a blunt needle trace all the lines on the 
rough plan with such pressure that the impression may reach 
the clean paper; af\er which they are to be traced with ink 
upon the clean paper. 

Thirdly. Divide the rough plan into small squares, and 
divide the paper to which it is to be transferred into aa many 
squares; then copy the parts of the plan found in each square 
ialo the corresponding square of the other plan. In this 
manner the plan may be enlarged or diminished in any pro- 
portion, by making the squares in that proportion. 

Fourlhlu. There are several instruments useful for trans- 
ferring, enlarging, and diminishing plans, as the proportional 
compasses, the pentagraph, and the copying-glass. 

A plan may be enlarged or diminished in any proportioo 
nn the first paper, by Prob. XXXVII. of Practical Geo- 
metry, and afterwards transferred to the clean paper by any 
(if ihe preceding methods. 

After the plan is copied upon the clean paper, write such 

Kiry, and make a fleur-de-lis to point out the direction, and 
In a convenient corner lay down a scale for measuring the 
parts of the plan. The title of the plan must be placed ia 
a conspicuous part, and properly ornamented. After which, 
erery part must be coloured or illuminated in the way thai 
appears most natural. Rivers, woods, hills, hedges, houses, 
roads, &c. must all be distinguished by proper represeDtations. 
But these things require to be learned by practice. 
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Coonder which of the aides u-e 
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AI> and BC. Produce 
till they meet in F. Redi 
lield to a triangle A£E, and di- 
vide BE in the given ratio. 
Draw AH in the position of the 
diriding line, and make FL equal 
to the square root of the product i 
LM parallel to AH, and it 




FK Bod FH, and dnir 

be the dividing line. 



2. Divide the quadrilateral figure ABCD, of which AB ii 
356, BC 5S8, CD 2l6, and AD 418 links, aod the angle 
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ABC 78°, 

BC. Ans. 

These methods of dividing land, though accurate, and io 
general aa short as any, are seldom used by surveyors. They 
generally draw a line as near as they can conjecture to the 
position of the dividing liue required, and find the area of the 
part cut off by it, which discovers how much they have cut 
off, too little or too much ; and they alter the line as iu At 
following problem. 

Peob. XXXII. From a given field ABCDEF, 
suppose of 20 acres, to cut off 8 acres towards B, by s 
etraight line drawn from the point G in the line CD, 
4S6 links from C. 

Draw GH as near to the posi- 
tioQ of the line required as you 
can conjecture, and calculate the 
area of the space ABCGH, which 
suppose to be 0'Oi9S acres: this 
IS l-0ig6 acres too much, which, 
divided by ^GH, suppose 364 

links, gives 2S8 links. Draw a parallel to GH at this distance 
from it, and let it meet AF in K : then GK is the dividing 
line required. 

When a quantity of land, such as a common, h to be divided 
among several proprietors in certain proportions, the quantity 
to be assigned to each will be as the value of faia claim, di- 
vided by the quality or value of the ground allotted to him. 
This may be done by adding into two suras the contents and 
the values : then, by distributive proportion or fellowehip, 
compute the value of each person's share; and from the qua- 
lity of the ground where his share is to be determined, find 
what quantity will amount to the value of hi« share, and tiy 
it off by the last problem. 





DE8CBIFTI0N OF THE ELIDING- HULE. 

This rule is 1 foot long, I'l inch broad, and '8 iaeh thick, 
and each of its four sides is furnisbed with a slider. 

Upon the first side arc four lines, all coostructed in tW 
same way, that is, each ja divided into 1000 partj, and the 
□umbers are placed at their logarithms. The two oa the 
slider arc marked B. or Num. The upper line on the rule is 
marked A., and the under one M. D. or Malt Depth. Thii 
last is inverted, and the point 331S'I93 is placed at the right 
end, so that 10 on this line is opposite to 2218-192 or IM. B. 
on the line A. 

Upon the opposite side of ihe rule, the lines on the slider 

are the same with those on the first side. The line on the 

rule is constructed in the same way, only the distance between 

1' and 10 is twice as long. One-half of this line, or from t 

3'2, is placed above the slider, and the other half below it. 

kSome rules hare a line on which the distance between I and 

1 10 is one-third of the distance on this line. On the inside of 

I die slider are the gauge-points for imperial gallons, for imp&< 

frill malt bushels, and also the multipliers and divisors for 

I iqiiare and round vessels. 

I On the other sides or edges of the rule, the sliders contain 

I Iraes the same with those of the other sliders ; and on the rule 

n lines for ullaging, on the one edge for ullaging a lying 

lA, and on the oiher for a standing casL These lines are 

B|tODBtTucted experimentally thus : — Take a cask containing 

^00 gallons, and fill it with water. Draw off one gallon, and 

i the depth of the remaining water; then iset the 

or the bung-diameter, according as the cask is stand- 

Ifot lying, on the slider, opposite to 100 on the rule, and 

i(iOBte to the wet inches on the slider mark gg on the rule. 

raw oS" another gallon, measure the wet inches, and opposite' 

Klathein on the slider mark 98 on the rule; and proceed in 

B^ same manner till the line is all marked. The inside of 

■fte slider, on the edge marked C, contains a line of inches 

■Jttd lines for reducing the first and second varieties of casks to 

ml^^inders. 

I There are several brasses or notches marked on the lines. 
■Thoi, on the first side, a brass with IM. B. is marked at 
KffilI{-]93 fiir imperial bushels, and another with IM. O. for 
ft^perial gallons at 277'S74<. On the second side are marked 
\tt the mle the gauge-points, IM. G. for imperial gallons at 
M'TSd, M- S. or malt bushelti in square vessels at 47*0971 and 
ir malt bushels ID round vesselj at 53'144. 
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Fkob. I. To multiply by the eliding-rule. <i ^hJ 

Turn up tlie firitt lide, and set 1 on the slider oppottle I'n 
the multiiilier on tiie line A; then againet the muliiplicand 
on the filiuer is the product oa A. 

1. Multiply 15 by S. Set I on B to 8 on A; theo oppo- 
site to 15 on B will be 120 on A, the product. 

Note. The I at the left end of A may be read I, or 10, or 
100; b-dA the rest of the numbera must be read accordin^j 
the S either S, or SO, or £00, &c. Also, in reading the msl' 
tiplicand on the slider, the 1 may be read 10 or 100; bts 
then the product niuBt be incrcaEed 10 or 100 timee. 

2. Multiply 250 by SG. Set 1 on B to 56 on A j then 
against 250 on B is 14000 on A. 

- 3. Multiply 7-23 by 85. . . . Ana. 6l-i6S. 

4. . . 82-5 by -73 60-23. 

5. . . . -gtby?-* 6-9S6. 

FaoB. II. To divide by the sliding-rule. 

Place the diFisor on the slider B opposite to the dividend 
on A ; then against 1 on B is the (juoticnt on A. 

1. Diride 480 by 15. Set 15 on B to 4<80 on A; ti(eo 
against 1 on B is the quotient 32 on A. 

2. Diyide 814.2 by 59. . . . Adb. 138. 

3. . . 8-75 by 3-25 S% 

4. . . 6-08 by 7-42. . . . -819. 

5. . . 19-7 by 3-5. . . . 5-63. 

Peob. III. To work a proportion by the sliding-rule. 

Place the first term on the slider B opposite to the second 
or third on A; then against the other term on B is the 
answer on A. 

1. If 40 yards of cloth coit £24, what will 15 cost? 

Ans. Set 40 on B to 15 on A; then against 24 on B is £9 
on A, the answer. 

g. How many yards of cloth at IBs. may be given for 
60 lb. of tea at 7s. ? Ans. 23^ y aidi. 

3. If l6 men do a piece of work in 48 days, in what time 
will 24 men do it ? Ana. 32 dayi. 

4. What number of meo must be employed to perfonn in 
84 days a piece of work which 108 men perKimi in 13S d»yi? 

Ans. 171 mta. 

5. If £l5'6 pay 16 labotirera for 18 days, how many, « 
the tame rate, will £S5'1 pay for 24 dap t Ans. S7 labounn. 
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IT 6. If 36 ywdg of cloth, 7 quarters wide, cost £25-^, what 
vitl ISO yarat of the tojut quality, 5 quarters wide, cost? 

Am. £60. 

PiioB- IV. To extract the square root by the sliding- 
rule. 

Take the Kcoad eide of the rule. Place 1 on the slider 
oppOBitfi to 1 on the rule, then liod the given number un the 
ilider, and if it conelst of I, 3, 5, 7, &c. figures, the root ii 
nppoiite to it on the line aboi'e; but if it consist of S, 4, 
6, Sec. figures, the root is opposite on the line below it, on the 

1. Required the square root of 81. Set 1 on C to 1 on D; 
ihen opposite to 81 ou C, t» Q on the line below on D. 

a. Required the square root of 6S5. Set 1 on C to 1 on D ; 
ihea araiDrt 695 on C, is £5 on D on the line above. 
' 9. Iteqaired thoBquareroot of l681. Ans. 41. 

4. of 34649. ■ 157. 

S. of 50683. . . 2-a5. 

6. ofSO-25. . . 5o. 

Fbob. V. To find a meon proportional between two 
umbers. 

Set the lesser on C to the lesser on D ; then against the 
imter OR C is the mean proportional on D. 

1. Required a mean proportional between IR and 79. 

Set 18 OD C to 18 on O ; then against 72 ou C is aS on D, 
l4icb is the mean required. 

fi. Required a mean proportional between 2448 and 17. 

Ana. S04. 

3. Required a mean proportional between 126 and 115S. 

Ans. 3S4. 

4. Required a mean proportional between 3025 and 272'25. 

Ans. 9075. 

5. Required a mean proportional between 1248 and 78. 

Ans, 312. 

6. Required a mean proportional between 205'5 and 137. 

Ans. 167-79. 

PaoB. VI. To find a number, which shall have to a 
pveo one the same ratio which the squares of two given 
numbers have to one another. 

Set the first term of the ratio on D to the given number on 
C; then opposite to the other term of the ratio on D stands 
■be answer on C. 
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1. Kequired the number which thall be to 36, aa the ^ofR 
of 4 to that of 3. . 

Set 3 on DtoS6on C; then agiauiBt 4 OD t>vilibe64aa 
C, the aoswer. 

2. What number U to 120, as the square of 3 to that of S? 

Ani. 870. 

3. locreaae the number 240 in the ratio of the Bquare of 4 
tfl that of 5. Ana. S7S. 

4. Dimmish the number sgs in the ratio of the iiqaare i]f 
T to that of 6. Am. 868. 

5. Find the number to which igG ehdl hare the eamer^ 
with the square nf 7 to that of 9. An*. SH 

Fkob. VII. To find a number which shall be to a 
given one as the square roots of two given numbers. 

Set the first term on G to the given number on D ; then 
against the other term on C stands the answer on D. 

] . To what number wiil 3 have the same ratio with the 
square root of 108 to that of 48 > 

Set 3 on D to 108 on C; then against 43 on C is S m D, 
the answer. 

3. To what number will 3 be as the square root of 130 U> 
that of S70i' Adb. 3. 

3. Required the number to which 256 shall be as the 
square root of l6 to that of 9. Ana. 19L 

4. Increase the number 433 in the ratio of the square ro<" 
of 3 to that of 5. Aus. 559. 

5. Diminish the number 1414 in the ratio of the »|Uiri 
root of 8 to that of 7. Am. 133:!. 

Peod. VIII. Of multipliers, divisors, and gaugi'- 
poinis. 

Instead of first linding the content of a vessel in inches, ami 
afterwards reducing' it to the measure of capacity required, 
which must often be done both bv multiplying and dividing 
by known numbers, gangers find the content in the measuic 
required by means of a Hingle multiplier or divisor. 

These multipliers are got by dividing the multiplier ukA 
in finding the content by the divisor, which reduces the v>"' 
tent to gallons, &c. Thus, to find the multiplier which. i[i 
circular vessels, will give the content in imperial gallons, di' 
vide -785398 by 377-274. 

To find the divisor which will answer the same purpose. 
divide 277-274 by -785398. 

Oauge-potnts are numbers made u^ of in working by ihf 
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>lidiD^<ru]e. The operatiaa h made similar to that in ^H 


Prob. VI. ; and for that purpose the snuare root of the diviwr ^B 


is taken fur the lifEt term, and it called the Gauge-iHiiat. 




TABLE 


I. 






MDtTIPtlKRB, DIVISORS, A^ 


D GAUGK-P0IN1«, FOB 




CILIMDBICAL VEBSBLS. 




1 Hnnun. 


Muldplien. 


Divi«»n. 


Gauge. PoiDU. 




Forutchen, . . 


■7853982 


1 ■973239 


1-12838 


Imperial gallona, . 


•0098326 


S53'0362 


18-7893 




Im^rial bushels, . 


■0003541 


2824'2903 


531441 




Green soft eoap, lbs. 


■0303959 


32'6841 


5-7170 




White soft soap, do. 


■0307276 


32-5440 


5-7047 




Cold hard soap, do. 


■0289388 


34'5557 


5-8784 




TUIcKT, groffi, do. 
Storchjo. . . 


■0259379 


38'5537 


6-2092 




■0225689 


44-3087 


6-6565 




OnwD glaw, do. 


■0928367 


10'77l6 


3^2620 




Plate giBSH, do. . 


•0855740 


11-6858 


34184 




Broad gla», do. . 


■0746860 


18-3894 


3'6S92 




OI.D HBABURBS. 










Wine ralloDs, , . 


■0034000 


294-1183 


17-1499 




AlegBlloDB, . . 


■0027851 


3590535 


18-9487 




Ckirn gallons, . . 


-0029219 


342-9468 


18-4999 




Mill bushels, . . 


■0003652 


2738 '0000 


52-3259 




Scotch pints, - . 
Wheat iirlots, . . 


■0075372 


132-6759 


11-5185 




■0003547 


9819-3623 


53-0977 


M 


Barley firloU, . . 


■0002431 


4112'9526 


64-1323 


■ 


Irish gallons, . . 


■0028955 


345-3662 


18-5840 


■ 


Irieh barrels, . . 


■0000905 


11051-7176 


105-1296 


■ 


In this table, the fim multiplier is that for findiog the ares 


■ 


rf a circle, and its reciprocal ia the first divisor. The other H 


multipliers are got by dividing the first by the number of ^H 


inches in a gallon, bushel, &c. ; and the other divisors bv ^M 


nulUpif ing the first divisor by the number of mches in a ^H 


nllon, &c. The gauge-points ore the square roots of the ^M 
If 1 be put instead of -7853983 at the top, tables may be ^| 


fcrmed in the same way for square vessels. Thus, 1 divided by ^H 
27-14 gim '036846, the multiplier for hard soap. ^M 
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TABLE II. ^ 


■ 


MULTIPtlBBa, DIViaOBa, AND GADGE-POINW, »»..' 1 




PRISMATIC VESSELS. 


1 




MeBBUtes. 


Multipliers. 


Diviton. 




BQEIABB. 










Imperial gallone, 


■0036065 


277-274 


16-6516 




Imperial buEheU, 


■0004508 


2218-I90 


47-0977 




Hard soap, pounds. 
Tallow, /o.. . 


■0368460 


27-140 


5-2096 




■0330251 


30-280 


5-5027 




Starch, do. . , 


■0387356 


34-800 


5-8993 




Grceo glass, do. . 


■1182033 


8 460 


2-9086 




PENTAGONAL. 










Imperial gallons, . 


•00620SO 


1611610 


12-6950 




Imperial huBbels, . 


■0007756 


1289^2884 


35-9067 




Hard soap, pounds. 
Tallow, do. . . 


■063.5927 


15^7747 


3-9737 




■0568190 


17-5998 


4-195! ■ 




Slarch, do. . . 


■0494390 


20>2269 


4-4971 


■ 


Greeu glass, do. . 


■2033661 


4-9172 


'■'"' j 


1 


HEXAGONAL. 

Imperial gallons, . 


■0093700 


106-7228 


10-3307 


t 


Imperial bushels, . 


■0011796 


853-7824 


29-3196 




Hard soap, pounds. 
Tallow, (To. . . 


■0957287 


10-4462 


3-2321 




■0858018 


11 ■6548 


3-4189 




Starch, do. . . 


■0746574 


13-3945 


3-6699 




Green glass, do. . 


-307 1 012 


3^2563 


ISOiS 


I 


HEPTAGONAL. 








1 


Imperial gallons, . 


■0131059 


76^3918 


87351 


r 


Imperial bushels, , 


■0016382 


610-4142 


247066 




Hard soap, pounds, 
Tallow, do. . . 


■1338951 


7-4685 


a^7329 




■1200103 


8^3326 


2-8866 




Starch, do. . . 


■1044228 


9-5765 


3^0946 




Green glass, do. . 


■4295405 


2^3281 


1-528S 




OCTAGONAL. 










Imperial gallons, . 


•01 741 39 


57-4253 


7-5780 




Imperial bushels, . 


■0021767 


459-4027 


2 1-4387 




Haid eoap, pounds. 
Tallow, (To. . . 


■I779O8I 


5-6209 


2^3708 




■1594592 


6-2712 


3^5042 




Starch, do. . . 


■1387479 


7-2073 


2^6846 




Green glass, do. . 


-5707359 


1^7521 


1-3237 




To find the mullipli 


r, divisor, a 


d gauge-poin 


t, for iniperisl 


galtong in vessels of tiie 


form of a r> 


^ular heptag 


M 
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vide the tabular multiplier S-dSSQlSi by S77'S74: the 
, .eat -OXSIOSQ will be the muliiplier. Divide 277-274 by 

S-6339124: the quotient 7€-3()18 will be the divisor, and its 
iquare root 8-7351 will he the gauge-point. 

In the aame manner the multipliers, diviaore, and g^uge- 
pointa are found for any regular polygon. 





TABLE 


III. 




MOLTIPLIKBB, DIVIBOEB, AND GAUGE-POINTS, FOB 


CONICAL VEBSELS. 




Mnenns. 


MuMpIiers. 


Dnisots. 


G BUge- Points. 


For inches, . . 


■261 799* 


3^819717 


1-39441 


Imperial gallons, . 


■0009412 


1059-1086 


32-5441 


Imperial butbeU, . 
Soft Boap, pounds. 


■0001180 


8472'8708 


92-0490 


■0101986 


98^0522 


99021 


White soft soap, do. 


■0102425 


97-6320 


9-8810 


Hard soap, do. . 


■0096*63 


1 03-667 1 


101817 


Tallow, do. . . 


■0086460 


115^66n 


10^7547 


Starch, do. . . 


-0075230 


I3g'926l 


11-5295 


Green glass, do. . 
Plate glass, do. . 


-0309456 


32-3148 


5-6846 


■0285247 


35-0.'i75 


5-9208 


Bread g^lass, do. . 


■0248953 


40' 1683 


6-3379 


■ana ueasdbks. 








Wine .gallons, . . 
AtegaTlons, . . 


•0011333 


882-3549 


29-7045 


•0009284 


1077-1605 


33'8201 


Malt bushels, . . 


•0001217 


8214-0000 


90-630fi 


Scotch pinlB, . . 
Wheat firlots, . . 


■0025124 


398 -0277 


19-9306 


■0001182 


8458-0870 


91'9fi80 


Barley firlots, . 


■0000810 


12338 '8578 


111-0812 



lo pyramidal, conical, &c. vessels, where, in finding the 
content, we multiply by one-third of the length, the multi- 
nliei- should be oae-thiril of that in the table, the divisor must 
be three times as large as that in the table, and the gauge- 
point must be the square root of three times the tahular divi- 
■orj and, in this case, use the whole length, instead of one- 
" ij. ef it. The same remarks are applicable to rules in which 
'■■ 'y by any other part of the length. 

lOB. IX. To gauge areas one inch deep. 

^,When one side is given, set the gauge-point on D fo 
tti; and against the given eide on O is the answer on C. 
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SIS SUaVEYING. 

CoDuder which of the aides are 

to be cut by the dividing line, as 
AD and BC. Produce these lines 
till they meet In F. Reduce the 
lield to a triangle ABE, and di- 
vide BE io the girea ratio. 
Draw AH in the position of the 
dividing line, and make FL equal 
to the square toot of the product of FK and FH, and drair 
LM parallel to AH, aod it will be the diridiog line. 

2. Divide the quadrilateral figure ABCD, of which AB is 
356, BC 528, CD 2l6, and AD 418 links, and the angle 
ABC 78°, in the ratio of 3 to 4, by a line perpendictilar lo 
BC. Aos. BL 205, or CL 323 links. 

These methodE of dividtog land, though accurate, and in 
general aa short as any, are seldom used by surveyors. Tbty 
generally draw a line as near as they can conjecture to the 
poMtion of the dividing line required, and find the area of the 
part cut off by it, which discovers how much they have cat 
off, too little or too much ; and they alter the line as in ik 
following problem. 

PaoB. XXXII. From a given field ABCDEF, 
suppose of 20 acres, to cut otf 8 acres towartis B, by a 
straight line drawn from the point G in the line CD, 
436 Inks from C. 



AK^ 




I 



Draw GH as near to the posi- 
tion of the line required as you. 
can conjecture, and calculate the 
area of the space ABCGH, which 
suppose to be .9-0496 acres: this 
IB 1-0496 acres too much, which, 
divided by ^GH, suppose 364 
links, gives 288 links. Draw a parallel to GH : 
from it, and let it meet AF in K : then GK i 
line required. 

When a quantity of land, such as a common, 
among several proprietors in certain proportioni 
to be assigned to each will be as the value of his claim, di- 
vided hy the quality or value of the ground allotted to him. 
This may be done by adding into two sums the contents and 
the valuer: then, hy distributive proportion or fellowebip, 
compute the value of each person's snare; and from the qua- 
lity of the ground where hu share is lo be determined, find 
what quantity will amount to the value oi hig Bhare, and lay 
it off by the last problem. 



to be divided 
the quantity 
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Suppose it were required to divide 780 acres amcng three 
proprietors, whose estates aic £lOOO, £3000, and £4000 
a-year, and the ralues of the land in which their shares are to 
lie are 5s,, 8s., and 10s. the acre respectirety. 

The claims being as 1, 3, and i, and the qualities as 5, 8, 
and ] 0, the quantities assigned to them must be as }^, |, and ^, 
uras 8, 15, and 16, and their shares l60, 300, and 330 acres. 

PnoB. XXXIII. To transfer, and to enlarge or 
diminish, a plan. 

After the first pkn is completed, it will be necessary to ' 
draw out a fair one upon vellum or paper. 

There are various ways of doing this. 

Firsl. If the fields be generally bounded by straight lines, 
liy the plan upon the clean paper, keeping' it firm by weights, 
Bud prick through all the corners of the plan, and then con- 
nect the points on the clean paper. 

Secondltf, Lay a piece of paper covered with black-lead 
dust between the papers, with the powdered side towards the 
clean paper, and with a blunt needle trace all the lines on the 
migh plan with such pressure that the impression may reach 
the clean paper ; atler which they are to be traced with ink 
Upon the clean paper. 

Thirdly. Divide the rough plan into small squares, and 
divide the paper to which it is to be transferred into as many 
iqnares ; then copy the parts of the plan found in each square 
into the corresponding square of the other plan. In this 
Banner the plan may be enlarged or diminished in any pro- 
portion, by mahing the squares in that proportion. 

Fourthly. There are sereral instruments useful for trans- 
ferring, enlarging, and diminishing plans, as the proportional 
Compasses, the pentagraph, and the copying-glass. 

A plan may be enlarged or diminished in any proportion 
oo the first paper, by Prob. XXXVII. of Practical Geo- 
nTKY, and afterwards transferred to the clean paper by any 
of the preceding methods. 

After the plan is copied upon the clean paper, write sucb 
names, remarks, or esplanations as are reckoned to be uece^ 
ury, and make a fleur-de-lis to point out the direction, and 
in a convenient corner lay down a scale for measuring tha 
puts of the plan. The title of the plan must be placed ia 
■ conspicuous part, and properly ornamented. Afur which, 
trery part must be coloured or illuminated in the way that 
appears most natural. Rivers, woods, hills, hedges, houses, 
rud*, &C. must all be distinguished by proper representations. 
But these things require to be learned by practice. 
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. f. Required the content, id imperial biahel^,.af a ifgular 
IiesHgOD, of which the side ia 138 mchea. . 

Ana. 33-331 busheb. 

III. If the inches in any of the gauge-points be laid ot'a. \ 
rule, and this distaace be divided into 100 equal parta, the ' 

• dimensions may be taken with that rule, and then the contettt 
may be found without using the multiplien or diTiaors. Ttua, 
if 7'64 inches be divided into 100 equal parts, the side of the 
octagon in Ex. 6, measured by tliis rule, would be 6-496 aia 
galluna ; and this, multiplied by itself, would give 30*206 ale 
gallons fur the content. 

1. Required the content, in imperial gallons, of a cirole, of 
which the diameter is 40 inches. 

Ans. IGOO X -0028326 = i--52Sl6 imperial gallons. 
By the Gauge- Pointa. 
Set 18-8 on D to 1 on C; then against 40 on D is *-i3 
galloua on C. 

If 18-8 inches be divided into 100 equal parta, the diameter 
measured by thia scale would be 2'13, which, multiplied by 
itself, gives 4-5369 impenal gallons for the content. 

2. Required tlic content, in imperial galloiiH, of a aeciot of 
a circle, of which the radius is 43 inches, and the arc ItS 
inches. Ana S'9369 imperial galloui. 

»3. Required the content, in hard soap, of a trapeie, the 
diagonal being 32 inchet^, and the perpendiculars upon it ^pm I 
the angles 18 and 14 inches. Ans. 18-865 I|^ 

4. Required the content of a quadrant, at 1 inch deep^ in 
plate glass, the radius being 16 inchea. Ans. 21-907 Iba- 

IV. Some preparation is often necessary before the question 
can be wrouglit by the sliding-rule, as in the followiag 
examples. 

1, Required the content, in imperial gallons, of a segmeet 
of a circle, the diameter 50, and the versed sine 10 inches. 

Ana. lO'OOO -h 50 = -200 the tabular cerged sine, oppoeiie 
to which la -1118238 the tabular area; and -UI82S8 X JO^ 
X -0036065 = 1'00823 imperial gallon. 

Set l6'65onD tolUSoQC; and at 50 on D is 1;01 im- 
perial gallon on C, 

S. Required the content, at 1 inch deep, in tallow, of a 
triangular vessel, of which the sides are 36, 24, and io indtei. 

Here the half sum is 40, and the remainders are 20, l6^^ 

I* and 4v A mean proportional between 20 ftQd, 4p i%, HMH^I 
and between l6 and 4 is 8. Then, ,. ,, ...^.^^fl^H 



■ Set 30-S8 on A to 98-284 o 
7-47 lbs. tallow on B. 

3- What is tlie content, id imperial ^Iods, of hd ellipse, of 
which the asta are 79 and 50 inches P 

Ans. 10'I79S6 imperia] ^Iloiii. 

Fkob. X. To gauge solids. 

When the Jepth is greater than one inch, set the gnuge- 
point to the depth instead of 1. 

1. Required the content, in imperial gallons, of a rectangu- 
lar prism, of which the length is 81, the breadth 26, and the 
depth S5 inches. 

AuH. 81 X 26 X 25 X -0036065 = 189-882 imp. galloni. 
By the Gauge- Points. 
Set 25 on C to 25 on D ; and at 81 on C is 45 on D, a 
mean proportional between 25 and 81. Then, 

Set I6'65 on D to 26 on C j and at 45 on D is 190 impe. 
rial gallons 00 C. 

2. Required the content, in imperial gallons and bushels, 
uf an octagonal prism, of vliich the depth is 80 inches, and 
each side of the base 63 inches. 

Ans. 63* X80X -0174139 = 5529-262 imperial gallons, = 
691-158 bushels. 

By the Sliding-Pule. 

Set 7-578 on D to 80 on C ; and at 63 on D is 55S9-3 
imperial gallons on C. 

Set 21-434. on D to 80 on C; and at 63 od D is 691-16 
imperial bushels ou C. 

S. Required the content, in i 
dricftl vessel, the depth 40 incht 
bue 37 inches. 

Ans. 27' X 40 X -0028326 = 82-599 imperial g«lloiu. 
By the Sliding-Rule. 

Set lS-8 on D to 40 on C ; and at 27 on D is 82-6 impe- 
rial gallons on C. 

1. Required the content, in imperial gallons, of the frustum 
of ■ square pyramid, the depth 24 inches, each side of the 
lower tase 2fi, and of the higher 34 inches. 

Ads. 34+26 = 60, and (60= — 34 x 26) X 24 x -0012022 
=78'S64 imperial gallons. 

By the Sliding-RuIe. 

First set 26 on C lo 26 on D ; and at 34 on C is 2972 oa 
0, the mean proportional between 26 and 34. Then, 
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1 Set 38-84 od D to 24. on C; and at 600 on D ia 104-2 o 
■ . . 28-84 . . 2i . . . . 29-7 . . — 25-8 


nC. 



78-4 im. gal. 

Note. These, with most other questions, may be wrought 

more easily by Prob. XII. of Mbnsdhation of Solids : 

and therefore it is proper to give tables for it, and the rule fur 

working it by the slidiog-rule. 



GAUOE-POINTS TO B 



MeMUra. 


Gauge-Poinu. 












For Squares. 


ForCird* 




For inches. 


J. 


e764 




Imperial gallons. 


407878 


46-024 




Imperial busheU, 
Soft soap, pounds. 


I15'3653 


130-176 




12-4105 


14004 




White soft soap, do. 


12 -.^839 


13-974 




Hard soap, do. 


12-7609 


14-399 




Tallow, do. . . . 


13-4789 


15-209 




Starch, do. . 


14-4499 


16-305 




Green glaxs, do. 


7-1246 


8-0S9 




Plate glass, do. 


7-4208 


3-373 




Broad glass, do. 


7-9433 


8-9{)3 




OLD MKABDBBS. 








Wine gallons, 


37-2290 


42-008 




Ale gallons. 


41-1339 


46-41 S 




Com gaUoDS, 


40-1397 


45-31 S 




Alalt bushels. 


113-5893 


128-17! 




Scotch pints, . 


25-0044 


28-214 




Wheat firlots, - . 


115-2646 


130-062 




Barley firlots. 


139-2187 


157-091 




Irish gallons, . 


40-3423 


*5-5n 




Irish barrels. 


928-2104 


257-508 





Rule for working by the Pen. 

Find the squares or products of the sides or diameter) at 

the top and bottom, and of the double of those in the middle: 

the sixth part of the sura of these, multiplied by the propw 

multiplier in Table I. or 11. will give the content. 



By tbe Slidingi-Rulc. 
Set tbe gauge-point on D to the length on C ; then oppo- 
site to the sides or diameters at the endsj and to twice that in 
the niiddte au D, will be found three numbers on C ; and 
these three, added together, will give tbe content. 

To work the last question bv this rule. J {26' +34 '+60') 
X 24 X -0036065 = 78-362 imperial gallons. 
By the Sliding-Rule. 
Set 40'79onD to 24.00 C; then at 60 on D is 51 -600 C. 
. . 40-79 . . 24 . . . - 34 . . 16-6 . . 
. . 40-79 . . 24 . ■ ■ . 26 . ■ 9-65 . . 

77-85 imp. gal. 

5. Required the content, in imperial gallons, of a frustnm 
of a rectangular pyr:iniid, the depth of the frustum 100 inches, 
the sides of the upper iKiBe 18 and 8 inches, and the sides of 
the lower base 27 and 12 inches. 

Ans. i(18 X 8 + 27 X 12+45 X 20) X 100 X -0036065 = 
83-2383 impeiial gallons. 

By the Sliding- Rule. 
Set40-79onDtolOOonC; then at 18 on D is 19-4700 C. 
. - 40-79 .. 100 .... 12 . - 8-65 . . 
. . 40-79 . . 100 . . . . 30 . , 54-09 ■ . 

82-21 imp. gal. 

6. Required tbe content, in imperial gallons, of the fruatum 
ofacune, the depth of the frustum 100 inches, and the dia- 
meters of the bases 18 and 12 inches. 

Ans- J(18'' + 12^+30')XlOOx;0028326 = 64-58328, 
Imperial gallons. 

Set 46-02 on D to 100 on C; then at 18 on D is 15-3 on C. 
. . 46-02 . . 100 . . . . 12 . . 6-8 . . 
. . 46-02 . . 100 . . . . 30 . . 42-5 . . 



7. If tbe axis of a globe be 100 inches, how many imperial 
gallons will it contain ? 

In a sphere, the square of twice the middle diameter is three 
times the squai-e of the axis. 

Ana. J(10000 + 30000 + 0)xlOOX-002S326 = 18S8-4 
imperial gallons. 

Sat 46-03 on D to 100 on C; then at 200 on D is 1 888-7 
iiBperial gallons on C. 

8. Required the content, in imperial gallons, of a bowl or 
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•Qbtcod the laine angle BDC. After fiodinif the angle at B, 
work the triangle DBC. 

NoTS 3. If the three places A^ B, C^ be in a straight line, 
the fint operation will not be required. The rest are Uie cane 
as before. 

3. The three sides of the triangle ABC are AB 280, fiC 
Sl4i, and AC 326 yards ; and from the station D without the 
triangle, the angle ADB was 25^ 52', and ADC 23^ &, tbe 
point C being the nearest to D. Required their distanos 
from D. Ans. AD 586*154, BD 413-41, CD 308-107 yards. 

4. Suppose AB 26? feet, BC 209> and AC 346, and at tk 
point D, within the triangle, the angle ADC is 128^ 40', and 
ADB 91^ 20^. Required the distances of D from the angiei 

Ans. AD 104-05, BD 189*33, and DC 178-85 feet. 
Note. When D is in one of the sides, describe a segment 
on BC containing the given angle. 

5. Suppose AB 122-4, BC 74, and AC 82 chains^ and at D 
in AB, produced beyond B, the angle ADC is 22^ 45'. Be* 
quired the distance of D from the angles. 

Ans. AD 181-8, BD 59-4, and CD 125-4 chaim. 

6. Suppose AB 1234, BC 873, and AC 632 yards, and at 
D in AB the angle ADC is 120^. Required its distance 
from the angles. 

Ans. AD 226-12, BD 1007*88, and CD 487-84 yards. 

7. Suppose AB 138, BC 224, and AC 326, and at t) Ac 
angles are ADB 7^ 22', and ADC 19® 58'. Required the 
distance of D from the angles. 

Ans. AD 510-96, BD 385-286, and DC 204-87. 

Prob. XV. Given the angles of elevation of a tower 
PS, taken at three stations A, B, and C, on a level 
plane, no two of which are in the same vertical plane 
with the tower, viz. PAS 20« ICK, PBS 18^ SCX, and 
PCS 34*^ 30^, and also the distances between the sta- 
tions AB 324, BC 668, and AC 672 yards ; to find 
the height of the tower. 

Make the triangle ABC, of 
which AB is 324, BC 568, and 
AC 672, and make BE = BC, 
and BD = BA, and join ED, and 
upon it make the triangle £DF 
on either side of DE, so that 
BE : EF : : cot. PBS : cot. PAS, 
and BD : DF : : cot. PBS : cot. 
PCS; or make EF 527'494, and 
DF 16079, and join BF, and 
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^l make the angle BAP =: BFE. Then erect PS perpendicular 
to the plane ABP^ and in the plane passing through AP and 
a„ PS make the angle PAS 20^ 10', and PS will be the tower 
gsi required. 

Join PC, CS, BS, the triangles APB, FBE, being similar, 

-i AP : PB : : FE : EB : : cot SAP : cot. SBP, therefore SBP 

J; it 18° 5(y; also PB : BE=BC : : BA=BD : BF, therefore 

■vr the triangles PBC and FBD are similar; and BP : PC :: 

, BD * DF : : cot. PBS : cot. PCS, therefore PCS is 34^^ SO". 

f.. In each of the triangles EBD, EFD, are given the three 

J Hdes, to find the angles BED 28° 45' SO", and FED 6° 47' 

|i' 586"; and their difference 21° 58' 4", or their sum 35° 52' 

'. 5&', is the angle BEF, from which, with the sides BE and 

• • EF, the angle BFE or BAP is found in the first case to be 

^ 89° 48' 7", and in the other 78° 48' 22". Therefore AP it 

866-108 or 546-676, and PS 318-094 or 200*78. 

2. Let AB be 326, BC 584, and AC 683, and the anglet of 
^' elevation SAP 30°, SBP 26°, and SCP 23° ; to find PS. 

Ans. PS is 952-14 or 168-642. 

,;. 3. Let AB be 80, BC 119, and AC 14Q yards, and the 

^ elevation at A 50°, at B 60°, and at C 55^. Kequired the 

height of the object D. Ans. 96*4 feet. 

4. Let AB be 60, BC 72, and AC 132 feet, and the eleva- 

, tiont of S at A 30° 48', at B 40° S3', and at C 50° 23'. 

Required the height of S. Ans. 9^*84 feet. 

^ 5. Let AB and BC be each 84 feet, and the points A, B, 

- C, in a straight line, and the elevation at A 36^ 50', at B 

210 24/^ and at C 14°. Kequired the height ofjthe object. 
' Ans. 53-96 feet. 

( OF LEVELLING. 

When the altitudes of the several parts of an irregular 
ascent are to be determined, a spirit-level with telescopic 
Mights is to be used. 

Prob. XVL To find the height of ^ above a, 

Crect a pole ab at a, and 
another cd at a convenient dis- 
tance. Place the level between 
them, and, directing the sights to 
the pole ab, cause the point b to 
be marked on it ; then direct the 
sights to the pole cd, and on it 

mark m. , Next erect a pole nearer to g, as at e, and place 
the level between it and the pole cd, and mark upon them, as 
before, the points d and h ; and proceed in th\& vt^^ U> |^. 
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To fiod the height of g above a, take the sum of the hcigkii 
abycdf.&c got bj looking towards a, and from it aubtraefc the 
flUQiof the heights cnh ek, &c. got bj looking' tovardsg:: tbe 
remainder is the height of g above a. In like ™anff the 
heights of Cy e, &c above a are got. If the horizontal dis> 
tanoa between a and g be required^ add bm, dk, &c. 

To find the height of any point c in a regular ascent: The 
distance ag is to oc, as the height of g aboFe a to the height 
which c ought to have above a. 

It is not necessary to place the poles in the same direction 
with ab and sh, but it is necessary to erect them perpendi- 
CtdaTy or nearly so. 

NoTB. When the distance between the poles ab and cd k 
very greats the line hm will differ a little from the true ie?di; 
for ^ KB a tangent to a great circle of the earthy passio; 
through the centre of the instrument, and the true levef is the 
anc of that circle between the poles ah and cd. The concctioii 
may in general be neglected : for a mile it is 7*96 or 8 inehci; 
and for other distances from the instrument^ the correctioD 
varies as the square of the distance. 

1. Let the heights on the poles taken by looking down tht 
eminence be 11, 8, 5, 6, 4, and those taken by looking op he 
5, S9 1, 4, 6 feet Required the height of the eminence. 

Ans. 15 feet high. 

2. Let the heights taken by looking down be 10, 11, 7, 5, 
8, 4, 9» and those taken by looking up be 3, 5, 2, 6, 4, 5^, 
3^ feet. Required the height of the eminence. And, sap* 
posing the sloping distance from the bottom to the top to be 
346 feet. Required the height in a regular slope at the distance 
of 136 feet from the bottom. 

Ans. 25 feet high in all, and, at 136 feet^ 9*8266 feet. 

3. A hollow in a road, of which the depth on the lowest 
side is 56 feet, and on the upper 74, and the width at the top 
of the lower side is 234 feet, and at the bottom 87^ and ha£ 
way up 172 feet, is to be filled up from the road oa the upper 
bank, so as to form a regular slope. How much of the nwd 
must be excavated ? Ans. 1263*13 ftet. 

TO MEASURE HEIOHTS BY THE BAROMETER. 

The elasticity or the density of the air is as the weight if 
the. superincumbent atmosphere; and therefore, if the he^hli 
van^r in arithmetical progression, the densities will vary ia 
geometrical progression ; that is, the height is as the logarithm 
of the density. It has been found by experiment^ that tht 
module of the barometrical logarithms is 10,000 times that W 
the common logarithms; wherefore^ if B be the height of Ihe 
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^ mtreary at tbe lower station^ and b that at the higher^ and h 
3ti tlie diflerenoe of the heights of the stations, then h = 10^000 
VR X (com. log. B — com. log. b) expressed in fathoms. But 

i\ diii formula is true only upon the supposition that the tett- 
-•perature of the air is 32^, and that it is the same at both sta- 
J;( tions ; neither of which is exactly true. 
=si It is found by experiment^ that quicksilver expands about 
^)> 17^99 part of its bulk for every degree of Fahrenheit's ther- 
mometer. Let r be the temperature at the lower station, and 

«i^ that at the higher, as indicated by the thermometer at- 

■* ticbed to the barometer, then ^+7oooo^ ^^^ ^ *^® height 

iiof the mercury at the higher station, when reduced to the 

^i«une temperature with that at the lower station ; and thus 

«»= 10000 X (log. B-log. (6+^6) ). 

--^ Again, the air expands nearly '00245 of its bulk for 'every 
^degree of Fahrenheit's thermometer. Let t be the tern- 

_^peratttre of the air at the lower station, and t' that at the 

nigher, as indicated by a thermometer in the open air, then 

^^^4~0 ™^y ^ taken for the mean temperature; and there- 

^ftre the former formula has to be multiplied by *00245 X 

a^ ( -x 32 j for an additional correction. 

Pbob. XVII. To find tbe height of one place above 
^ another. 

From what has been shown, the complete formula 
wUl be A = 10000 X (log. B — log. {b + ^^a) ) X 

s ( 1 + '00245 X f -g ^^ ) )* w^ich, expressed in words, 

^ ' gives the following 

^ Rule. Divide the difference of the heights of tbe attached 

r* thermometer by 10000, and add 1 to the quotient, and add 

the logarithm of the sum to the logarithm of the height of the 

barometer at the highest station, and subtract the sum from 

the logarithm of the height of the barometer at the lower 

^ station: the remainder, multiplied by 10000, will give the 

^ approximate height. Take the difference between 32^ and 

half the sum of the heights of the detached thermometer, tind 

multiply it by '00245 ; and if the half sum of the heights be 

greater than 32^, add the product to 1^ otherwise subtract; 

and the sum or remainder, multiplied by the approximate 

height, will give the true height. 
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Note. This method of finding heigiits is connsnJeot, bat it 
if not veiy accurate. 

1. Suppose the height of the mercniy in the barometer at 
the bottom of the hiJl to be 29*56 inches, and at the top 28^ 
inches, and the temperature of the mercu^ 63^ and 54^ sad 
the temperature of the air 56^ and 48^. Kequired' the hekiit 
of the hill. 

Ana. -JQ55jy- = -0009 and 10000 X (log. ^g-BO — k 

2M7_ log. 1-0009) = 10000 X (1-4707044 — l**5l3i5S 
— 0-0003907) = 10000 X -0189879 = 189*879 fathoiD» = 
IIS9-274 feet, the approximate height. Also, i(56+48)- 
32 =: 20, and 1 + 20 X -00245 = 1 -0489 ; therefore 1 1 39^^ 
X 1*0489 = 1195-098 feet, the true height. 

2. Let the height of the barometer at the lower statioo iM 
29*579 and at the higher 28-7 inches, the height of the attached 
thermometer a^ the lower 55*28^, and at the higher 51'73^ 
imd the temperature of the air at the lower 54^, and at tk 
higher 50*5^ Required the elevation. Ans. 807*117^ 

3. Let the heights of the barometer be 29*4 and 25*lil 
inches, the attached thermometer 50^ and 46^, and the tem- 
perature of the air 45^ and 39^. Required the elevation. 

Ans. 686*458 fErtbami 

4. Let the heights of the barometer be 29*89 and 26*27 
inches, the attached thermometer 56'5^ and 42*75^, and the 
temperature of the air 55*25^ and 43^. Required the eleva- 
tion. Ans. 3467-783 feet 

Pkob. XVIII. To measure distances by sound. 

Rule. Multiply the time the sound takes in seconds bj 
1142 : the product will be the distance in feet. 

Note. Sound in common air moves uniformly at the rate 
of 1142 feet in a second. Cold, and uneven surfaces, retard 
its motion a little, and heat accelerates it in a small d^iree. 

1. I observed the flash of a gun 30 seconds before I hetrd 
the report. How far was it distant from me ? 

Ans. 30 X 1142 = 3426D fiset. 

2. I observed a flash of lightning, and after 6 strokes (/ 
my pulse I heard the thunder, and my pulse makes 68 strain 
in a minute. How far was the thunder distant from me? 

Ans. 1 mile 255 yarfc 

3. How long, after firing a gun, will it be till the reportii 
heard at the distance of 8 miles? Ans. STaocoak 

4f. A person standing on the bank of a river heard the editf 
of his voice reflected from a rock on the opposite bank, ia 4 
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scx>nd8 after he uttered it What is the breadth of the 

iresx ? Ans. 2284 feet. 

P&OB. XIX. To measure a height by the descent of 
. stone, &c. 

RuiiE. Multiply the square of the time of descent in seconds 
y 16^ : the product will be the height in feet. 

ITo Jind the time of descending. Divide the height in feet 
7 ^^t*^' ^°^ ^^^ square root of the quotient will be the time 
a seconds. 

Note. A heavy body descends 16^^ feet in the first second 
C tiine^ and the spaces descended are as the squares of the 
imes. 

1. A stone takes 3 seconds in falling from the top of a tower 
D the ground. What is the height of the tower? 

Ans. SxSx 16^ = 144| feet 

8. In what time will a stone dropt from the height of 579 
Wt reach the ground ? Ans. 6* seconds. 

*^ 5. What is the height of a precipice^ when a stone takes 7 
noonds in falling from the top to the bottom ? 

Ans. 7S9^ feet. 
r. 4. I reckoned 7 strokes of my pulse during the falling of a 
«l|nBe from the top of a rock. What height did it fall, the 
jfiilfle beating 70 times in a minute ? Ans. 579 feet. 

: *'5. WhiJe a stone descended from the top of a tower^ a pen- 
jiUun 10 inches long made 8 vibrations. Required the height. 

Ans. 263 feet. 

TO SURVEY FIELDS. 

r 

Frob. XX. To survey a triangular field ABC. 

First, with ike Chain only. Measure the three sides by 
Prob. I. 

Secondly, mth the Chain and Cross. A. 

Measure aldqg BC by Prob. I.^ and > 

with the cross find the point D^ where / 

the perpendicular from A meets BC, by / 

Prob. VJ. Write down the measures / 
dt BD, BC, and DA. B 

*TMrdh, with the Theodolite and 
Chain. Measure one angle ABC by Prob. III., and the con- 
taibing sides AB and BC by Prob. I. Or measure BC by 
Ptdtk L> and two angles ABC and ACB by Prob. III. From 
th^ -measures the plan may be easily drawn by Prob. XCL 
X^i or XXI. of Practical Geometry ; and the area isa.^ 
hk found by ProK IV. V. or VI. of Mensuration. 
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1. In a trianeular field I measured the base 856 linl 
fmod the extremity to be the foot of the perpeDdicuIu 
it> vhich I measured 672 links. Requirea the content 

Ans. 2 acres 3 roods 20 perches 5 yards 5'53 umu 

2. In measuring the base of a triangular fieldj I toil] 
foot of the perpendicular 256 links from its extrenii^^ 
base 927 links, and the perpendicular 582 links. Ite! 
the area. Ans. 2 acres 2 roods 31 perches IS yards 4' 

5. I measured an angle of a triangular field 7^^ 24' 
the sides containing it 688 and 492 links. Required tb 
of the field, and the area. 

Ans. 1 acre 2 roods 19 perches 15 yards 

4. I measured one side of a triangular field 12d8 liifl 
todc the angles at its extremities 57^ 36' and 62^ 24'. 
quired the area. 

RuL«. Add the sines of the given angles and the log. < 
side, and subtract the sine of the third angle, or of the so 
the given ones, to get the perpendicular = 1095*55. 

Ans. 6 acres 3 roods 31 perches 9*8591 f 

5. The three sides of a triangular field are 1275, 987; 
642 links. Required the area. 

Ans. 3 acres 17 perches 24 yards 3*10ft 

Prob. XXI. To survey a field contained by 
sides. 

First, with the Chain only. Measure the four 
sides and a diagonal BD by Prob. I. 

Secondly, with the Chain and Cross. Mea- 
sure along a diagonal BD by Prob. I., and, with 
t!ie cross, find by Prob. VI. the points E and F, 
upon which the perpendiculars fall from A and 
C, and write the lengths of BE^ BF, BD, A£, 
andCF. 

Or measure the longest side BC, marxi&g £ 
and F the places of the perpendiculars, and 
measure AE and DF. 

Thirdly, with the Theodolite and the Chain, 
Place the theodolite at B (fig. 1,) and take the 
angles ABD and D6C by Prob. III., and mea- 
sure the diagonal BD by Prob. I., and again at D ta! 
angles ADB and BDC. Or take the angle ABC, and m 
the four sides. 

If the angle ABC cannot be measured conveniently ' 
the field, fm a pole G in the direction of either sidi 
extended beyond B, and measure the angle CB6, y 
subtracted from 180^, will give ABC. 

5 
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Wkmtikfy, milk the PUme^TabU and ike Chain. Place the 

fm at one of the angles B, from which all the other angles 

r he weak, and' torn it round till the needle points to the 

■*'-<ie-J]% and there i&x it Fix also a pin in some part of 

pi^per to represent B. Applj the fiducial side of the 

^^ to the pio^ and turn it till the angle A is seen through 

m^ts. Draw a line from the pin in that direction. 

•^ure BAy and by the scale on the index lay it on that 

d*oili B to A. Next turn the index till the angle D is 

^bvoof h the sights, and draw a line in that direction, and 

^ lay ^e length of BD. Lastly, draw a line in the direc- 

of C^ and on it lay BC, and join CD and DA. In the 

'^ nuuiner any field may be survejed by the plane-table, 

an angle can be taken, from which all the other angles 

fieM are seen. 

I^* I measured along the diagonal BD, (fig. 1,) and at E, 
1^ Ibks from B, was the foot of the perpendicular A£ 318, 
S| Ht F, 527 links from B, was the foot of the perpendicular 
^ on the opposite side of BD, 426 Jinks: the whole length 
l-iKe diagonal BD was 968 links. Required the plan and 
^area. 

Ana. Area S acres 2 roods I6 perches 4 yards 5*8176 feet 

2. I measured along BC the Jongest side of a four-sided- 
ild ABGD, (fig. 2,) and at £, 125 links from B, was the 
lot of the perpendicular AE, which measured 624 links, 
ad at F, 685 from B, was the foot of another perpendicular 
D 462 links : the whole .length of the side BC was 1274 
aka. Required the phin and the area. 

Ans. Area 4 acres 2 roods 21 perches 20*0876 yards. 

S. I measured an angle ABC of a quadrilateral field 128^^ 
id the four sides AB 586 links, BC 843, CD 634, and AD 
86 links. Required the plan and the area. 

Am. Area 4 acres 2 roods 26 perches I6 yards 5^ feet. 

4. I ftieasared the diagonal BD of a four-sided field 1462 
bIeb^ and at its extremities I took the angles which it made 
idi the sides, yiz. ABD 48<> 20", CBD 41 <> 26', ADB ^g^" 
^^'ayod BDC 88^ 44'. Required the plan and the area. 

Ans^ 8 acres 2 roods 4 perches 28 yards 3^ feet. 

5. In taking the plan of a quadrilateral field by the plane- 
He, I found the straight side AB to lie N. 73^ E., and to 
iflMOre 568 links; the diagonal AC to lie S. 83^^ E., 978 
nks; and die side AD to lie S. 47"^ £., 734 links. Required 
M.plnn tad the area. 

Ans. 3 acres 38 perches 9 yards 3*071 feet. 
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Peob. XXII. To sunrej anj field with the chaia. 

First, with the Chain onUf. Measure all the 
•ides of the field, and then the diagonals BF, 
FC, FD. From these the field may he drawa 
iipon paper by Prob. XXVIII. of Practicam^ 
GsoMETRY, and its area may be fouDd by 
Prob. XI. of Mbnsuration of SaPERFicuss. 

1. lo a six-sided field I measured all the sidety ?is. AB 
583 links, BC 324, CD 456, D£ 892> £F 728, and AF 477 
links, and from F measured the diagonals FB 897, FC 72), 
and FD 948 links. Required the plan and the area. 

Ans. 7 acres 12*9 vA 
Secondly, with the Chain and Cross. Diride the fidd If 
diagonals into as many trapezes as possible, and the lenati' 
der will consist of one or more triangles. Thus- the fieU 
ABCDEF may be divided into two trapezes ABCF vi 
CDEF, by joining CF. These may be surveyed as in the bH 
Problem. 

2. In a heptagonal field I measured alon|B^ the northemnoit 
diagonal B6, and at 207 links from B found the foot of i 
perpendicular above it AH, which measured 272 ; and at 57S 
from B found the foot of a perpendicular under it FK, which 
measured 498 ; the diagonal B6 928. From F, I measond 
along a diagonal FC, and at 488 from F was at the foot d 
the perpendicular from B, which measured 587, and the dia- 
gonal FC 896. Then, from C, I measured along a diagoml 
CE, and at 498 from C was the foot of an under perpendicular 
ND 630, and at 688 from C was at the foot or a perpeo£> 
cular FM 574 links ; the diagonal CE was 1098 links. R^ 
quired the plan and the area. 

Ans. 12 acres 3 roods 5 perches 5 yards 5-965 fisct 
Note. If a perpendicular, as Ep, upon a diagonal DF, 
&11 without the field, and it be inconvenient to measure it ii 
that situation, the other diagonal CE, with the perpendicuhn 
upon it, may be taken; or the two triangles DjBF, CDF, 
may be measured separately. 

3. In a hexagonal field ABCDEF, I measured along tk 
diagonal BF, and, at 328 links from B, I was at the foot of 
the perpendicular AG, which measured 286, and the diagoml 
BF was 536 ; but had to measure 127 links farther without 
the field, to come to the foot of the perpendicular £!H on the 
opposite side of BF, which measured 453. Again, measario; 
along the diagonal EC, I found, at 386 from E, the foot 
of the perpendicular DK, which measured 496; and, '97^ 
from E, found the foot of the perpendicular BL, which met- 
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•ur^ 486 ; the whole leon^h of the diagonal EC was 89^ 

links. Required the plan and the area. 

Ans. 6 acres 24 perches 5 yards 8*1452 feet 
Thirdly. In fields not rerj Iarge> it will be sufficient to 
sasure one diagonal, and the perpendiculars upon it from all 

the other angles. 

4w Suppose the distances of the perpendi- 
culars from A to be 50, 145, 220, 295, 380, 

An&i and ^bby the whole line AD being 725 

Xnksy the second and sixth distances reach to 

^perpendiculars on the right hand, and the rest 

^tfo those on the left hand. Also the perpendi- 

^ularf on the right are 75 and 150, and the 

others in their order are 110, 135, 85, 275, 
185 links. Required the plan and the 





Crect perpendiculars upon AD, at their proper distances 

i- ftom A ; and, having made them of their proper length, the 

plan is drawn by joining their extremities. The area is easily 

^ vmnd by Prob. IV. and VII. of Mensuration of Supbb* 

- ftciss. Ans. 1 acre 3 roods 5 perches 1 yard 7*385 fieef. 

— ' FsoB. XXIII. To take the plan of a field by going 
lound it. 

^^^ m 
J 

^ Tvrti, with the Plane-Table. Place the 
;;^. iMe at a corner A, and fix it when the 
needle points to the fleur-de-lis, and take a 
point A on the paper. Direct the index 
from the assumed point to the corner £ of 
the field, and draw a line ; then direct the 
index to B, and draw another line. Measure the lines in the 
field from A to B and from A to E, and lay these lines on the 
paper. Place the table at B, and, laying the index along BA 
oo the paper, turn the table about till A is seen through the 
sigbts : the needle ought then to point to the fleur-de-lis. Di^ 
rect the index to the corner C of the field, and draw a line, on 
which lay the length of BC. In the same manner are to be 
laid down the position and the lengths of the other sides CD 
and D£, and the last line will terminate at £ on the paper^ if 
no error has been committed. 

Secondlif, with the Theodolite* Place the instrument at the 

comer A of the field, and, having turned it till the needle 

points to the fleur-de-lis, take the bearing of one of the sides, 

as AE; then observe the angle £AB, and measure AB* 

Again^ place the theodolite at the corner B, and observe the 



fan of tj,e "^™'''e shortest J^J* «:«ent, bat tkerdl 
'"•'^fe AC^B ,« ' bur then «•« Cre tf/l" ^D and DE 



Ik 
therchc 
igic ACB 



The sution niurt lu. l '***«» 




K" 



IB tltt paper takt m point O, to repramt tk ttatioHb 
e index mm O to toe corner A, and draw a ttmi|^t 
MVHOt OA in the field. Drair> in the same manner, 
pf«Knt OB, OC, &C. Then measure from the ttalion 
C &C. in the field, and lay them on their repreieiU 
id join their extremities. 

fy, wkk the Theodoiiie. Pbce the instrament at the 
, and, pntting the needle to the fleur-de-lis, take th^ 
* OA. Next obserre the angles AOB, HOC, &c., 
ded, should amount to S60^. Then measure strait 
I O to A, B, C, &c 

pose OA 798, OB 459, OC 434, OD 85S, and OB 
. and the angles at O, AOB 74^ BOC 88% GpD 
'£ 82% and £OA 64^ Required the area. 

Atts. 11 acres 1 rood 8percheH. 

i hgitagonal field I found the angles at the instm* 

)e 07^, 48% 84% se"", 2r, 51% and 8«% and the 

of the angles from the instrument to be 528, 682, 

782, 880, and 8X6 links. Required the plan and 

Abb. Area 12 acres 1 rood 6 perches 12*07 yards. 

XXV. To survey a field from two stations. 

itions must be such, tliat all the objects to be laid 
the plan may be seen from them both, and that the 
ich they make with the line joining the stations may 
» small. 

»Uh the Plane-Table. 
I table at one of the sta- 
l the needle to the fleur* 
d take a point G on the 
"epresent that station, and 

sights of the index from 

other station, and draw 
on it lay the distance b&- 

stations from 'G to H. Direct the sights from G to 
r A, and draw GA with a black-lead pencil, and 

part of it [^ace the letter A. Again direct the 
a G to the corner B, and draw GB, and on it write 
le same manner draw GC, GD, &c. 
i the table to the second station, and turn it till the 
ints to the fleur-de-lis ; then the index, laid on HG 
ler, will point to the former station. Direct now the 
n H to the corner A, and draw HA, which will 
tine GA in the point representing that corner, at 
oe^A, and eraiie the former A* In the same manner 
^ aneeting GiB in 1^, and ^ onj then join AB^ BC, 
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Ac Id the ttme waj the positioo of anj ether thiiig, alk 
liMue K, may be deterrained by drswini^ 6K towafik itihi 
the table U at G, and HK towards it when the taUekitft 

Secondly, with the Theodolite. Pkoe the inttmiMikft 
ibe first station G, and turn it till the needle poiati to lk 
fleur-de-lis, and take the bearing of the ttatioo H, ai 
aMMure GH. Then uke the angle HGQ then CGD,Wi, 
Jbc.9 and lastly BGH. Remove the inatnunent to thtmai 
•talion H, and brin^ the needle to the fleur-de-lis; theiii 
station G ought to bear upon the point opposite to thttifi 
which H bore from G. If it does, then take first the tifft 
OHF, then PHA, AHB, &c., and lastly £HG. Tbe« 
of the angles taken at each station ought to be exactly ^ft? 

Every thing else which is to be put in the plan most b 
sunreyed in the same way, by taking at G the angle betfca 
G^ and the line from G to it, and the same at H. All te 
obsenrations must be placed in a fieM-book. 

When the whole cannot be seen at two stations, more iti* 
tioDs must be taken. The lines between the stations most be 
measured, and the angles taken as before. But care mvsik 
taken to determine the position of each of the lines joining tk 
stations. 

1. Required the plan and the area of a field fromtk 
following 

FIELD-BOOK. 



K 



Angles at G. 


Angles at H. 


Renaarks. 


C 22° 0' 


F 20° O' 


GH bears S. 67° S& ^' 


D S6 30 


A 72 


1038 links. 


E 146 30 


B 145 


Corner of a house at K. 


F 232 30 


C 243 


^°^*^\at H 323°. 


A 313 30 


D 317 


B 348 30 


E 344 




, H 360 


G 360 





In this field-book^ the angles at G are marked as takes 
with the theodolite when placed at that station. The sighti» 
when at the beginning of the degrees, were directed to tbe 
station H, and the instrument fixed there. Then the morr- 
able index was turned to C, and cut off 22° for the ao^Ie 
HGC, which, in the field-book, is marked C, the other tvo 
letters being found at the top ; then it was turned to D, ani 
cut off 86° 30' for the angle HGD ; and the difference d 
these two is the angle CGD. It was then turned to £, soil 
(nit off 146° 30^ for the angle H6£; and so on all. thewaj 



^ 



ifld. In tbe am* my the ugln were Uken' at H, both 
dctenniniDg the cornen of the field and for SoAiag dw 
ncr of the hotue nt K. 

Zb calcuIatiDg; the areaa of fieldi surreyed from more thui 
' ition, it i< seceMu-y to calculate, by tri^Domeliy, At 
of all the lines drawn from one of the itationi to tbk 
id for this pnrpwe tre have, in every triangle ot 
GH It a ride, all the anflea and this side to find the 



Here the disUnces from O are GA 1123-8, i 
■1, GC 1409-73, GD 917*43, GE 951-47, and GF 
*743 links; from which the areas of the triangles A6E^ 
.SOC, CGD, DGE, £GF, and FGA, are to be calculated. 
^ Ans. S7 acres 5 perches 25 yards S-47 fiMt 

- 2. Keqaired the plan and the area of a field from tha 
^AUowing 
' FIELD-BOOK. 



AngtowP. 


ABgloMB. 


Btmuki. 


F 8= 


A 6» 


PRbearsS.22''30'E. 


E 28 


H S4 


1827 links. 


D 49 


Q 64 




C 65 


F 186 




B 132 


E 228 




A 197 


D 271 




H 247 


C 319 




G 320 


B 342 




R 360 


P 360 





Ads. Area 100 acres 1 rood 19 perches 21 yards 1-4 foot 

- Fbob. XXVI. To draw the plan of the field upon 
■ paper from the field-book. 

Draw a faint line up and down 
. ' the paper to represent the meri- 
dian, the upper end the north, and 
the under ead the Bouth. Uain^the 
data given in Ex. 1, Prob. XXV., in 
tbia line take a conrenient point G 
ior the first station. On the south 
aide of G make an angle of 67° SO* 
towards the left hand, which will 
gira the position of GH ; and take 
lOSa from any coDVenient Kale, 
i|od i»y that extent from G to H, 




9B0 siTETXTnro. 

to fet the ttatum H. The heat protrftdor for Isji^ 
the aoglet it a ctrcular ooe^ divided into 86(f. fk 
centre at Q, and the beginninf of the degrees oo GE 
a mark at 23% and at it write a faint C; make anotlMi 
at 86^ 8(y, and there write a faint D, nod lo on all tl 
roand; and draw fiunt lines from 6 to the marks, 
filaoe the centre of the protractor at H, and the begin 
the degrees on 6H ; and at 20^ make a mark, and n 
at 72® make a mark, and write A, and so on ; and dm 
from H through the marks. The lines from G i 
through the points where the same letter is written, i 
drawn oat till they meet^ and their intersection is 
angle to which that letter belongs. Thus 6A and I 
meet in the angle A, GB and HB will meet in the-angl^ 
Afiter this join AB» BC, &c. for the boundaries of Um 
If the protractor be a semicircle^ then^ after layio 
the angles less than 180% the protractor must be laid 
other side of GH, and 180® taken from each of the re 
angles before thej are laid down. 

Peob. XXVII. To survey fields with c 
boundaries. 

The boundaries of fields are seldom straight lii 
therefore surveyors generally erect poles near the oo 
the ground to be surveyed, and conceive these poles jo 
straight lines. This constitutes the body of the M 
the parts between these lines and the boundaries are coi 
as onsets, and their areas found separately. 

The points, therefore, which, in the preceding pi 
were caUed angles or comers, are to be considered onl] 
places of these poles, and the fields surveyed as contai 
the lines joining them ; and to complete the survey, tl 
ation and distance of the boundaries from these lines i 
found. 

1. Let EIMP be a field to be 
surveyed. Poles are erected at 
A, B, C, D, near comers of the 
field, and the space ABCD is 
surveyed as before. The rest of 
the field is obtained by taking 
offsets from the lines AB, BC, 
CD, DA> and adding the spaces 
which aM without diese lines» and taking away tl 
within them. 

The field-book fiur such a survey ^miHt oooiist * 
coliinuis: the middle one conteinitliediiCBaoe 
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FIELIVBOOK. 



let AB, BC, 
he other two 
iStitU, aooord- 
"e OD the rig^ht 
be main lioe. 
pofle it is best 
the bottom of 
:, and to write 
At the offsets 
; side of the 
lay be placed 
baod column^ 
ts OQ the left 
left-hand co- 
in measuring 
B^ the ofiset 
neasures 106 
the left band 
he beginning 
herefore write 
ddle column^ 
J and opposite 
left-hand co- 
106. Then 
ong AB, the 
e found, upon 
perpendicular 
: this is 284 
L, andyp is 
lerefore write 
iddle cdumn, 
osite to it in 
column. A- 
links from A, 
crosses the boundary-line FG; therefore write 
liddle column^ and in the adjacent columns draw 
in the direction of the straight line FG nearly, 
position of it is not required at this stage of the 
530 the perpendicular from G meets AB, and 
)lace therefore 530 in the middle column^ and 
to it in the right-hand column. 

this way to B, where, besides the offset^ BI is 
i placed m the left-hand column, with the mark 
dat it is not perpendicular. At the same place 
land column is placed the mark f, to show that 
fm turns to the right hand. Tb\% fkuSsiSb!^ ^<b 
m Vme AB, and a line is drawn acaraii i!kiA\)M^ 



Left off- 
sets. 


Mamlinei. 


Right dr. 
sets. 


AC, S. 60*»25'E. 1896. 




844 


Including 
offset to cor. 


86 


746 


Close to A. 


-^152 


688 






594 


— ^......^^^^^ 




462 


200^^ 


D 


64 


90 




1410 


D r 




1362 


92 




924 


196^ 


^ — 


744 


^^^^^^^^""""'^ 


-^"U6 


600 




C 48 







::;^108 




c r 


104 


912 




264 


508 




84 


152 




B 70 







^5^128 




B r 


94 


1672 




--.172 


1166 
752 


-___^ 


^ 


530 
442 


10g~^ 


--^200 


284 




A 106 







To left. 




To right. 
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to leparate it from the next line. Frooeed io tbeemew 
from B to C^ from C to D^ and from D to A. 

The position of any one of the Hnes^ as AC, being fin 
with the compaw, it will determine the pomtion of the win 
But in using the compass, the variation should be alloM 
and great care ought to be taken lest the needle be attnd 
by some metallic substance in its neighbourhood. 

Ans. Area 14 acres 2 roods 19 perches ^\fi 

(2.) FIELD-BOOK. (3.) FIFXP-BOOt 



Left off. 


Main 


Right off. 


lets. 


lines. 


sets. 


Diagot 


lal AC, J 
760 linl 


J. 28° W. 





660 




SO 


450 




D 


400 







490 


D r 


10 


400 




40 


800 




55 


200 




C 20 


50 






QS5 


oc r 




500 


25 




400 


30^^-^ 




800 


.^^"'^^ 


.^-"^ 


200 




B 40 


100 







895 


B r 


20 


850 




35 


800 




U 


250 




SO 


200 




SO 


100 




A 15 


50 





Left off- 
sets. 



"Main 
lines. 



Righti) 



Ktk 



Diagonal AC, 8.56° I 



1560 links. 




40 
20 
60 
S5 
70 
D S5 




B 





1350 
1200 

900 

750 
550 
400 
S50 
200 



800 
700 
500 
350 
200 



1100 






912 
800 
750 
680 
600 
450 
340 



D 



80 



B 



50 



i 



Ans. 3 ac 28 per. 7*038 yds. 



Ans. 10 ac. 3 ro. 10 
17 yds. 5-558 feet 



Lay down the plans of the following properti^ fron 
field-book for the three examples^ and calculate their con 

C 
F%. 1. y^-'" i) Fig. 2. 
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(4.) (F\g.l.) 



(5). (Fig. 2.) 



Diagonals. 


BD 1100 


BE 720 


BF 1080 


AF 1000 


B bears N. S7i^ E. 




510 


A r 




S60 













612 


G r 




320 









. 




600 


F r 




256 













480 
220 


E 1 


^^ 


114 


=--^ 







soT" 


r 


920 


36 




826 


78 




560 


340 




S56 


90^ 




281 

180 








900 


c r 




728 






560 






256 













1040 


B r 




980 




• — . 


826 


~- — _____^ 




673 


56~~~^ 


. — ' 


522 


■ 


) 


443 




\ 


156 




) 





A 



15 ac. 5 per. 15 yds. 
3*394 feet. 





Diagonals. 




C£ 620 




CP 1000 




C6 610 




6B 850 




GK 710 




BK 940 


AK bean S. U^" E. | 


20 


1150 


A r 


25 


680 




35 


420 




50 







60 


580 


ft r 


90 


500 




150 


300 




100 







89 


470 


H r 


130 


260 




200 







400 


80O 


G' 1 


380 


630 




220 


480 




^^ 


230 
153 


-^..^^ 




110 


25^^ 







40 


F r 


760 


50 




640 


78 




520 


115 




380 


85 




200 


40 


^^^^ 


86 


.^^ 


-"^ 







80 


420 


E r 


85 


320 




SO 


100 




20 







25 


500 


D r 


89 


360 




72 


150 




SO 







40 


730 


C 1 


150 


540 




110 


210 




30 







20 


450 


B 1 


70 


250 




30 





A 



Ans. 18 ac. 1 ro. 23 per. 
25 yds. 
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(6.) 




15 
20 


2180 

626 

426 




A 
15 
H 
10 


s. 5y E. 


20 
20 

Tohouiet. 


1610 

1590 




10 B r 

L 


N. 29*»E. 


A r 

-"'tso 

9 


2050 

1969 

1000 




15^--- 


&13*»W. 


51 

120 

20 


1380 

600 




F r 


S- 77* E. 


20 
24 
10 


750 

500 




E r 


a 85« E. 


10 
500. 
400 
,^.^300 


1400 

1000 

700 

400 

25 




D r 

20"~~~ — - 


N. 51* E 


15 
10 


655 



c r 


N. 45** E. 


10 

350 

20 


1450 

600 




M r 


N. Sio W. 


20 

220 

10 


2280 

1400 




L r 


N. 85** W. 


10 

100 

20 


640 

. 400 




K r 

A 


N. S6^W. 
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ROB. XXVin. To take an extensive survey. 

boose for stations the most eminent places^ from which the 
cipal parts of the survey may be seen. Particularly choose 

emiDences as lie near the boundaries. Take the angles 
:h these stations make with one another with great accu- 
', and measure carefully in a straight line the distances 
1 station to station^ marking the places where the lines 

ditches^ roads^ rivulets, &c., and take offsets to near 
cts, leaving in the ground a mark at every place where 
marked the distance in the field-book^ distinguishing these 
ks by letters or figures^ that they may not be mistaken for 
another. In this way you will obtain the situation of the 
cipal parts. Then take other stations within these, and 
Bore tne dbtances as before. And thus divide and sub« 
de the survey, till you come to single fields, which may be 
Bored by some of the preceding methods. 
'he longer the distance is between tlie stations, if accu- 
ly measured, the more correct will the work be ; but this 
act be ascertained by a single measurement, without using 
oils methods of determining it At the same time, an 
»r in these primary distances affects the whole survey ; and 
refore every care ought to be taken to prevent it. 
Vfter the principal parts of the survey are laid down accu- 
ely^ so as to have the whole divided into small compart- 
nts, these may be filled up by the plane-table, one by one. 
In laying down the plan, proceed in the same way, first 
ing aowD the principal distances and the boundaries, and 
in the interior parts as they are surveyed ; and in fillinfif up 
) particular departments^ care must be taken to lay down 
) boundaries of parishes, estates, farms, &c. and to point out 
) particular situations of towns, villages, churches, ^entle- 
n's seats, towers, fimn-steads, also rivers, lakes, ponds^ 
ods^ plantations, rocks, precipices, and all the eminences^ 
Des, pits, quarries, and in general every thing which can 
(tribute to give a proper understanding of the nature of the 
vey. All these must be neatly sketched and properly 
oured, aod the names of the places are to be printed m tnem. 
I. I took two stations near a road, of which B lay from A, 
61^ £. 1 850 links ; and from A took the bearings of the 
inences C, S. 70'' E., D, S. e^^' £., and £, S. se^" £., and 
B took their bearings C, S. 14° E., D, S. 6^° W., and E, 
26^ W, Required their distances from the stations, and 
ir bearings and distances from one another. 
Alds. BCi684*I4, AE 1201*788, CD 5966^, and D 753*41 
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Harin^ drawn the plan of the obaenratioDs in £xa 
it 11 required to la j down on it^ and to calculate the pr 
contained in the field-bode of Uie fidlowii^ ezavpki. 




^v-f-"^ 



f 
% I 



• 
I 
% 

t 
% 
• 



A, 



(2.) 





Diagonal. 




FH 935 


35 


560 


A 


100 


320 




88 


180 




20 







20 


695 


H r 


^..^ 


513 
313 




O 


300 


4\^ 







5 


f 


870 


G r 


105 


450 




50 







4 


900 


F r 


9S 


734 




150 


540 




122 


330 




40 





A 


A 


t the road. | 





(3.) 






Diagonal. 




PF 1065 


G 


945 


5 




878 


80 




805 


P 1 


44 


366 




10 







10 


950 


B 


28 


825 




90 


740 




60 


580 




30 


430 




30 


400 




78 


'260 




20 





F 


J 


^t the road. 



Ans. 7'3036l aor 



Ana. 7*28677 acres. 
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(M 








(5.) 




DiagooaL 






Diagonal. 


PD 94^5 






EG 670 




540 


6 


4 


564 


o r 




860 


58 




70 


872 






260 


80 




180 


248 









20 




65 
12 


100 








597 
850 


D r 


8 


12 


758 


fi r 











90 
160 


618 
518 






879 


c r 


3 


621 






170 


416 







421 






150 


298 









p 




40 





D 



Km. 6*50822 acres. 



Ans. 4-07145 acres. 



e distances not mentioned in these two examples are to 
[en from the preceding ones. 

LOB. XXIX. To find the contents of a survey. 

e areas of single fields^ bounded by straight lines, may be 
from the lines measured in the neld, by the first twelve 
ims of Mensuration of Sufbrficibs. 
CALCULATB Offsbts. The most accurate method is 
apute them separately^ as triangles and trapeziods^ by 
IV. and VII. of Mbnsuration of Sufbrficibs. 
:thod 2. If the distances between the perpendiculars be 
' equal. To half the sum of the perpendiculars at the 
nities of the base, add all the rest, and multiply the sum 
; base, and divide the product by the number of divisions 
base made by these perpendiculars. 
iMON Mbthod. Diride the sum of the perpendiculars 
; number of them for a mean perpendicular, by which 
ply the base. 
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The fourth Example in Prob. 
Method. 

50 X 110 = 5500 for 

170 X (110+ 135)= 41650 . 

75x0*^5+ 85)= 16500 . 

85 X (85 + 275)= 30600 . 
275 X (275+ 185) = 126500 . . 

70 X 185 = 12950 . 
145 X 75 = 10875 . 
330 X (75 + 150)= 74250 . 
250 X 150 = 37500 . 

2)356325 



wrouglit bjtbel 

the triangle AKa 
. . trapeziod KabH 
. trapeziod HbdG 
. trapeaiod GdfF 
. trapeziod Ffi£ 
. triangle £iD 
. . triangle ABc 
. trapeziod BceC 
. triangle CeD 



ii 

hi 



Aos. 178162*5 the whole area. 

B7 the second Method. 
Ans. 725 X (i X (110+135+85 + 275 + 185)+(W 
75) X i) = 149833 J area. 

By the third Method. 
Ans. 725x(}x(llO+lS5 + 85+275+185)+(I50f 
75) xi) = 196112-5 area. 

But surveyors generally endeavour first to obtainaooifl^l 
plan of the land^ and then they measure, on the plan, fli 
lines as will enable them to calculate its contents with i^\ 
greatest expedition ; and for this purpose they reduce m 
crooked boundaries to straight lines. Sometimes this is ^1 
by stretching a hair through the crooked part^ so that^ 
small parts cut off by the hair may be equal to the parts takil 
in^ as nearly as the eye can judge; ana this can be dooeToirl 
nicely by an experienced surveyor. 

Others reduce the crooked parts to a triangle, ^ 
Prob. XXXIV. of Practical Geombtry, which canfc 
done by the parallel ruler without drawing lines. Tbi^ 
suppose ABGDEFG to be the space 
which is to be reduced to a triangle. 
Lay the parallel ruler from A to C, 
and move it till it pass through B^ 
and mark the point 1 in which it 
cuts AG. Lay the ruler through 1 
and D^ and move it till it pass through 
C, and mark 2 where its cuts AG. 
Again lay the ruler from 2 through E^ and move it till It 
pass through D^ and mark 3 where it cuts AG, and so 00; 
then join 4 and F, and the triangle F4G is equal to the giva 
space. For Bl is parallel to AC ; therefore if Cl were drawn, 
the triangle ACl = ACB. Now^ when the ruler pasMi 
through A and C^ it takes in the triangle ACB ; and when 
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» moTed to Bl^ it cuts off the triangle ACl. In like 
iDer the triangle 1D2^ which is taken in^ is equal to the 
Qgle IDG cut off; and so of the rest. 
Lnother method of calculation much practised by rarreyon 
le following, which, though it depend upon judgment, will 
bund to come very near the truth, and is very expeditious. 
let ABCD be the plan of a ^ h 
'ey, and DC a straight bound- ~ 

Draw £F perpendicular 
DC, and on it lay a chain, 
a £ to a, from a to ^, from B G 

c, &c. ; and draw parallels to CD through a, h, c, &c., 

they will divide the plan into spaces^ each a chain in 
bdth. Measure in a line parallel to DC^ half-way between 
nd a. This is supposed to give the mean length of the 

qpace, and therefore is to be measured where the length 
mean, as nearly as the eye can judge. It is here supposed 
e 109 links, and is written so in the first space. In the 
5 manner the mean lengths are taken in all the other divi- 
I. After this these lengths are to be added together, and 
lire only three places to be cut off to give the area in acres. 

amall space AJSGH remaining beyond the last parallel, 
A is only 39 links in breadth, may be found by multi- 
ag 39 by its mean length, judged 01 as before. Or o&ets 
1 OH may be taken from A and B, and thus a mean 
dth may be obtained, to be multiplied by GH, or the 
u length. Suppose the offsets at A and B to be 44 and 

and suppose the mean length to be 96 links; then 
<39 = '03744 of an acre. Or the mean offset is 37*5, 
ch, multiplied by GH, suppose 100, gives '03750 of an 
t for the content of the part ABGH ; and this, added to 
9, the sum of the mean lengths of the other pieces, gives 
OS of an acre, or 1 rood 28*88 perches, for the whole area. 
!f the boundary be a curve line, and the distances between 
perpendiculars equal, the area may be calculated by Note 2, 
0. XXX. of Mbnsubation of Supebfigies. 

OF DIVIDING LAND. 

^jftOB. XXVI. To divide a triangular field ABC in 
proportion, as that of 9 to 7, by a straight line 

wn from the angle A, the opposite side BC being 
links. 

JH. 16 : 7 : : 950 : 415| to be laid from 
» "D; then AD is the dividing line. 

the triangle ABC, of which the 
AB 386, BC 4&$^ and AC 53$ 
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Connder which of the sides are 
to be cut by the dividing line^ as 
AD and BC. Produce these lines ^ / 
till they meet in F. Reduce the | / 
field to a triangle ABE, and di- i / 
vide BE in the gi?en ratio. y 
Draw AH in the position of the B jHULii C "i 
diFiding line, and make FL equal 
to the square root of the product of FK and FH, and 
LM parallel to AH, and it will be the dividing line. 

2. Divide the quadrilateral figure ABCD^ of which . 
S56, BG 528, CD 216, and AD 418 links, and the 
ABC 78^ in the ratio of 3 to 4, by a line perpendica 
BC. Ans. BL 205, or CL 32S 

These methods of diriding land, though accurate, ai 
general as short as any, are seldom used by surveyors, 
generally draw a line as near as they can conjectore V 
position of the dividing line required, and find the area c 
part cut off by it, which discovers how much they hart 
off, too little or too much ; and they alter the line as ii 
following problem. 

Prob. XXXII. From a given field ABCD 
suppose of 20 acres, to cut off 8 acres towards B, 
straight line drawn from the point 6 in the line 
4^6 Unks from C. 

Draw GH as near to the posi- y^^^^^ 

tion of the line required as you y^\T — *^ 

can conjecture, and calculate the ^/^ 
area of the space ABCGH, which \ 

suppose to be 9*0496 acres: this ^ ^ 

is 1*0496 acres too much, which, c cTlS 

divided by ^GH, suppose 364 
links, gives 288 links. Draw a parallel to GH at this d' 
from it, and let it meet AF in K : then GK is the di 
line required. 

When a quantity of land, such as a common, is to be c 
among several proprietors in certain proportions, the qt 
to be assigned to each will be as the value of his clan 
Tided by the quality or value of the ground allotted h 
This may be done by adding into two sums the conteni 
the values: then, by distributive proportion or fello 
compute the value of each person's snare ; and from the 
lity of the ground where his share is to be determined 
what quantity will amount to the value of his share, ai 
it off by the last problem. 
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appose it were required to dinde 780 acres among three 
inetors, whose estates are £lOOO^ £3000^ and £4000 
!ar^ and the values of the land in which their shares are to 
ire 58.^ 88.^ and lOs. the acre respectively. 
'he claims being as 1^ 3^ and 4^ and the qualities as 5, S, 
1 0^ the quantities assigned to them must be as }^ f , and -f^, 
8 8, I5y and 16^ and their shares l60, 300^ and 320 acres. 

^ROB. XXXIII. To transfer, and to enlarge or 
linish, a plan. 

Lfter the first plan is completed^ it will be necessary to 
¥ out a fair one upon vellum or paper, 
liere are various ways of doing this. 
^irsL If the fields be generally bounded by straight lines^ 
the plan upon the clean paper^ keeping it firm by weights, 
prick through all the comers of the plan^ and then oon- 
t the points on the clean paper. 

*econdly. Lay a piece of paper covered with black-lead 
; between the papers^ with the powdered side towards the 
n paper, and with a blunt needle trace all the lines on the 
>^h plan with such pressure that the impression may reach 
clean paper ; after which they are to oe traced with ink 
D the clean paper. 

^hirdly. Divide the rough plan into small squares^ and 
de the paper to which it is to be transferred into as many 
u^ ; then copy the parts of the plan found in each square 
\ the corresponding square of tne other plan. In this 
oner the plan may be enlarged or diminished in any pro- 
tion, by making the squares in that proportion. 
fourthly. There are several instruments useful for trans- 
ing^ enlarging, and diminishing plans, as the proportional 
ipasses, the pentagraph, and the copying-glass. 
L plan may be enlarged or diminished in any proportion 
lie first paper, by Prob. XXXVII. of Practical Obo- 
niY, and afterwards transferred to the clean paper by any 
be preceding methods. 

Sttr the plan is copied upon the clean paper^ write such 
es^ remarks, or explanations as are reckoned to be neces- 
^ and make a fleur-de-lis to point out the direction, and 
k convenient comer lay down a scale for measuring the 
8 of the plan. The title of the plan must be placed in 
lupicuous part, and properly ornamented. After whicb» 
Y part must be coloured or illuminated in the way that 
sars most natural. Rivers, woods, hills^ hedges^ houses^ 
by &c. must all be distinguished by proper representations. 
these things require to be learned by practice. 
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Gadoino is the method of taking the dimensioDS o 
veaiel, and of fiodiog the quantity of liquor in it 

In Mensuration the dimensioBs are taken on the on 
but in Gauging they are taken on the intide of the Feoe 

The dimensions of vessels are taken in inches, and 1 
fore the content may be found in inches bv the Rules k 
Mbnsuration of Solids ; after which tLey may be ro 
to gallons^ bushels^ or pounds, by the icdlowing 

TABLE. 

Cubic inches. 

277*274 . . 1 imperial gallon for all goods. 

2218*192 . . . . ] imperial bushel. 

2273*461 ... 1 imperial bushel ground malt 

25-67 . 1 pound green soft soap. 

25*56 . . 1 pound white sof^ soap. 

27*14 ... 1 pound cold hard soap. 

30*28 . . 1 pound tallow, gross. 

34*8 ... 1 pound starch. 

8*46 . . I pound green glass. 

9*178 . . 1 pound plate glass. 

10*516 . 1 pound broad glass. 

OLD ICEASUBES. 

231 ... 1 gallon of wine^ spirits^ oil, && 

282 ... 1 gallon of beer or ale. 

268*8 ... 1 corn gallon. 

2150*42 . . 1 malt bushel. 

2204 ... 1 bushel ground malt. 

104-2034 . . 1 Scotch pint. 

2214*322 . . 1 firlot wheat, pease, rye, and sa] 

3230*305 ... 1 firiot bariey> oats, and malt. 

271*25 . . 1 Irish gallon. 

8680 . . « 1 Irish barreL 

Ganging is, for cue, generally performed by the i 
rule. 
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DSSCBIPnON 0P THB 8LIDINO-BULS. 

his rale is 1 foot long, 1*1 inch broad^ and *8 inch thick^ 
each of its four sides is furnished with a slider, 
pon the first side are four lines^ all coostructed in the 
s way^ that is, each is divided into 1000 parts, and the 
bers are placed at their logarithms. The two od the 
T are marKed B. or Num. The upper line on the rule is 
Iced A., and the under one M. D. or Malt Depth. This 
b inverted^ and the point S218*19S is placed at the rigfht 
so that 10 on this line is opposite to 2218-198 or IM. B. 
be line A. 

pon the opposite side of the rule, the lines on the slider 
lie same with those on the first side. The line oo the 
is constructed in the same way^ only the distance between 
id 10 is twice as long. One-half of this line, or from 1 
$> is placed above the slider, and the other half below it 
B rules have a line on which the distance between 1 and 
I one-third of the distance on this line. On the inside of 
lider are the gauge-points for imperial gallons, for impe- 
malt bushels, and also the multipliers and divisors Tor 
re and round vessels. 

:i the other sides or edjB^es of the rule, the sliders contain 
the same with those of the other sliders ; and on the rule 
lues for ullaging, on the one edge for ullaging a lying 
and on the other for a standing cask. These lines are 
ructed experimentally thus: — ^Take a cask containing 
^lons, and fill it with water. Draw off one gallon, and 
lire the depth of the remaining water; then set the 
b, or the bung-diameter, according as the cask is stand- 
T lying, on the slider, opposite to 100 on the rule, and 
dte to tiie wet inches on the slider mark 99 on the rule. 
^ off another gallon, measure the wet inches, and opposite 
em on the slider mark 9^ on the rule ; and proceed in 
lame manner till the line is all marked. The inside of 
slider, on the edge marked C, contains a line of inches 
lines for reducing the first and second varieties of casks to 
kders. 

here are several brasses or notches marked on the lines. 
B, on the first side, a brass with IM. B. is marked at 
3*192 for imperial bushels, and another with IM. O. for 
erial gallons at 2T7'274. On the second skle are marked 
ie rule the gauge-points, IM. G. for imperial gallons at 
'89, M* S. or malt bushels in square vessels at 47'097# AOd 
L or malt bushels in round vcmsIs at 58*144. 



316 GAUGING. 

F&OB. I^ To multiply by the •lidi^g.^rulik • 

Turn up the first lide^ and set 1 on the slider oppodtelff 
the multiplier on the line A ; then against the multiplicaBtf 
on the slider is the product on A. i ti . 

1. Multiply 15 bv 8. Set 1 on B to 8 on A; tbenomi 
nte to 15 on B will be 120 on A, the product 

Note. The 1 at the left end of A may be nid l>erll)fr 
100 ; and the rest of the numben must be read aoelrMP 
the 2 either 2, or SO^ or 200, &c. Also, io midiig^ tk al 
tiplicand on the slider, the 1 may be read 10 «r 100|# 
then the product must be increased 10 or 100 tinti. ' ^^ 

2. Multiply 250 by 56. Set 1 on B to 56 on A; diV 
against 250 on B is 14000 on A. 

• S. Multiply 7-23 by 8-5. . Am. ft^ 

4. . . 82-5 by -TS, .... OHl IJ 

5. . . . "94 by 7*4. .- W^P 

Pbob. II. To divide by the sliding-rule. 1^ 

Place the divisor on the slider B opposite to thedinW|(^ 
on A ; then against 1 on B is the quotient on A. 

1. Divide 480 by 15. Set 15 on B to 480 oq A; #i|| 
agunst 1 on B is the quotient 32 on A. , 

2. Divide 8142 by 59. . . . Aiw. Ift 
S. . . 8-75 by 3-25. ... .2^1 

4. . . 6-08 by 7*42. . . . •WP 

5. . . 19-7 by 3-5. . . . Sft 

Pros. III. To work a proportion by the Blkfing-rd? 

Place the first term on the slider B opposite to the seoonl 
or third on A ; then against the other term on B is the 
answer on A. 

1. If 40 yards of cloth cost £24, what will 15 cost? 
Ans. Set 40 on B to 15 on A; then agunst 24 on B islH 

on A, the answer. 

2. How many yards of cloth at 188. may be given Ik 
60 lb. of tea at 78- ? Ans. 23^ yaii 

3. If 16 men do a piece of work in 48 days, in what tlfli 
will 24 men do it ? Ans. 32 daf 

4. What number of men must be employed to perfono ii 
64 days a piece of work which 108 men perform in 133 dapi 

Ans. 171 DM 

5. If £l5*6 pay 16 labourers for 18 days, bow maoj|il 
the same rate;^ wul £86*1 pay for 24 days ? Ans. 27 labooren; 
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i. If 36 mdt of dolh> 7 qmrten wide, cost £S5-d, what 
i IM jarat of tho tame quality, 5 quarten wide, oott? 

Ans. £60. 

PmoB. IV. To extract the square root by the sliding- 

ia. 

fakia the oeooiid ddo of the rule. Place 1 on the slider 
Miia to 1 OB the rule, then find the given number on the 
Mr* and if it comlit oif 1, 3, 5, 7, 3r% figures, the root is 
■Kle lo it on the line above; but if it consist of 2, 4, 
ta6» fignvesy the root is opposite on the line below it, on the 

• Bequiied the square root of 81. Set 1 on C to 1 on D ; 

dte lo 81 on C, is 9 on the line below on D. 

[uired the square root of 625. Set 1 on C to 1 on D ; 
625 oo C, is 25 on D on the line above. 

[Oired the square root of l68l. Ans. 41. 

« of 24649. 157. 

of 5*0625. . 2*25. 

s» of 80*25. . . 5-5, 

PmoB. V. To find a mean proportional between two 
libera. 

Set the lesMr on C to the lesser on D ; then against the 

later on C is the mean proportional on D. 

1. Required a mean proportional between 18 and 72. 

Set 18 on C to 18 on O ; then against 72 on C is 36 on D, 

tfdi is the mean required. 

0* Required a mean proportional between 2448 and 17. 

Ans. 204. 
I. Required a mean proportional between 128 and 1152. 

Ans. 384. 
k Required a mean proportional between 30*25 and 272*25. 

Ans. 90*75. 
»• Requued a mean proportional between 1248 and 78. 

Ans. 312. 
K Required a mean proportional between 205*5 and 137. 

Ans. 167*79. 

P&OB. VI. To find a number, which shall have to a 
en one the same ratio which the squares of two given 
oibers have to one another. 

i^ the first term of the ratio on D to the given number on 
tben opposite to the other term of the ratio on D stands 
answer on C. 

T 



• 
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1. Required the Diiniberwiiichiiiall be totf^iitiiif* 
of 4 to that of 3. 

SetSoD D to36oo C; then agunst 4ob Dwillbe64ii 
C^ the answer. 

2. What number U to 120^ as the iqaare of 3 to thatof!.' 

3. Increase the nmnber 240 in the imtio of the uputi^ 
to that of 5, AuL S!& ^ 

4. Diminish the number 892 in the ratio of liiB.iqoiRf 
7 to that of 6. AoL " ' 

5. Find the number to which I96 shall hare the one 
with the square of 7 to that of 9. Axk 

Peob. VII. To find a number which shall be 
given one as the square roots of two given nomlNni 

Set the first term on C to the given number 00 D; 4ii 
against the other term on C stands the answer on 9. 

1 . To what number will 8 have the same ratio viA I 
square root of 108 to that of 48 ? 

Set 3 on D to 108 on C; then against 48 on C » 2<'^R|l 
the answer. I 

2. To what number will 2 be as the square root of 1^ *| 
that of 270? Am^^fTi 

8. Required the number to which 256 shall b> * . 
square root of I6 to that of 9. Anfc fl^ 

4. Increase the number 488 in the ratio of the sqiaiei'r' 
of 8 to that of 5. Atf*^' 

5. Diminish the number 1414 in the ratio of thei^' 
root of 8 to that of 7- Am. l*|h 

PsoB. VIII. Of Quiltipliers, divisors, and fff\\ 
points. 

Instead of first finding the content of a vessel in indiei,^] 
afterwards reducing it to the measure o£ capacity rttaim' 
which must often be done both by multiplying and mf/i^ 
by known numbers, fi;augers find the content in the me^ 
required by means of a single multiplier or divisor. ' 

These multipliers are got by dividing the multiplielr v9i 
in finding the content by the divisor, which reduces the ^ 
tent to gallons, &c. Thus, to find the multiplier li^ich, '^ 
circular vessels, will' give the content in imperial gallons, S* 
vide -785398 by 277*274. 

To find the divisor which will answer the same purpose 
divide 277-274 by -785398. 

Gauge-points are numbers made use of in working by tli 
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le. The operation h made gimilar to that in 
; and for that purpose the mviare root of the divisor 
)r the first term, and is callea the Oauge-point. 

TABLE I. 

!IPLIBR8, DITIBOBS, AND OAUOB-P0INT8, FOB 
CTLIKDBIOAL YBfleBLS. 



iSSIIKS. 

« 


Mnltiplitn. 


Diriiori. 


Gauf^Pointfr 


168^ • • 


•7853982 


1^273239 


1-12838 


I gallons, . 


•0028326 


S530362 


187893 


I bushels, . 


•0003541 


2824-2903 


53^1441 


)ft soap, lbs. 


•0305959 


32-6841 


5^7170 


oft soap, da 


•0307276 


325440 


5^7047 


rd soap, do. 


•0289388 


34-5557 


5^8784 


gross, do. 


•0259379 


S8-5537 


6^2092 


do. . • 


•0225689 


44^3087 


6-6565 


lass, do. 


•0928367 


107716 


3*2820 


ass, do. . 


•0855740 


116858 


3^4184 


;lass, do. . 


•0746860 


13*3894 


3'659i 


[BASUBBB. 








illons, . . 


•0034000 


294^1183 


17-1499 


ons, • • 


•0027851 


3590585 


18-9487 


ilons, . . 


•0029219 


342^2468 


18^4999 


ishels, . . 


•0003652 


2738^0000 


52^3259 


pints, . . 
irlots, . . 


•0075372 


132^6759 


11^5185 


•0003547 


2819*3623 


53^0977 


firlots, . . 


•0002431 


4112^9526 


64^1323 


lions, . . 


•0028955 


3453662 


18^5840 


rrels, . • 


•0000905 


110517176 


1051296 



I table, the first multiplier is that for finding the area 
e, and its reciprocal is the first divisor. The other 
n are got by dividing the first by the number of 
i a gallon, bushel. Sec; and the other divisors by 
ing the first divisor by the number of inches in a 
kc The gauge-points are the square roots of the 

I put instead of ^7853982 at the top, tables may be 
a the same way for square vessels. Thus, 1 divided by 
res ^036846, the multiplier for hard 9oap. 



TABLE IL 

JtULTlPUBM, DlVISOBa, AMP 01,DOB>K>INTB, > 



Menmret 


Mnliiplicn. 


DiTOOtt. 


G»^\ 


BQtJAItti. 








Imperial galluna. 


•0036065 


277-S74 


16ft 


Imperial bushek. 


■0004508 


2218-190 


47-OS 


Hard soap, pouoda. 

Tallow, do. . . 


■0368460 


S7-I40 


5-SO. 


■0330251 


30-280 


5-m 


Starch, do. . . 


■0287356 


34-800 


5-89i 


Green glaite, do. . 


■1182033 


8460 


3'9W 


FENTiOONJlI.. 








Imperial gal Ion i, . 


•0062050 


161-1610 


n^ 


Imperial biubels, . 


■0007756 


1289-2884 


35-906 


Hard eoap, pouodi. 
Tallow, do. . . 


■063.$qS7 


15-7747 


s-971 


■0568190 


17-5998 


4-19S 


Slarch, do. . . 


■049*390 


20-2269 


4-*91 


Greeo glass, do. . 


■2033661 


♦-917a 


2-211 


BEXAOONAL. 








Imperial gallons, . 


•0093700 


106-7228 


lO-S* 


Imperial bushels, . 


■0011726 


853-7824 


inv. 


Hard soap^ pounds. 
Tallow, do. . - 


■0957287 


10-4462 


S-13 


■0858018 


11-6548 


3-41 


Starch, do. . . 


■0746574 


13-3945 


3-6S 


Green glass, do. . 


■3071012 


3-2563 


I'SO 


HE PT AGONAL. 








Imperial gallons, . 


■0131059 


76391 8 


e-7S 


Imperial buelieU, . 


■0016383 


61 0^4142 


24.-7C 


Hard soap, pouuds. 
Tallow. <fo.. . 


■1.S.18951 


7^4685 


a-7i 


■1200103 


8-3326 


S-8f 


Stareh, do. . . 


■1044228 


9-5765 


S-Oi 


Green glass, do. . 


■429S405 


2-3281 


I-5S 


OOT AGONAL. 








Imperial gallons, . 


■0174139 


57-4253 


7-5: 


Imperial bushels, . 


•0021767 


459-*027 


si^4; 


Hard soap, iwunds. 
Tallow, do. . . 


■1779081 


5-6209 


2-3: 


■1594599 


6-2712 


2-51 


Slarch, do. . . 


■1387479 


7-207S 


2-6t 


Green glass, do. . 


■5707359 


1-7521 


l-3i 



To find the multiplier, diriwr, and gsuge-poiDt, for im 
galloiu io TBMeli of the form of a re^ar heptagon. 
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k the tdmltr iraltip&r 3-6389184 Iqr 877-S74: Ibe 
t -0131059 will be the multiplier. Diride 277*874 by 
184: tbe ipwtjeiit 76*3918 will be the difiMr, and ita 
root 8-7351 will be the gaag^^poiDt. 
he same manner the multipliers^ diviion, and gfUge- 
u-e found ibr any r^gfular pmygeo. 



TABLE IIL 

LTIPLIBB8, DiyiBOBS, AND OAUOS-VOIMTS, POK 
CONIOAL YBBSBLB. 



MCMUIM. 


Mnltiplien. 


Dinwri. 


Giiige*Pointt. 


icfaes, • . 


•2617994 


3-819717 


1*59441 


lal gallons^ . 


'0009442 


1059*1086 


32*5441 


•ial bufhelsy . 


•0001180 


8472-8708 


92*0490 


oap^pound^ 


-0101986 


98*0522 


9*9021 


^•ofisoap^do. 


•0102425 


97-6320 


9*8810 


aoap, do. 
Wi do. 


•0096463 


103-6671 


101817 


•0086460 


115-6611 


10-7547 


1, do. 


•0075230 


132*9861 


11-5295 


1 Klass, do. . 
glasB, do. . 


•0309456 


32-3148 


5-684(> 


•0285247 


35-0575 


5*9208 


[ glass, do. . 


•0248953 


401683 


6'Sari9 


» MBA8UBB8. 








callous, . . 
i^ons, . . 


•0011333 


882-3549 


29*7045 


•0009284 


10771605 


32-8201 


bushels, . . 


-0001217 


82140000 


90*C;^>fi 


1 Dints, . . 
t nrlots, . . 


•0025124 


398-0277 


19*950(; 


-0001182 


8458-0870 


9vmo 


J firlots, . 


-0000810 


12338-8578 


111-0812 



pyramidal, eonical, &c. vessels, where, in tndiiiff thif 
;, we multiply by one-third of the length, the iiiulti- 
lould be one-third of that in the table, the divisor iiiiim 
e times u brge u that in the table, and the gaiigf- 
lust be the square root of three times the tabuhir AW\- 
id« in this case, use the whole length, inst«iul of mw- 
I it The same remarks afe applicable to rules in wliiili 
itiply by any other part of the length* 

IB. IX. To gauge areaa one inch deep, 

Vhen one side u given, set the gaugc-pf/iot m U Ut 
; and against the given ^ide on D is the answi'r m i '. 

T 2 
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1. Suppote the Mdeitft •fpart^t»r|ie>77 incbeL Reqoi 
^s oofteot, at I inch dstp, in M wioe.aad 4de gaIbB8.yii 

Here the muUiplien are -OOSS^G and -004329, the ^ 
^e S82 and 231, and the gmge-pMiti l6*7j^9 te >I^> 
15*1987 for wine gallons. < 

77 231)5989 «8£)5989 ^ 

77 — - M 

— ^ 25*667 wine giL 21<)25 alefi 

5929 content in inches. 5929 

-flosses -004^329 



2 1 *024 ale gallons. 25-667 wine galioDi. 

•3^ ' * By the Ghuige-Points. 

Set the gaoge-point for ale, 167929 on D, to 1 on C; tk 
agsiMt 77 on D will be found 21 ale galkma on C. 

Set the gauge-point for wine, 15*1987 on D, to Km I 
and agaiBit 77 on D is 25*7 on C, the wine galloiis. 

2. Required the content, in imperial gallons, of a tqv 
Ttaad at 1 inch deep, the side 98 inches. Ans. 34-6S68s 

3L Required the content of a regular pentagon 1 inch & 
in bard soap and starch, the side 53 inches. 

Ans. 178*07 lbs. bard soap, 138-874 lbs. sta 

4. Required the content of a regular octagon 1 indi d 
in tallow, the side 83 inches. Ans. 1098*5144 

II. When two dimensions are given, it is necessary 
working by the gauge-points, to find a mean proportiouu 
tween the two factors, and to work with it by tne prece 
rule. 

1. Required the content, at 1 inch deep, of a rectang 
vessel, of which the length is 100^ inches, and its breadd 
inches, in imperial bushels and pounds of hard soap. 

100*5 2010 

20 -0368 



2010 inches. 74*06 lbs. hard soap. 

*0004508 



*906l08 of an imperial bushel. 

By the Sliding-Rule. ' 

Set 100| on B to 1 on MD ; then against 20 on A 
stand '906 of an imperial malt bushel on B. 

Set 27*14 on A to 20 on B; then against 100*5 on A 
stand 74*] lbs. on B. 



QMSQISO. 

5*irst'ited a tteao'propoitioDal between the breadth aod 

ehl '■'• '' '■ 
t'M on C to SO OB D; then agminit 100^ on C will be 
'83 on D, the mean proportional. 

Set 47*09& on D to 1 on C ; and opposite to 44*88 on D 
II be *90&<^ an imperial malt bushel on C. 
9mt 5«ai on D to 1 on C ; and against 44*83 on D is 74*1 
^ oo C. 

S. Required the content, at 1 inch deep, of a parallelogram, 
tallow and hard soap, the sides being 96 and 48^ and the 
rpendicolar upon the former 36 inches. 

Ans. 114*1348 lbs. tallow, 127*34 lbs. hard soap. 

4|« Required the content, at I inch deep, in starch and 
«en glass, of a triangular vessel, the base being 118 inches, 
id the perpendicular upon it 72 inches, and one of the angles 
9^. Ans. 122*0688 lbs. starch, 5021276 lbs. graen gUtti. 

itAi Required the content, in imperial gallons and bushels, at 
|jpch deep, of a Tessel in the form of a trapeziod, the pandlei 
dm 68 and 142, and their perpendicular distance 76 inches. 

Ans. 28*77987 gallons, or 3*5975 bushels. 

- 5. Required the content, in pounds of starch, of a trape- 
pBHtt, of which the diagonal is 78, and the perpendiculars 
^n it 23 and 15^ inches. Ans. 43*1465 lbs. 

Here the multiplier is *0287356, the divisor 34*8, and the 
^|9ge-point 5*899- 23 + 15*5 = 38*5. 
^ 34*8 on A to 39 = ^ of 78 on fi ; and against 38*5 on 
will be 43*146 lbs. on B. 

^. Required the content, in old wine and ale gallons, of a 
ffi^hur octagon, of which the side is 42 inches. 
jEIere the multipliers are -0209023 and '0171221, the. 
visors are 47*8417 and 58*4041, and the gauge-points 
9168 for wine, and 7*6423 for ale gallons. 

42 X 42 = 1764 47*84 )1764(36*87 winegal. 

1 764 1 764 58*404) 1 764(30*203 ale gal. 

•017122 *020902 



>-203208 ale gal. 36*871128 wine gal. 

By the Gkiuge-Points. 

Set 7*64 on D to 1 on C ; then against 42 on D is 30*2 ale 
illons on C. 

Set 6*92 on D to 1 on C; and at 42 on D is 36*9 wine ' 
illons on C. 



991 QAvnv^ 

7. Becfuired the gooteol^ in imperial baAd^d.% if|ikr 
hexagoD^ of which the side is 138 inches. 

Ans. 22*331 buUs. 

IIL If the inches in any of the gan^e^points be hid 01 1 
rale, and this distance be di?ided into 100 equal parts^ tiw 
dimensions may be taken with that rule, and then the content 
may be found without using the multipliers or difison. Thv, 
if 7*(>4 inches be divided into 100 equal parts^ the side ol tk I 
octagon in Ex. 6, measured by this rule, would be 5*496 ak 
gillons; and this, multiplied by itself, would gire 30*206 ik 
gallont for the content. 

1. Required the content, in imperial gallons, of a cifde^tf 
which the diameter is 40 inches. 

Ans. 1600 X 0028326 = 4*523l6 imperial galloK 

By the Gkiuge-Points. 

Set 18*8 on D to 1 on C; then against 40 on D is i^il 
gilhms on C. 

If 18*8 inches be divided into 100 equal partSy the diaocttr 
measured by this scale would be 2*13, which, multiplied br 
itKlf, gives ^'5369 imperial gallons for the content 

S, Required the content, in imperial gallons, of a sect«rif 
a Garde, of which the radius is 42 inches, and the arc 118 
indies. Ans. 8*9369 imperial g^laa 

3. Required the content, in hard soap, of a trapeze, tk 
diagonal being 32 inches, and the perpendusulars upon it hm 
the angles 18 and 14 inches. Ans. 18*865 b 

4* Required the content of a quadrant, at 1 inch deep^ in 
plate glass, the radius being I6 inches. Ans. 21-g07lli> 

rV. Some preparation is often necessary before the qneitioB 
can be wrought by the sliding-rule, as in the Mlmy 
examples. 

1. Required the content, in imperial gallons, of a segmeot 
of a circle, the diameter 50, and the versed sine 10 inches. 

Aa&i 10*000-4- 50=:*200 the tabular versed sine, epponte 
to which is *1 118238 the tabular area; and *1118238X^' 
X '0036065 = 1 *00823 imperial gallon. 

Set 16*65 on D to 1118 on C; and at 50 on D ia l:6l> 
perial gallon on C. 

2. Hequired the content> at 1 inch deep, in tallow, M a 
triangular vessel, of which the sides are 36, 24, and 20lndi» 

Here the half sum is 40, and the remainders are 20, 16, 
and 4v A mean proportional between 20 and 40 is fi&iipi 
and between 16 and 4 is 8. Then, ,"i, ii 



OAVGIHO. 

I Set 3048 wA to S8*884 on B; aiHd blflAiKt B A A it 
7*47 lbs. tallow on B. 

^ 8. What is the content, in imperial gallons, of an ellipse, of 
iwUch the axes are 78 and 50 inches F 

Ans. 10-179^6 imperial gaDoot. 

„ .iPkob. X. To gauge solids. 

When the depth is greater than one inch, set the gaage- 
iyoint to the depth instead of 1. 

' 1. Required the content, in imperial gallons, of a rectangu- 
lar prism, of which the length is 81, the breadth 26, and the 
idepth 25 inches. 

Ans. 81 X 26 X 25 X -0036065 = 189-882 imp. galloiii. 

^ By the Gauge-Points. 

Set 25 on C to 25 on D ; and at 81 on C is 45 on D, a 
iiiwin proportional between 25 and 81. Then, 

Set l6*65 on D to 26 on C ; and at 45 on D is 190 impe* 
triftl gallons on G. 

[ S. Required the content, in imperial gallons and bushels, 
of an octagonal prism, of which the depth is 80 inches, and 
mtA side of the base 63 inches. 

Ans. 68^ X 80 X -0174139 = 5529*262 imperial gallons, = 
091*1^8 bushels. 

By the Sliding-Rule. 

Set^ 7*578 on D to 80 on C ; and at 63 on D is 5529-3 
ioaperifd gallons on C. 

Set 21-434 on D to 80 on C; and at 63 on D is 691«l6 . 
imperial bushels on C. 

3. Required the content, in imperial gallons, of a cvlin« 
Ifical vessel, the depth 40 inches, and the diameter of the 
base 27 inches. 

Ans. 27' X 40 X '0028326 = 82*599 imperial gallons. 

By the Sliding-Rule. 
Set 18*8 on D to 40 on C ; and at 27 on D is 82-6 impe- 
-ial gallons on C. 

^ Required the content, in imperial gallons, of the frustum 
yf a square oyramid, the depth 24 inches, each side of the 
ower base 2o, and of the higher 34 inches. 

Ans. 34+26 = 60, and (60« — 34 X 26) X 24 X '0012022 
:s 78*364 imperial gallons. 

By the Sliding-Rule. 
First set 26 on C to 26 on D ; and at 34 on G is 29*72 on 
D> the mean proportional between 26 and 34. Then, 



299 GAUGnro* 

Set 28*84 OD D to 24 OD C; and at 0O-O on D is 104^ 01 
. . 28-84 . . 24 . . . . 29-7 . . — 258 , 

78-4 is 

Note. Thtte^ with roost other questions^ may be wr 
more easily by Prob. XII. of Mbnsuration of Soi 
aad therefore it is proper to give tables for it^ aod the n 
working it by the slidiog-nile. 

TABLE IV. 

OAUOB-POXNT8 TO BB U8BD WHBN THB MIDDLE ABBi 

TAKBN. 





Gttige-PouitSi 


Metiuies. 


For Squaiei. 


ForCiRii 


For inches^ 


1- 


2*76 


Imperial gallons. 


40-7878 


46-02' 


Imperial bushels. 
Sort soap, pounds. 


115-8653 


130-17 


12-4105 


14-0(1 


White soft soap, do. 


12-3839 


13-91 


Hard soap, do. 


12-7609 


14-3! 


Tallow, do. . . . 


13-4789 


15-2' 


dtarch, do. . . . 


14-4499 


l6-3 


Green glass, do. 
Plate glass, do. 


7-1246 


8-0 


7-4208 


3-S 


Broad glass, do. 


7-9433 


8-£ 


OLD MBASUBBS. 






Wine gallons, 
AlegJlons, 


37-2290 


42-( 


41-1339 


46-^ 


Com ffallons. 
Malt bushels. 


40-1597 


45-: 


113-5892 


128-: 


Scotch pints. 
Wheat firloto, - . 


25*0044 


28-! 


115-2646 


130-1 


Barley firlots. 


139-2187 


157-' 


Irish gallons, • 


40-3423 


45- 


Irish barrels, ... 


228*2104 


257- 



Rule for working by the Pen. 

Find the squares or products of the sides or diame 
the top and bottom, ana of the double of those in the n 
the sixth part of the sum of these^ multiplied by the 
multiplier in Table I. or II. will give the content. 



CATTGING. 997 

By the Stiding-Kide. 
Set the gauge-point od D to the length on C ; then oppo* 
e to the ddes or diameters at the ends, and to twice that in 
e middle on D, will be found three numbers on C; and 
eae three, added together, will give the content. 
To work the httt question bj this rule. }(26<-|^4*-f-6a«) 
: 5M X -0036065 = 78-362 imperial gallons. 

By the Sliding-Rule. 
Set 40'79on D to 24on C; then at 60 on D is 51*6 on C. 
. . 40-79 . . 24 • . . • 34 . . 16-6 . . 
. . 40-79 . . 24 . . . . 26 . . 9'65 . . 

77-85 imp. gal. 

5. Required the content, in imperial gallons, of a frustum 
a rectangular pyramid, the depth of the frustum 100 inches, 

« sides of the upper base 1 8 and 8 inches, and the sides of 

« lower base 27 and 12 inches. 
Ans. J08 X8 + 27X 12 + 45 X20)X 100 X-00S6065s= 

2*2282 imperial gallons. 

By the Sliding-Rule. 
«( 4079 on D to 100 on C; then at 18 on D is 19-47 on C. 
• 40-79 . . 100 . . . . 12 . . 8*65 . . 
. 40-79 . . 100 . . . . 30 . . 54-09 . . 

82-21 imp. gal. 
- 6. Required the content, in imperial gallons, of the frustum 
if a cone, the depth of the frustum 100 inches, and the dia- 
aeters of the bases 18 and 12 inches. 

Ans. j08« + 12« + 30«)xl00x-0Q28326 = 64-58;i2« 
mperial gallons. 

let 46-02 onDtolOOonC; then at 18 on D is 15*3 00 C. 
. 46-02 . . 100 . . . . 12 . . fyg , , 
. 46-02 . . 100 . . . . 30 . . 4tf'5 . . 



64*6 imp, gal. 

7. If the axis of a globe be 100 inches, how many imperbl 
alloDs will it contain ? 

Id a sphere, the tquare of twice the middle diameter is ihn» 
mes the square of the axis. 

Ans. J(10000+30000+0)X100X'00283J^« . JHHHi 
nperial g^lons. 

Set 4602 on D to 100 OD C; then at 2^X) ou I) is JHhN'7 
aperial galloos od C. 

8. Requiced the ooDtent, id imperial gatlons, i4 a l^iwl tn 



6AI7GING. 

•e^ent of a iphere^ the depth 15 incbci, the diimcterof tk 
hmt 60 iDchet, and the middle diameter 45 inches. 

AoL J(^"+90«+0)x 15 X 0028326 = 82-85355 in^ 
rial galluos. 

Set46-02oDDtol5ooC; then at 60 on D i« 25-5 on C. 
. . 46-02 . . 15 .... 90 . . 57-57 . . 

82-87 iBp.pL 

Or by the Rule in Prob. XV. Case 2, of MKNsuaAnv 
OP Solids. 

Set 32-544 on D to 15 on C ; then at 15 on D i« 8-18 oo C. 
. . 32*544 . . 15 .... 30 . . 1275 . . 
. . 32*544 . . 15 .... 30 . . 1275 . . 
. . 32*544 . . 15 .... SO . . 1275 . 

41-43 
2 



82-86 imp. ffi 

9. Required the content^ in imperial bushels, of a ben- 
gonal prism, of which the depth is ^ inches, and each sUerf 
the ba«e 18 inchest. Ans. 36*47255 imperial bu^ 

10. Required the content, in imperial gallons, of a crlii- 
drical ressel, of irhich the depth is 84 inches, and the diamettr 
of the base 63 inches. Ans. 944*3775 imperial gillo» 

11. Required the content, in pounds of hard soap, ofi 
frustum of a penugonal pyramid, the depth 60 inches, aai 
the side* of the bases 18 and 6 inches. Ans. 593-355672 iiii^ 

12. Required the content of the frustum of a oooe, n 
imperial $anoos, the depth being 50 inches, and the diametm \l 
of ihe bases :?4 and 30 inches. Ans. 103-67316 pSkm- 

Prof. XI. To gauge malt. 

Rt'i.K. Talc the depths: at a great number of places, parti- 
oiOiiriy wheiv the malt is deepest, and irhere it is ebbest AtU 
»]] iheiir depths, and divide the sum br the number of then 
Nv a mf«n depth. Find the content at one inch deep, a 
Mx^rt* and niuiii}^}' it by the mean depth. 

1. KA)uinNi the otwtent of a rectangular floor of malt, uf 
^Kii>h the 2en«th is TC inchefs the bmdth 48, and the depti. 
laktu at itv^JMemif plaon;, 4*7. 3-4, 5-6, 4-9, and 4-4 indbff. 
AVMk TW «IMI ^ihe depths :?.V dirided br 5, gires 5 tlie 
|llM7l«4«xi^XxVHH5aS = 7-7898 imp. busfaeb. 



GAUoIXG. S^ 

By the Sliding-Rule. 
Set the leDgUi 12 ob B to the bnadth 48 on MD; Ui«» 
MUMt the depth 5 on A is 7*79 imperial bushel* on H. 

S. Suppose the length 270, the breadth iiiy'2, niid the iiieiin 

ptli 5'2 iDches. Required the quautity of uialt. 

^ns. 270 X o6*2 X o'2 x "000+508 = .Sr>\>702S V hup. luuh. 

Set 270 OD B to 50**2 ou jMD ; and at 5*2 on A Ih J/i'/i? 
mix buihels en B. 

Or find a mean proportional 123'2> between 270 ;nul /i()'2. 
■*Set 47097 on D to 52 on C; then at 123-2 on 1) in :i,'i-57 
lalt bushels on C. 

3. Let the length be 140, the breadth 72, and the: mean 
eptli 18*2 inclies. Required the quantity. 

Ans. 82'7 ini|N*r!al hunliclN. 

4. Let the length be 1250, the breadth :Hk), and tin* nii*»n 
'lepth 9 inches. Rc(|uired the quantity. 

Ans. 1825*71' Iniprrial hii»ihrlii. 

5. How many imperial bushels of malt are in an im-IjikohhI 
'[Jltern, the length of the side being 10 feet, and tin* drpili in 
ighi different places 10-2, (J'G, 9I, 9*8, l()5, 10 7. lo;i. 
OM 10'4 inches? Ans. 24''8.'{ ini|ii'riiil biinlii'lii. 
*"6» There is an oral cistern of malt, of whirli \Uv. di.'itfifh*rk 

tfe 72 and 48, and the depth 5 inches, KiHjuirifd itn fontrnt. 

Ans. fi'l 188^8 imixri.'!! IfUklifle, 

Find a mean proportional 58*8, Ijetwcen 7'^ '(fi'J "18. 
Set 53*144 on D to 5 on C; then at 58 8 on l> i* fi'iu 
nalt bushels 00 C. 

Note. Malt must be gauged iicveral uiui^. hi" nti,iHmtd 
o increase one-fifth in bulk in the ci'tirn, and. :ifi< « l/<-iu^ 
(O hours in the heap or fl'K^r, it i« d«/ijbl«-d by Kpi'/uiifi^ 
faerefore, to obtain the net meaMjrf, multiply it hy 8 y^Ui'h 
faoged io the couch, and by '5 vUf.u in lUf H«^/r. WIm m ihi- 
neasure of the dry barley u ic'iYf.u, rmiitij/J y it b/ I / t>i iHid 
rhat it should be in the fjfwihj tuA that ^yy^u by f Ut hud 
rhat it should be in the fl'x^r. 

7. What should be th^ </Mdi aod iivyf M^-.^ciijc i/^ J3'A 
mpeiial bu^eU of ^r\ Ul/mtv r 

Ads. 13*8 X I'S = if/-.:/; tU '//u'ii utf^k^iiff. 

16-5(1 X Hi = ^^rif^J Ua^ fl'/^ lf«*:tew* 

8. SoppoK a floor Uf ii«ekbu/« !'/>->. kUM^'4kM. h'*'Ui», «»bul 
boold likfe been the awii ibetoufir r Ai«.- 0.; I^>^^«W# 

p. Sappoie a ocfucb v^ Au*aj»v/#: V; bum^.r, .^iiui .^ln/u^ 
laTe been the flour Muanmur*:. atuC iLk «^u»Liiii' r <>tf «Ji; l^.^iiiy r 
Anti 6<r€ tke flwr juektourc^ «4j<2 40^ 4^wAu:i<: 4ji ^ l^aik^ 



r 



Kgtnent of a ipliere, the depth 15 indiea, the diameter of [be 
base Go incheB, and the middle diameter 45 iucheB. 

Ana. J{fiO« + 90" + 0) x 15 X 0028326 = 82-85355 irope- 
rial galiuDS. 

Set 46-03 on DW 15 on 



82-87 imp. gal. 
Or by the Rule in Prob. XV. Case 2, of MsNauitATioN 
OP Sol me. 

Set 39-544 on D to 15 on C ; then at 15 on D U 3-18 on C. 
. . 32'544 . . 15 .... 30 . . 12-75 . . 
. . 32-544 . . 15 .... 30 . . lg-75 . . 
. . 32-544 . . 15 ... - SO . . 18-75 . . 

41-43 



82-86 imp. gal. 

9. Required the content, in imperial bushels, of a hexa- 
goaal priem, of trhich the depth is 96 inches, and each Hide nf 
the base 18 inchen. Ana. 3(}'4T255 imperial biubela. 

10. Required the content, in imperial gallons, of a cylin- 
drical reseel, of which the depth is Hi inches, and the diameter 
of the base 63 inches. Ans, 944-3775 imperial galloni. 

11. Required ihe content, in pounds of hard tioap, of a 
frustum of a pentagonal pyramid, the depth 60 inches, anil 
the sides of the bases 18 and 6 inches. Ane. 5(|3-35567S lb«. 

12. Required the cnnteot of the frustum of a cone, in 
imperial gallons, the depth being 50 inches, and the diameten 
of the bases 24 and 30 inches. Ane. 103-67316 galbni. 

PaoB. XI. To gauge malt- 

RuLE. Take the depths at a great number of places, parti- 
cularly where the malt i» deepest, and where it is ebbest. Add 
all these depths, and diiide the eum by the number of ihem 
for a mean depth. Find the content at one inch deep, a^ 
before, and multiply it by the mean depth. 

I. Required the content of a rectangular floor of malt, "f 
which the length is 72 inches, the breadth 48, and the deplb, 
taken at fire different places, 4-7, 5-4, 5-6, 4-9, and 4-4 inclies. 

Ans. The sum of the depths, 25, divided by 5, gives 5 tin; 
mean ; then 72 X 48 x 5 X 0004508 = 7-7898 imp. bushels- 




-di \i ti!S!Fitl :', Bjf.theSliding-KiiIc. 

Set the len^Ui 12 ob B |o tbe breadth 48 on MD ; tliey 
agWjUt.-tlK d^li 5.9D A is 779 imperial baslie]« »n B. , 

2. Suppose the Icngtli 270, the breadth 56-2, and the mean 
depth ^% incbea. Required the quautitv i>( in^t. .^ 

Ana. 270 X 56'2 X 5-2 X -0004508 = 35-570^84 injp. bush. 

Set a?0 OD B to 5G-2 on MD ; and at 5-2 on A is 35-5? 
uilt baslielE BQ B. 

Or find a mean proportioual 123'2, between ^70 and 5fi'2. 
''S^t" 4*7-637 on D to 5-2 on C; then at 123-2 on D is 35-57 
malt bushels on C. 

S. X«t the length he 140, the breadth 72, and the meaii 
depth 18-2 incites. Required the quantity. 

Ana. 82-7 imperiaJ busliels. 

4. Let the Icogth be 1250, the breadth S60, and the mean 
depth 9 inches. Required the quantity. 

Ans. 1825-7+ imperial bushels. 

5. How many imperial bushels of malt are in an octagonal 
ciitem, the length of the side being 10 feet, and the depth in 
eight different places 10-2, 9-6, i)l, fl-S, 10-5, 10-7, 10-3. 
ami 10-4 inches? Ans, 24-S3 imperial bushels. 

6. There is an oral cistern of malt, of which the diameters 
at 79 and 48, and the depth 5 inches. Required its content. 

Ana. 6-11SS48 imperial bushels. 
Rod a mean proportional 58-8, between 72 and 48, 
Set 53-144 on D to 5 on C; then at 58-8 on D is 6-12 
matt budiels on C. 

NoTB, Malt must be gauged several times. It is auppoaed 
lo Increaae one-fifth in bulk in the cistern, and, after being 
30 hoars in the heap or fioor, it is doubled by sprouting : 
tberefore, to obtain the net measure, multiply it by -S when 
pmged in the couch, and by -5 when in the fluoi-. When the 
neuure of the dry barley is given, multiply it by l-g to find 
vbat it should be in the couch, and that again by 1-6 to find 
what it should be in the floor. 

7. What should be the couch and floor measure of 13-8 
imperial bushels of dry barley ? 

Aug. 13-8 X 1-2 = 16-56 the couch me 
16-56 X 1-6 = 26-496 the floor n 
6. Suppose a floor to measure 100-8 in 
riiould have been the couch measure i 

9. Suppose a couch to measure 56 bushels, what should 

hive been the floor measure, and the quantity of dry barley ? 

Am. S9-6 the floor measure, and 46| bushels ^ry barley. 



PaoB. XII. To gauge open vessels. 

Tbese vessels being in the farm of priems, 
cylindera, frustums, cylindroida, &c. their 
contents may be found by the preceding 
rules. But as they are often large and 
fixed vessels, their contents are generally 
I'equired at every inch, or tenth part of an 
inch, of depth. These contests must therefore be found a.nd 
placed in a table, so that, by taking the depth of the liquor, 
the content may be known at once from the table. 

When the vessels are priiims or cylinders, find the content 
at one inch deep ; and this doubled, tripled, &c. will gire the 
contents at two, three, &c. inches. If the dimensions at the 
top and bottom be unequal, divide the difference of corre- 
sponding sides or diameters at the bases by the depth, to get 
the difference at one inch deep ; and this difference, added to 
the bottom diameter if it be less than that at the top, or 
lubtracted from it if greater, M'ill give the side or diameter at 
one inch deep ; and the same difference, adde<l to the side or 
diameter at one inch deep, or subtracted from it, will give it 
at two inches deep, and so on. 

Having found the dimensions, find the content of e>ch 
part; and, by adding them, the contents at all the depthawUI 
be found. 

GeDerally the dimensions are found only in the middle of i 
every six inches, and the content, being found from Uwm 
dimensions for one inch deep, is added to itself sis tirno, to 
get the contents for each of these siii. inches of depth. ' 

1. Suppose an elliptical vessel to be 6 inches perpendiculac 
depth, the axes at the top 65 and 60, and those at the bottom 
110 and 100 inches, all talien parallel to the horizoD, the 
vessel inclining so that it requires 15 gallons to reach to the 
upper part of the bottom where the axes were taken. 

The difference of the two greater axes is 45, which, dirtded 
by 6, gives 7-5 inches, the difference fi)r every inch of depth; 
and in the same manner the difference of the lesser axea fbr 
every inch of depth ia 6| inches : consequently, at I inch 
from the bottom, the axes will be 72"5 and 66"7 inches; tti 
inches, SO and 'IS-S inches, and so on. These are placed hi 
the second and third columns of the table; and the particulu 
contents being found and added together regularly, ixith from 
the top and the bottom, are placed in the fourth and fiftk 
columns. 

In such vessels there is a, place marked on the edge «f ^ 
vessel for the dipping<place ; and it is here supposed, tbat, at 



the dippiDg-place, llie we( !nc}ies are 2, when the 15 gallons 
are ill the vessel to cover the bottom, and also that there is 1 
inch dry at the top wheo the vessel is full. 



Dry 

lochia. 


Length. 


Breadth. 


Cuntent 
ftom Top. 


Content 
from Bottoni. 


Wet 


1 


650 


60 


O'OOOOO 


136-51854 


8 


2 


72-5 


66| 


12-34542 


124-17312 


7 


3 


soo 


73i 


27-47622 


109-04232 


6 


4 


87-5 


nn 


4.5-67567 


90-84287 


s 


5 


95-0 


86% 


67-22704 


69-29150 


4 


6 


102-5 


0.1A 


92-41357 


44' 10497 


3 


7 


1100 


100 


136-51854 


15-00000 


2 



Suppose the wet inches at the dippiog'-place to be 5 ; then 
af;aiust 5 wet inches in the coluniD titled Content from 
Bottom, is found 90-84287 imperial gallooB for the quantity 
uf liquor in the vessel. 

2, Tiie depth of a circular mash-tun is 60, the top-diameter 
4S, and the bottom-diameter 36 inches, and supposing the 
content of the drip or Jail to be 20 imperial gallons. Re- 
quired the content of each ID inches from the tup, and also 
ilic whole content. 

Ans. First 10 inches 62-57213, whole content 321-7852 
imperial gallons. 

3. Suppose tiie depth of a circular tun to be SO inches, the 
top-diameter 50, and the but torn -diameter 30. Required the 
content of the tun, and also of erery 10 inches from the 
bottom, allowing 10 gallons for the drip or Jail. 

Am. Whole content 3S0-00S36, content of first 10 inches 
ST-eSsll imperial gallons. 

Coolers, &c. are very wide and ebb, and their boftoma 
nneren ; therefore the depths must be taken at various parts, 
ud'their sum divided by the number of them, to get a mean 
ih^h. Tables are constructed for such vessels, exhibitiug the 
HOQtcnt at every tenth jiart of an inch in depth. They are 
made and used in the same way as the last table. 
. It fthea happens that the depth taken at the dipping-place 
^0era from the mean depth for which the table was calculated. 
The differeuce must be marked on tiie vessel and in the table, 
mitii the Biyn — when the depth at the dipping-place is 
greater than the mean depth, or with the sign -f if it be less i 
and this difference must be subtracted or added to get the 
meau depth, before using the table. 
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Suppose the mean depth to be 4*89^ and thataitbefi|p|l^ 
place 5 inchai; the differeooe, 0*1 1^ must &lwa]ikdal*^ 
from the wet inches to reduce them to mean ones. ■J' 

Note. Wheu the wort is gauged hot^ one-tentb fB^il'J 
deducted from the cootent, to find how much there iillil!| 
wheu cold ; as it has been fouud that 10 gallons of InI#|* 
measure only about 9 gallons when the wort is cold. '* 

1. The length of a cooler is 120^ the breadth 84, anifc 
depth at 10 equidistant places 4*6, 4-5^ 4*7^ 4*4, 4*2, 4,)^ 
S'7, 3'5, and 3 inches. How many gallons of hot wort 
it contain^ and how many gallons will there be when tbe 
is cold? 

Ans. 115-6381 gallons hot, and 104-0743 gallons cold 

2. Suppose the length to be ^0, the breadth 200, 
mean depth 5*1 inches. Required the content in hot, 
also in cold wort. 

Ans. 808*99056 gallons hot, and 728*0915 gallons 

Feob. XIII. To gauge a copper, still, &c. 

If the greatest width be at the top, and the least at ■ 
bottom, or the contrary, take diameters perpendicular to m 
another at both ends, and also exactly in the middle, betvii 
the top and bottom. (By the bottom is meant the top of tl 
crown in the bottom.) Then work by Prob. XII. of Mp 
8URATI0N OF SoLiDS .' That is, .1 

To 4 times the product of the middle diameters, add m 
, products of those at the top and of those at the bottoa 
Multiply the sum by the depth from the top of the ressel I 
the top of the crown : the product, multiplied by -000418 
will give the imperial gallons in the content of all above dl 
crown. Water must then be measured into the vessel^justj 
cover the crown ; and this measure, added to that abovCj vv 
give the whole content. 

1. Let the depth to the top of the crown be 36 incba, th 
diameters at the top ll6 and 115*5, at the top of tbe crov 
III and 110, and in the middle 114 and 113, and theliqo 
required to cover the crown 16*3 imperial gallons. Requir 
the content. 

Ans. (4 X 114 X 113 + 116x115-5 + 111 X 110) X36 
•0004721 = 1310-9726, and 1310*9726+ 16-3 the conteni 
the crown = 132 7 '2726 imperial gallons whole content. 

If the broadest part be not at the top or bottom ; sup] 
the vessel to be divided into two or more frustums, so that 
broadest part of each frustum be at one end of it, and 
least breaath at the other. Find the content of each frue 



separately;, and add these contents^ and tbe liquor required to 
coyer the .crown: the sum will be thecontent. 

2. Suppose the depth 36 inches^ and the greatest bulge 15 
inches m>m the top ; the diameters at the top 80*5 and 80*8^ 
and at the bulge 89*0 and 89*5^ and in the middle between 
these 85'5 and 86*0; also, the diameters at the top of the 
crown 83*0 and 83*5^ and half-way between it and the greatest 
bulge 8&5 and 87*0 ; the liquor required to cover the crown 
18*5 gallons. Required the content. 

Ans. 775*36435 imperial gallons. 

S. Let the depth of a still be 42*8 inches^ and the height 
of the greatest bulge from the bottom 20*5 ; and let the dia- 
meters at the top be 21*0, and at the bulge 47*8 and 47*3, 
and half-way between them 45*4 and 46*0 ; also, the diame- 
ters at the bottom 43*5 and 44*0, and half-way between the 
bottom and the bulge 47*0 inches. Required the content in 
imperial gallons^ supposing 7 gallons to cover the crown. 

Ans. 249*31137 imperial gallons. 

Stills are generally measured by taking cross diameters at 
the middle of every six inches, and finding the content of each 
part as if it were a cylinder ; and the top is calculated like a 
irustum or zone of a sphere. 

4. Suppose the top of the still to be 7*3 inches, and its 
greatest diameters 41*5 and 40*8, and its least 21*0; the body 
of the still 35'5 inches deep, and the cross diameters in the 
middle of every six inches from the top to be, first, 43*9 a'^d 
43*2 ; second, 47*0 and 46*2 ; third, 47*8 and 47*3 ; fourth, 
47*6 and 47*4 ; fifth, 46*5 and 46*5 ; and in the middle of 
the undermost 5^ inches, 45*0 and 45*2 inches. Required 
the content in imperial gallons, supposing 7*5 gallons to cover 
the crown. Ans. 248*226245 imperial gallons. 



CASK GAUGING. 

The easiest way of. finding the contents of casks is by the 
diagonal-rod. 

OF THE DIAGONAL-ROD. 

This rod is 4 feet long and *4 of an inch square. It is di- 
vided into 4 equal parts by joints. The principal line on it 
is the diagonal line for imperial gallons, which may be made 
thus : 

It is found by experiment, that a cask containing 144 
imperial gallons has a diagonal of 40 inches : therefore 144 is 
placed at 40 inches ; and, since the contents are as the cubes 
of the diagonals, 144 : 40' =64000 : : 114 : 152000, the 
cube root of which is 37, therefore 114 is put at 37; and 

U2 
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! manner anjr other number of gallons may be 
placed upua tlie rod. A line of iocbeB is also upOD the same 
side of the rod. 

Upon another side of the rod 13 a line marked Seg. St, lor 
liadiDg the ullage of a standing ca^k. 

On a third bide are tables fur iillaging lying casks, viz. 
those of half or whole hogsheads, of S*, 108, 110, and 120 
old wine gallons. The depth is taken in inches, and the ullage 
is given in gallonfi. 

The fourth side contains lines for ullaging casks of known 
dimensions, as a ha!f-anker, a firkin^ a barrel, a hogshead, a 
puncheon, &c. either lying or standing. Put into the hung 
that end of the rod from which the dirisions for the given cask 
are numbered, until it rests upon the opposite etavc; and tbe 
division on the rod intersected by the suiface will be the idlage, 

Phob. XIV. To find the content of a cask by the 
rod. 

Put in the end covered with brass at the bung, and extend 
it to the opposite corner of the head, and mark the gallons 
and parts at the middle of the bung; then extend it to the 
other head of the cask, and mark the gallons and parts. Half 
the sum of these two, if they do not agree, will be the conienl- 

NoTE. The contents on the rod are made for the moat 
common forms of casks. i 

1. .Suppose a cask to be 21 inches long, the huog-diametw 
iQ, and the bead-diameter 1(5. Required the content in alt 
gallon.. 

If the rod be extended from the bung to the opposite coroff 
of the head, it will give 19'3 imperial gallons nearly. 

Peob. XV. To find the content of a cask by the 
pen. 

In common casks, the cube of the diagonal divided by 444j 
will give the content in imperial gallons. Therefore, to tbc i 
square of half the length add the square of half the sum of iht i 
diameters, to get the square of the diagonal ; this mulliplJtJ ' 
by ilB square root, and divided by 4443, P""^ the content 

Half the <um of the diameters in last example is ITS; 
therefore 17-5* + 10-5* =416-5, the square root of which ii I 
20-4, and 416-5 X 20-4 ^ 444^ = ig-lS imperial gallon* lb* 
content. 

OP THE VARIKTIEa OF CASKS. 

Casks are commooly divided into four varieties, acconJiDf 
to the degree of their curvature. 




i. The middle zone of a spheroid, meanired by Prob. XX. 
of Menbobation of Solidb. 

ii. The middle zone of a parabolic spindle, gauged by 
Prob. XXX. of the same. 

iii. Two equal frustumft of a parabolic conoid, by Prob. 
XXIV. of the same. 

W. Two equal fnutums of a cone, by Prob. X. of the same. 

2, Required the conlent, ia imperial gallons, of a caek of 
Ibe first variety, of which the length is 40, the bung-diameter 
32, and the head-diameter 24 inches. 
(2 X 32* +24") X 40 = IO4.96O 
-0009443 



99*1032 imperial galli 

By the Slidiog-Rule. 

Set 3Z-5U on D to 40 on C; and at 24 on 

. . 32-5*4 . . 40 . . . . 32 . 

. . S2-S44 . . 40 . . . . S2 . 



21-750 

38-67 

38-67 

99-09 ii 




ip. gals. 



3. Suppose the cask to be of the second variety, and tbe 
dimenrions the same as in the last. 
(8x32''+24'" — ■4X8<')X40 = 1039S6 
■0009442 



98'1S64 imperial galJoiiE. 

Set 32-544 on D to 40 on C ; then at 8 on D is 2-41 7 on 

C, which, multiplied by *4, gives -9668 of au imperial gallon 

to be taken Irom the content found in the last example, and 

leaves 98-13643 imperial gallons. 

4. Let the caek be of the third variety, and the dimensions 
as before. 

Ans. (32« + 24<')x2OX-O028326 = 90-64S2 imp. gals. 
Setl8-9SonD to20onC; then at 32 on D is 5801 on C. 
. . 18-96 . . 20 , . . . 24 . . 3263 . . 

90-64 imp. gal. 
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5. Let tlie cask be of the fourth varietj', and the di 
still the same. 

Am. (56« — 32 X 24) X 40 X -0009443 = 89-*346 imp*, 
rial gallooB. 

Set 24 on D to 24 on C ; and at 32 on C is 27-7 on D, ibe 
mean proportional. 

Set 29-7 on D to 40 on C; and at 56 on D is 118-4 on C. 

. . 29-7 . . 40 . . . . 27-7 ■ - 29-0 . . 

89'4 imp. gil, 

6. Let the length beSO, and the diameters 16 and 12 indm 
Required the contents in imperial gallons, according to all the 
varieties. 

Ans. First Tar. 12-3879, second var. 12-S67, third tbt, 
ir3S04, fourth Far. ll'ITflS imperial gallons. 

7. Let ihe Icnglh be 40, and the diameters 32 and S6 
inches. Required the content, according to all the Tarietin. 

Ans. First rar. 102-88, second var. 102-3362, third VM. 
96-3084, fourth var. 95-6286 imperial gallons. 

8. Let the length be 45 inches, and the diameters 36 and 
30 inches. Required the content, according to all the varietia, 
in imperial gallons. 

Ans. First var. 148-3716, second var. 147-7597, third var. 
139-9588, fourth var. 139-194 imjieriai galtoiis. 

9. Let the length be 48 inches, and the diameters 40Bnd3S 
inches. Required the content, according to all the varietiaL 

Ans. First var. 191-4384, second var. 190-2782, third var. 
178-3858, fourth var. 176-9353 imperial gallons. 

Note. The second variety comes nearer to the form of 
common casks than any of the others, hut it does not entirely 
agree with them. 

pROB. XVI. To gauge a cask by reducing it to a 

cylinder. 

Rdle. Divide the head by the bung diameter, and find 
the quotient in the column titled Quol. in the foHoiring table. 
In the column ansirering to the variety of the cask, on the 
tame line with the quotient, will be found a number, vhich, 
multiplied by the uifTerence between the bung and head 
diameters, and the product added to the head diameter, will 
give the mean diameter, or that of a cylinder equal to the 
cask. Then multiply the square of the mean diameter by the 
length of the cask, and by -0028326, for the content in impe- 
rial gallons. 
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By the Sliding-Rule. 

Find the difference between the head and bung diameters 
on the edge of the rule, and against it, in the proper line, is 
the number to be added to the head, to get the diameter of 
the cylinder, called the mean diameter. 



Quot 
•50 


1st 


2d 


3d 


4th 


Qoot 
•76 


Ist 


2d 


3d 


4th 


Var. 
•732 


Var. 


Var. 


Var. 


Var. 


Var. 


Var. 
•534 


Var. 


•693 


•581 


•527 


•695 


•678 


•511 


•51 


•730 


•692 


•579 


•527 


•77 


•694 


•677 


•532 


•510 


•52 


•729 


•692 


•577 


•526 


•78 


'693 


•677 


•530 


•510 


'53 


•727 


•691 


•575 


•526 


•79 


•691 


•676 


•529 


•510 


•54 


•726 


•690 


•573 


•525 


•80 


•690 


676 


•527 


•509 


'55 


•724 


•690 


•571 


•524 


•81 


•689 


•675 


•526 


•508 


'56 


•723 


•689 


•569 


•523 


•82 


•688 


•675 


•524 


•508 


•57 


•721 


•689 


•567 


•523 


•83 


'686 


•674 


•522 


•508 


•58 


•720 


•688 


'565 


•522 


•84 


•685 


•674 


•521 


•507 


'59 


•719 


•688 


'563 


•521 


'85 


•684 


•673 


•520 


•506 


•60 


•717 


•687 


•562 


•521 


•86 


'683 


•673 


•519 


•506 


•61 


•716 


•686 


•559 


•520 


•87 


•682 


•672 


•517 


•505 


•62 


•714 


•686 


'558 


•519 


•88 


•680 


•671 


•516 


•505 


'63 


•713 


'685 


'556 


•519 


•89 


•679 


•671 


•515 


•504 


•64 


•712 


'685 


•554 


•518 


•90 


•678 


•671 


•513 


•504 


'65 


•710 


•684 


•552 


•517 


•91 


•677 


•670 


•511 


•503 


'66 


•709 


•684 


•551 


•517 


•92 


•675 


•670 


•510 


•503 


•67 


•708 


'683 


•549 


•516 


'9S 


•674 


'669 


•509 


•503 


'^S 


•706 


•682 


•547 


•516 


•94 


•673 


'668 


•507 


-502 


'69 


•705 


•682 


•545 


•516 


'95 


•672 


•668 


•506 


•501 


•70 


•703 


•681 


•543 


•515 


'96 


•670 


•667 


•505 


•500 


•71 


•702 


•681 


•541 


•514 


•97 


•670 


•667 


•503 


•500 


•72 


•701 


•680 


•540 


•513 


•98 


•667 


'666 


•501 


•500 


•73 


•699 


•680 


•539 


•513 


'99 


'666 


'666 


•500 


•500 


•74 


•698 


•679 


•537 


•512 


1-00 


-» 


— . 


— - 


— 


•75 


•697 -678 


'535 


•512 


t 









1. Suppose the length 40, and the diameters 32 and 26 
inches. Required the mean diameter and content in imperial 
gallons, according to all the varieties. 

26-i-32 = ^81, opposite to which, in the table, are '689, 
•675, -526, •508. Then, 

6x/689+26=,30^134 mean diameter, and 301 342 ^40 
X •00^8326= 102-8866 imperial gallons in first variety. 

6 X •675 + 26 = 30^05 mean diameter, and 30-052 X 40 X 
•0028326 =: 1023138 imperial gallons in second variety. 



X-0(»8326 = 96'3l66imptna1eanoBt in thin) 

6x-5084.26 = 29O*Smfjwi diupelcr, and 2?fltB'X» 
X "0028336 =: 9o'60M impeml saUons in feurtli niietj. 

8et]S-7!f OD D to 40 on C; ud u 30-188 00 D iilOSlf 
impeml g&llom on C, first varietT- 

Set 18-79 on D lo40onC; luid U 30O5 ob D 
imperial g^Jlonr on C, wcoDd ranMy. 

Set 18-79 OD D toMooC; and at 29-156 on DitS^ 
imperial galloiu OD C, tiiird nuietr. 

Set 18-79 uD D to 40 on C; anil at S9««8 wDii^ 
imperial galloui on C, fourth va ~ 

S. Suppoee the leofth 60, and the diain«er« 44 tod' 
incfact. Ilequtred the content, according to ail the micOa 

An«. First var.239-S5563,Ka»od Tar. 237-82937, ihifJ* ' 
S22-91406, fourth var. 221-14491 impenal gallons. > 

8. SuiipoM the length 50, and the diameten S6 tdt ■ 
incbe*. Required the content, according to all the 

An*. First rar. 164-84336, Kcond var. l64-148S,tliiiJ(* 1 
155-47142, fourth Tar. 154-68408 imperial galloDti. 

4. SuppoK the length 56, and the diameters 40 ud 
incbet. Required the cooteot, according to all the raiin 

Ans. Firetrar.237-71933, second rar. 237-37557, thW« 
229-68368, fourth rar. 229-2483 intperial galloiu. 

PBOB. XVII. To gauge a cask by the midtlle & 
meter. 

e head, of the bung, and of trin* 
m, multiplied by the length, and H 
the proper multinlier, gi?e8 the content. 

NoTK. This IS the moat accurate metliod of fioding ^ 
contents of casks. 

1. Let the length of the cask be 
40, and the diameters 32 at the 
hang, 36 M the head, and 30-4 
inches in the middle. 

Ans. C32'+26''+0O-8S)x4O 
X'00O4721 =101-91015 imperial 
gaUons. 

Set 46-024 on D to 40 on C; and at 608 on D i« 69-81 00 C 
. . 46024 . . 40 . . . . 320 . . 19-84 . . 
. . 46-024 . . 40 . . . . 26-0 . . 12-76 . . 

101-91 imp. Ji 
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. Lei the length be 42, the bung diameter 34, the head 
37, and the middle diameter S2 inches. Required the content 
in imperial gallons. Ans. 118-5925 imperial gallons. 

3. Let the length be 44, the head 30, the bung S6, and the 
middle diameter SS inches. Required the content. 

AoB. ]S6-1006 imperial gallons 

4. Let the tengtli he 50, the middle 36, the head 34, and 
the bung diameter 40 inches, Required the content. 

Ans. 187-4937 imperial gallons, 

Prob. XVin, To find the content of a cask without 
the middle diameter. 

Rule. From 13 times the head subtract 7 times the bung 
diameter, and multiply the remainder by twice the bung dia- 
meter, and subtract the product from the square of 5 times the 
sum of these diameters. Multiply the remainder by the 
length, and by -00003147: the product will give the gontent 
ID imperial gallons. 

1. Let the length of the cask be 40 inches, the bung dia- 
meter 32, aad the bead diameter 24 inches. Required the 
COD teat. 

Ans. (12 X 24 — 7 X 32) X 04 — (288 — SS-l) x (!4 = 64 
X 64 = 4096 and 5 x (32+24) = 280, and 280" — 4096 = 
74304 and 74304 X 40 X -00003147 = 93-534 imp. gallons. 

2. Suppose the length to he 41 inches, the hung diameter 
32-2, and the head diameter 26-3 inches. Required the con- 
tent. Ans. 102-89564 imperial gallons. 

3. Let the length be 45, the bung 34, and the head dia- 
meter 28 inches. Required the content. 

Ans. 126-2299 imperial gallons. 

4. Let the length be 48, the bung 36, and the head dia- 
meter 30 inches. Required the content. 

Ans. 152-73387 imperial gallons. 



OF ULLAGING CASKS. 

Thb Ullage of a cask is the quantity of liquor in it when it 
is not full. The dimensions are taken either when it is lying 
on its side, or when it is staniling on its end. The depth of 
the liquor is called the Wet Inches, and the remaioder the 
Dry Inches. 

PaoB. XIX. To find the ullage of a standing caek 
by the pen. 
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Add together tlie squares of the dia- 
meter at the top of the liquor, of the 
diameter at the Dearest end, and of twice 
the diameter half-way betireen these 
two, and multiply the sum by the length 
or diEtaoce from the surface of the liquor 
to the nearest end, and by -0004721 : 
the product will be the content of the 
lesser part of the cask in ijiiperial gal- 
Ions, whether full or empty. ij- 

1. Suppose the wet inches to be 10, 
and the diameters Si, 27, and 2y inches. Required the 
ullage. 

Am. (24«-|-29«-|-54»)x 10 X '0004.721 =20-4561 intpe- 
rial gallons. 

S. Suppose the length 40, the wet inches 30, the diameten 
SO, 24-, and 28 inches, bung diameter 32, and the middle 30^, 
Required the ullage. 

(24« +302 ^ 562J X 10 X -0004721 — 21-773 ira.gai.empty. 
(242 + 32*-t-6l2)X40x-O004721=I00-482 . . cask. 

78-709 . . fuIL 

3, Suppose the length 28, the wet inches 12, tbe diameters 
20, 22, and 24 inches, bung diameter 23, and the middle 2J 
inches. Bequlred the ullage. Ans, 16-4971 imperial galloiu. 

4. Suppose the length 50, the wet inches 30, the diameten 
Z6, 30, and 32 inches, bung diameter 36 inches, and the 
middle 32 inches. Required the ullage. 

Ans. 93-1925 imperial gallotu. 

Otherwise. Multiply the square of the dry or wet inches 
(the greater of the two) by the difference between the head 
and bung diameters, and divide the product by the square tt' 
the length : the quotient, subtracted front the bung diameter, 
will gire the mean diameter. 

Multiply the square of the mean diameter by the wet or diT 
inches (the leaser of the two), and then by the proper multi- 
plier, to get tbe content of the filled or empty part (the kaw 
of the twu)- 

5, Suppose the length 40, the bung 32, the head diamettr 
26, and the wet inches 10. Required the ullage. 

Ans. 30* X 6 -^ 1600 — 3|, and 32 — 3| = 28g, aod 
(28g)« X 10 X ■0028321) = 23-21006 imperial e^lons. 

6. Suppose the length 60, the bung 49, the head diameter 
40, and the wet inches 25. Required the ullage. 

Ans. 149-4376 imiwrial galloDi. 
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• Suppose the length 48^ the hnng 40, the head diameter 
and the wet inches 18* Required the ullage. 

Ans, 72*2989 imperial gaDons. 

'sob. XX. To ullage a lying cask by the pen* 

liTide the wet or drv inches ^the least of the two) by the 
g diameter^ and fina the quotient in the column of versed 
a in the table of segments. Take out its corresponding 
nent^ and multiply it by the content of the cask^ and by 
the product is the ullage in gallons. 

• Suppose the content QZ im- 
ial eaJlons^ the bung diameter 
and the wet inches 8. 
r2)8*00(*25 the versed sine« of 
idb the segment is '153546, and 
B546 X 92 X H = 17-65779 
serial gallons the ullage. 
:. Let a lying cask be 40 
Bcs long^ and the diameters 32^ 

and 30^. Required the ullage^ when the dry inches are 

Ans. 67*6465 imperial gallons. 
« Let a lying cask be 46 inches long, and the diameters 
80^ and 28. Required the ullage^ when the wet inches 
C*5 and 23 inches respectively. 

Ans. 23*0914 and S6'95 imperial gallons. 

• Let a lying cask be 56 inches long^ and the diameters 
•^4, and 36. Required the ullage^ when the dry inches 

90, 18, and 12 respectively. 
Ans. 40*2894, 132*9365, and 157*9166 imperial gallons. 

^dherwUe, Find a mean diameter according to the va^ 
^ of the cask ; from the wet inches subtract half the differ- 
^ between the bun^ and mean diameter, divide the r^ 
lader by the mean diameter, and find the quotient in the 
axin of versed sines in the table of segments. Take out its 
responding segment, and multiply it by the square of the 
ai diameter, by the length of tne cask, and by *0036065 : 
tiroduct will be the ullage in imperial gallons. 

• Let the length of a lying cask of the first variety be 40 
t^ the bung diameter 30, the head diameter 24, and the 

inches 12. Required the ullage. 

^ -i- 30 = *80, opposite to which in the table, page 237, 
SgO, and *690 X o + 24 = 28*14 mean diameter; then 
•**- •93) -5-28*1 4 = *393J|f versed sine, the corresponding 
ttent of which is *286881, and *286881 X 28*1 4« X 40 k 
^G065 = 32*77147 imperial gallons the ullage. 
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9. Let the length of a lying cask of the first Tariety be 48 
iDches, the bung diameter S2, the head diameter 24, and the 
wet ioches 14. Required the ullage. 

Adb. 49-2603 imperial gallont 

3. Let tbe length of a lying cask of the second variety be 
38 inches, the buDg diameter 36, the head diameter 32, and 
the wet inches 18. Required the ullage. 

Ans. 64-74223 imperial gallom. 

4. Let the length of a lying cask of the third rariety be SO 
inches, the bung diameter 45, the head diameter %Q, and tEe 
net inches 15. Required the ullage. 

Au9. 63-74105 imperial gallons. 

Fkob. XXI. To ullage a cask by the slidiDg-ruIe. 

JF^rst find the whole content of the catsk. Next eet tb> 
length or bung diameter on the slider to 100 on the rule, ud 
Bgainat the wet or dry inches on the slider is a number upon 
Seg. St. or upon Seg. Ly, to be reserved. Theu set 100 on B 
to this reserved number on A ; and opposite to the content oa 
B will be found tbe ullage on A. 

1. Suppose the length uf a standing cask 40 inches, tk 
wet inches 10, and the content %1 imperial gallons. 

Set 40 on the slider to 100 on the rule^ and at 10 on dK 
slider is 23 on Seg. St. to be reaerved. 

Set 100 on B to 23 on A; and at 92 on B is 21-2 im- 
perial gallons on A. 

2. Let the bung diameter uf a lying cask be 32 inches th 
wet iDches 8, and the content 9^ gallons. Required the quu- 
tity of liquor in it. Ans. 16'4 galkm. 

3. Let the length of a standing cask be 20 inches, its con- 
tent 11*5 gallons, and tbe wet inches 5. Required the ullHge. 

Ans. 2'65 gallom. 

4. Let the diameter of a lying cask be 34 inches, tbe wei 
inches 2^, and the content 133 gallons. Required the ulla^- 

Ans. 28'6 gallons Vf> 
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SPECIFIC GRAVITY. 

ight of a cubic foot of a body, in proportion to that df 
bot of water, is called its Specific GrariCy. 
lie foot of water, at the temperature of 40° of Fahren- 
ermometer, weighs 1000 ounces avoirdupois; and 
! the following table of specific gravities expresses in 
be weight of a cubic foot of these bodies. 

TABLE OF SPECIFIC GRAVITIES. 





SOLIDS. 


■ . 


from 16000 to 23000 i SfMir, heavy, . . 


4430 


1, hammered. 


19326 1 Jargon of Ceylon, 


441(5 


r George III. 


17629 


Ruby, oriental. 


4283 


1, • . 


17600 


Garnet, precious. 


4230 


at 32 "^ Fahr. 


13598 


. . • . common, • 


3576 


• a 


11352 


Topaz, . from 3536 to 4061 


D, • . 


11800 


Sapphire, oriental. 


3994 


. . 


11000 


Diamond, from 3523 to 3550 


er, 


10744 


Beryl, oriental, • 


3549 


)f George III. 


10534 


Granite, 


3500 


, molten. 


98^3 


English flint glass. 


3329 


f Japan, 


9000 


Tourmaline, 


3155 


/ire-drawn, • 


8878 


Hornblende, 


3000 


ed, molten. 


8788 


Asbestus, 


2996 


1. 


8694 Limestone,' 


2950 


na, . • 


8611 


Basalt, 


2860 


ire-drawn. 


8544 


Marble, Parian, 


2837 


tmmon, . • 


7824 


..... green Campanian, 


2742 


... 


8306 


'Egyptian, ^ 


2668 


nolten, 


8279 


Chalk, British, 


2784 


1, • . ■ . 


8109 


Emerald of Peru, 


2775 


; iron, hammered, 


7956 


Jasper, 


2710 


. . 


7833 


Glass, white. 


2892 


nolten. 


7812 


.... bottle, . . 


2733 


» • • • 


7788 


.... green, • 


2642 


3, Carron, 


7248 


Pearl, oriental. 


2684 


hammered. 


7787 


Coral, 


2680 


* . 


7471 


Slate, 


2670 


'dened, . 


7299 


Rock crystal. 


2653 


re Cornish, • 


7291 


Quartz, 


2640 


olten. 


7191 


Pebble, English, 


2619 


Q, . . . 


7119 


Felspar, 


2564 


ny. 


6702 


Stone, common. 


2500 


im, • • 


6115 


Porcelain, China, 


2385 


jm, • . 


5900 


Limoges, 


2341 


r the globe. 


5200 


Obsidian, 


%^% 


Be, 


4930 


Gypsum»^ 


*3«J^ 
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Cl<r, . . 8160 


Butler, . .918 


opsi, . . aii4 


Ice, ... 930 


Sulphur, native, . 8033 




Brick, . . . 8000 


Pumice-atone, . . 91S 


Ivorj, . , . 19IT 


LoBwood, . . 913 


Nilre, . . . 1900 


Living men, . . 891 


Alabutw, . . 19T4. 


Potassium, . . . SSB 




Beech, . . . . 6ii 


Alum, . . 1T14 


Ash Si5 


Bone, dry, . . 1660 


Apple-tree, . . 193 


Sand. , . , 1.500 


Maple. . . 7H , 


Gum Arable, . . 1458 


Citron, . . . TM 


Opium, . . . 1337 


Orange-lree, . . 7W 


Ebony, American, . 1331 


Walnut. . , . 681 


Lignnmsilffi, . . 1387 


Pear-tree, . . 6(1 ' 


Coal, . , 1250 


Hazel, ... 6W 


Pilch, . . 1130 


Lioden-tree, . . 60t 


Hosin, . . . 1100 


Elm, . . . . 6W 


Amber, . . . 1078 


Cypress, . . St 


Mflbogany, . . 1063 


Cedar, American, . Ml 


Brazil-wood, red. . 1031 


Fir, male. . . . SM 


Boiwood, . . , 1030 


. ■ . female, . . 493 


Sodium, . . S73 


Poplar, . . . 3« 


Oak, heart of, . . 950 


Cork, - . 8« 


LIQUIDS. 


Sulphuric acid, . 184S 




Boraricacid, . . 1830 


... red port, . 9» 


Nitrous acid, . . 1500 


Castor oil, . . . SID 


Aqus-forlia, . . 1500 


Linseed oil, . . . W 


Honey, . . 1*50 


Proof spirit, . . BSi ' 


Water of the Dead Sea, 1840 


Whale oil, . . . Wi 


Aqua regis, . . 1834 


Moselle wine, , , 91(1 


Nitric acid, . . 1318 


Olive oil, . . . 81» 


MuriaUcadd, . . 1170 


Muriatic ether, . . 81* j 


Strong als, from 1080 lo 1050 


Oil of turpentine, . 8W | 


Human blood, . . 1045 


Brandy, - . BSI 


Milk, . . . 1030 


Alcohol, absolute, . 79i 


Sea water, . . 108S 


Sulphuric ether, . 739 


Tar, . . 1015 


Oxygen gas. . . 13i 


Dietilled water, . 1000 


Air at earth's surface, about if 




Azotic gas, . ■ 1! 


Wine of Bordeaux, . 994 


Hydrogen gas. . ■ 01 




weight. 


Rule. Divide the weight of the body by ils Epecific gra- 


vity, both being in ounces: the quolieut is the coDleot in 


cubic feet. 




Ana. 1728 X 


16 ^992 = SO inchea nearly. 
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SPECIFIC GBAVITT. 

2. What is the content of a block nf Parian marble weigh' 
ing 5 cwt, ? Ane. 3158 ciibic feet 

3. What !a the umteot ef a ton weight of mahogany ? 

Ans. 33'7l6 cubic feet. 

4. What U the content of a block of granite which weighs 
(tons? Ana. *0 -96 cubic feet 

5. What is the content of a cast-iron ball which weighi 
100 lb. ? Ans. 381-457 cubic inches. 

Pbob. II. To find the weight of a body from its 
magnitude. 

Rule. Multiplv the content in feet by the specilic gravity; 
die product is the weight in ounces. 

I. What is the weight of a. stone of green Campaniau 
marble 63 feet long, and ila breadth and thickness each 13 
feetf 
Ana. 63x 12 X 12X9742 = 24875424. OK. — egiV^ig tana. 
What is the weight of a log of beech 10 feet long, 
ad, and ^ feet thick ? Ans. 3<t93| lb. 

What is the weight of a cast-iron ball 2 inches in dia^ 
■? Ans. 13-177 ounces. 

4. What is the weight of a log of mahogany 40 feet long, 
•S broad, and 2i thick ? Ans- 8-898 tons. 

5. What ia tue weight of a leaden ball 6 inches in diameter? 

Ans, 185-747 ounces. 

F&OB. III. To find the specific gravity of a body. 

Case I. When the bod? is heavier than water. 

RuLB. Weigh the botlv both in air and in water, andi 
aooexiug three ciphers to the weight in air, diride by the dif- 
ference (rf the weights, to get the specific gravity. 

1. Suppose a piece of stone to weigh 7 lb. in air, and 5 lb. 
ii water. What is its specific gravity ? 

Ana, 7000 T- 2 = 3500 ouncca the specific gravity. 

2. A piece of copper weighs 36 oz. in air, and 32 in water. 
What ij ita specific gravity? Ans, goOtt 

3. Suppose a piece of gold weighs 40 lb. in air, and 37'93 lb, 

io water. What is its specific gravity? Ans. 19324 nearly. . 

4. Suppose a piece of platina weighs 10 lb. in air, and 9'5 lb. 
ia water. What is its specific gravity? Ans. 20000. 

Cask II, When the body is lighter than water. 

RcLE. Having weighed the light body in air, and a body 
heavier than water both in air and in water, fasten them toge- 
ther with a slender tie, and wcigli the compound 10 water, 
and Bublraet it from the weight of the heavy body in water, 
aad to the remainder add the weight of the light body in air. 
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and by the sum divide the weight of the light body in a 
three ciphera annexed : the quotient is the specific graniyS 
the light body. 

1. A piece of copper weighs 18 lb. in air 
water ; a piece of elui which weighs 15 lb. ii 
the copper ; and the compound weighs 6 lb. ii 
i» tlie epecific grarity of the elm i 

Ana. l5000-i-(l6 — 6+15) = 600 the specific gravity o( 

3. A piece of copper which weighs 27 ouncee in air, and 
24 in water, is attached to a piece of cork which weighs 6 
ounces in air, and the compound weighs 5 ounces in water. 
What Is the specific gravity of the cork ? Ana. 240. 

3. A piece of lead weighs 60 lb. in air, and 55 lb. in waUr ; 
a piece of poplar which weighs 30 lb. in air is fixed to the 
lead ; and the compound weighs 7 lb. in water. What is the 
Epedfic gravity of the poplar ? Ans. 383j. 

4. A piece of steel weighs 1401b. in air, and 1S2 lb. in 
water ; a piece of fir which weighs 30 Ih. io air is fiswi to the 
steel ; and the compound weighs 97^ lb. in water. What is 
the specific gravity of the fir ? Ans. 550/fl",. 

PaoB. IV. Given the specific gravity and the weight 
of a mass composed of two ingredicDts, aod also the 
specific gravity of each ingredient ; to find the quantJlj 
of cacli of them. 

RuLK. As the specific gravity of the niasa, multiplied b; 
the difference between ihoae of the ingredients, is to the spe- 
cific gravity of the most valuable ingredient, multiplied by 
the difference between those of the macs and the other ingre- 
dient, BO ia the whole weight to the weight of the higheil 
ingredient; and that of the other may be found in the samt 
way. 

1, A composition of 112 lb, is made of copper of Japan and 
tin. Required the quantity of each ingredient, the EpeciAc 
gravity of the mass being 87tt4. 

Ans. (9000 — 7291) X 8784 : (8784 — 7291) X 9000 :: 
112 : 100-25 lb. of copper. 

3. A mixture of gold and silver weighed 170 lb. and il) 
specific gravity was 16630. Required the quantity of each 
metal io it.' Ans. 119-673 lb. gold. 50-327 lb. silver. 

3. A composition of 100 lb. is made of platina and steel, 
and its gpccific gravity is 15000. Required the quantity of 
each ingredient. Ans. 78'54 lb. platina, 21-64 lb. steel. 

4. A composition of silver and sleel weighs 1000 lb. and its 



TONNAGE oy SHIPS. 



spetitic gravity la 8000. Required the quantity of each ingre- 

ilieut. Ana. 77-04:6 lb. silver, 9!22-g54 lb. ateet. 




TO FIND THE TONNAGE OF A SHIP. 
The length ia taken in a straight line a\ong the rabbet of the 
keel, from the back of the main atemposC to a perpendicular 
from the fore part of the main stem, under the IxHrsprit, from 
which subtract ^ uf the bi'eadth : the remainder U the length. 
The breadth Is taken at the broadeac part of the ship, from 
the outside to the outside. 

Rule. Multiply the square of the breadth by the length, 
and diride the product by ISd ; the quotient will be the ton- 
nage. 

1. Required the tonnage of a ship, of which the length is 
7^ feet] aud the breadth 26 feet. 

Ans, 26x26x75-!- 188 = 26911 tons. 

3. Required the tonnage of a ahip, of which the length is 
96 feet, and the breadth 33 feet. Ana. 556^ tons. 

3. Required the tonnage of a ship, of which the length h 
100 feet, and the breadth 40 feet. Ans. 851^ tons. 

4. Required the tonnage of a ship, of which the length is 
150 feet, and the breadth 60 feet. Ans. 2S7S|f toaii. 

Note. This rule is very erroneous, and no other general 
rule can be given that is perfectly accurate. The best way is 
lu find the quantity of water displaced by the ship when she 
is loaded ; but as this must be done by means of urdinates, the 
"Iteration is laborious. It ia easier to load her with ballast, 
weighing the Inail as it is put on board. 

The following rule is a near approximation, 

1«(, For Skips of War. Take the length of the gun-deck, 
from the rabbet of the stem to that of the sternpust ; subtract 
^ of it : the remainder is the length. Take the eztreme 
breadth from outside to outside of the plank, and add it to 
the length : ^^ of the sum ia the depth. Set up this height 
from the liniber-atrake, and at that height take a breadth 
from outside to outside, where the extreme breadth was taken, 
and take another breadth in the middle, between this and the 
limber-strake : add the extreme aud these two hreadthe, and 
take ^ of the sum for the breadth. Then multiply the length, 
breadth, and thickneaa, aud divide the product by 49. 

2d, For Ships of Burden. Take the length of the lower 
deck, from the rabbet of the stem to that of the sternpost, and 
from it subtract 3*3 of it, for tiic length. Take the extreme 
breadth from outside to outside, aud add it to the length of 
the lower deck : /j of the sum is the depth. Set up this 



I 



WEIGHT OF CATTLE. 

depth from the tiniber-Btrake, where the estreme brettdt}) n> 
taken, and at this )iei|;bt take a breadth from outside to onl- 
side, take aoother breadth at | of this height, and a third at 
^ of the height : add these three to the extreme breadth, uid 
1 of the sum is the mean breadth. Multiply the ieogtb, 
breadth, and depth, and divide 3 times the product byUO 
for the tonnage. 



TO FIND THE WEIGHT OF CATTLE. 

Take the girt behind the shoulder, and the length from th 
fore part of the shoulder-blade to the buttoek, both in leM. 
Multiply the square of the girt by 4 times the length, ui 
divide by 21 : the quotient is the weight, nearly, of the font 
quarters, in stones of l6 lb., each lb. 1 7^ ounces af(Hfdupat& 

Note, The four <^uarlera are little more than the half irf 
the whole weight ; the skin neighs about the ISth part, and 
the tallow about the 12th part. 

1. What is the weight of the four quarters of an oi, «f 
which the girt is 6 feet 6 inches, and the length S (tet 10 
inches? Ana. 6-5* X23^ -^21 =46 stones 15)lk 

S. What is the weight of the quarters of a sheep, of wiidi 
the girt is 3 feet 1 inch, and tbe length 2 teet 8 inches? 

Ans. 4, itotiea lS-96Vt. 

S. What is the weight of a hog which is i feet 6 incheiiii 
girt, and 3 feet 4' inches in length? Ans. 13f Htom. 

4. What is the weight aod value of an os measuring 6^ fbM 
in girt, aad 5| feet in length, at lis. 6A. a stone, siBking 
offaU? Ans. 46-274 stones, value iSG-fiOTS. 

5. What was the value of the four quarters of the Dunearo 
ox, which mea!jured p feet 3^ inchci« in girt, and 5 feet Tj 
inubes in length, at 10B.6d. a stone? Ans. £48, 11s.9i). 

6. What is the weight of tbe four quarters of a calf niea- 
Bilring 3 feet in girt by 2^ feet in length ? Ans. 3^ BtODK. 



TO FIND THE WEIGHT OF A STACK OF HAY. 

To the height from the ground to the eaves, add half ih* 
height from tbe caves to the top ; then multiply tbe sum, ud 
the length and breadth of the stack, into one product, «U «f 
them being taken in feet. Divide the product by 27, to htiaf 
it to yards. This, multiplied by 6, will give the immbR M 
atones, if the hay be newj but if the stack has stood a comi- 
derable time, add a third to it; or if it be old hay, add a ball 
loit. 



1. How mucb hav does s new Black contain, of which the 
leogth is 23 feet, the breadth 9 feet, the height from the 
grouEid to the eaves 14 feet, and above the eaves 8 feet? 

Ads. 18x25X9x6-^27 = 900 stones. 

2. How much old Itay ia a stack 40 feet loog and 16 feet 
brood, the height to the eaves 15 feet, and above 3 feet ? 

Ads. 4053^ atones. 

3. How much new liay in a. stack 50 feet long and 30 feet 
broad, the height to the eaves 20 feet, and abore 14 feet? 

Ans. 9000 stones. 

4. How much hay In a stack which has stood 4 weeks, 60 
feet long and 35 feet broad, the height to tlie eaves 24 feet, 
ud above 16 feet? Ans. 19911} etonea. 
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OF BALLS AND SHELLS. 



iron ball 4 inches in diameter weighs Q lb. nearly ; and a 
Jeaaen ball 4^ ioches in diameter weighs about 1? lb- Also, 
a pound of gunpowder measures about 30 cubic inches. Aud 
umilar eolids are to one another as the cubes of their diame- 
ters, or like sides. 

Pros. I. Given the diameter of an iron ball, to find 
its weight, and conversely. 

Role. Divide the cube of the diameter by 7J '■ the quo- 
tient will be the weight in pounds. 

Multiply the weight by 7^ ■' tlie cube root of the product is 
the diameter. 

1. What is the weight of an iron ball, of which the diame- 
ter is 3^ inches? Ans. 3-5^ -i-7J = 6-0293 lb. 

2. What is the diam eter of an iron ball which weighs 24 lb. ? 

Ans. 5/24x7^ =^170-6 = 5-547 inches the diameter. 

3. What is the weight of an iron ball, of which the diame- 
ter is 4-6 inches ? Ans. 13-688 lb. 

4. What is the diameter of an iron ball which weighs 36 lb.? 

Ans. 6-349 inches. 

5. What is the weight of an iron ball, of which the diame- 
ter is 5-5 inches? Ans. 23-3965 lb. 

6. What is the diameter of an iron bail which weighs 48 lb.? 

Ans. 6-y88 inches. 

PaoB. ir. Given the dinmeter of a leaden ball, to 
find its weight, and the converse. 

RdIiH. Divide the cube of the diameter by 4^: the quo- 
tient will be the weight in pounds. 
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Multiply the weight by 4^ : the cube root of the prolact 
will be tlie diameter in inches. 

1. What is the weight of a. leaden ball, of which the dia- 
meter K 4-25 inches f Ana. 4-25= -^ 4^ = 17-059 ll*- 

S. What is the diameter of a leaden ball which weif^he 36lb.P 
AnB. 5-45 iDchei. 

S. What is the weight of a leaden ball, of which the diame- 
ter u 4-6 inches ? Ans. ZVGS-lb. 

4. What m the diameter of a leaden ball which weighg 4>8 Ih.f 

Ans. C inches. 

Fbob. III. To find the weight of ao iron shell. 

Rule. Tate the difference between the cubes of the exter. 
nal and internal diameters, and divide it by 71 : the <]Uotieiil 
will be the weight in pounds, 

1. What is theweightof a 13-inch shell, the inner diameter 
beingginches? Ana. (13' — 9')-^7J = 206-4375lb. 

3. What is the weight of a shell, of which the diameters an 
11-1 and 8 inches? Ana. 120-323 tit. 

5. What is the weight of a l6-inch shell, the inner diameter 
being 11^ inches? Ans. 362-ia7ll>' 

4. What is the weight of a shell whose diameters are 15'( 
and n-2 inches? Ans. Sl&OSSlb. 

Peob. IV. To find how much powder will fill a case. 

Rule. Find the content in inches, and divide it by 30: 
the quotient will be the weight in pounds. 

1. How much powder will fill a cubical box, of which tbe 
side is 18 inches? Ana. 18'' -=-30 = 194-4 It. 

3. How much powder will be contained in a cylinder whidi 
is 1 foot in length, and the diameter of its base 4 inches ? 

Ans. 5-02656 ib. 

3. How much powder will a chest hold, which is 15 incha 
long, 1 3 inches broad, and 5 inches deep ? Ans. 32-S lb. 

4. What is the side of a cubical box which will hold 12 lb. 
of powder? Ans. 7113 incho. 

5. What is the side of a cubical box which will liold 34-Slb. 
of powder ? Ans. y inchea. 

Prob. V. To find how much powder will fill a sbell. 

Rule. Divide the cube of the internal diameter in incha 
by 57-3 : the quotient will be the weight in jwunds. 

Multiply the weight by 57-3 : the cube root of the product 
will be the diameter. 

1, How much powder will a shell of 9 inches internal di»- 
meterhold? Ans. 57'3}729-0(l2-7a25 lb- 
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_ . . Required the diameter of a shell which will hold 9 lb. of 
powder. Ana. a'02 inches. 

S. Hoiv much powder will fill a ehell, of which the inner 
diameter is 11^ iiichps? Ans. 25-54 tb. 

4, Required the diameter of a ehell which will hold 15 lb. 
of powder. Ans. Q-51 inches. 



PILING OF BALLS. 
BaJiLs and Shells arc piled up in horizontal courses, upon a 
Ijase of the form of an equilateral triangle, or of a E(|uare, or 
of a rectangle. The number of balls in a row diminishea, till, 
in the two first formg, it ends in a eiogle ball, and in the last 
io a single row. The number of rowB is equal to the number 
of balls in the lesser side of the under row. The number ia 
the top row of a rectangular pile ia one more than the dider- 
euce between ibc length and breadth of the bottom row. 

PaoB. I. To find the number of bails in a triangular 
pile. 

RdLE. Multiply the number of balls in a side of the bottom 
row by that number increased by 1, and again by that num. 
ber increased by 2 : the product, divided by 6, will be the 
number of balls in the pile. 

1. Required the number of balls in a triangular pile, of 
which each side of the base contains 50 halls. Ans. i960 balls. 

2. Required the Lumber of balls in a triangular pile, each 
side of the base containing 64 balls. Ans. 45760 balls. 

S, Required the number of balls in a triangular pile, each 
side of the base coutaining 80 balls. Ans. 88560 bails. 

PiLOB. II. To find the number of bails in a square 
pile. 

RcLG. To twice the number of balls in a side of the bot- 
tom add 1, and multiply the sum by the number in that row, 
and by that number increase*! by 1 : the product, divided by 
6, will give the number of balls in the pile. 

1. Let the side of the bottom row of a square pile contain 
SO balk How many balls arc in the pilef Ans. 2870 balls. 

S. Let the side uf the bottom row of a square pile contain 
80 balls. How manv balls are in the pile ? 
_ ' Ans. 173880 balls. 

3. Let cacli side of the bottom row of a itquare pili 
Wlialls. Hotc many balls are in the pile? 

Ans. 42925 bidU. 
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PitoB. III. To find the number of balls in a rectan- 
gular pile. 

RuLB. From 3 times the Dumber in the length of the bot- 
tom row, increased by 1, subtract the number la the breadth, 
and multiply the remainder by the bteadth, and by the 
breadth increased by 1 : the product, divided by 6, will pn 
the number of balls la the pile. 

1. Suppose the number of balls in the length of a. rectan- 
gular pile to be 59, and in the breadth 20. What is tht 
number in the pile > Ans. 11060 balb. 

2. Suppose the length contains 80, and the breadth 60. 
How many balls are in the pile ? Ans. 110410baIU 

3. Suppose the length contains 100, and the breadth 75. 
How many balla are in the pile ? Ana. 314700 b^ 

Prob. IV. To find the number of balls in an incom- 
plete pile. 

Rci,E. From the number of balls in the complete pile sub- 
tract the number in the pile that is wanting, both compuUd 
aa before ; the remainder is the number in the incomplett 
pile. 

1. Reijuired the number of balls in a rectangular pile of 15 
courses, the numbers in the bottom row being 60 and 25. 

Ans. 14590 ball). 

2. Required the number of balls in a triaogTilar pile of 15 
courees, when each side of the base contains fiO. 

Ans. 11605 balls. 

3. Required the number of balls in a square pile of 30 
courses, each side of the base containing 16'0. 

AnK. 453670 ballt. 
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THE WORKS OF ARTIFICERS. 



Artificeks take the dimensions of their work with a mea- 
Buring-tine, divided into feet and iaches, or by the carpenter's 
rale, or by a yard divided into inches and parts. 

The work is generally computed by duodecimal raultiplica' 
tion, ID which the inch is supposed to be divided into IH parte, 
and each part into 19 seconcla, &c. 

Rule. Multiply each denomination of the multiplicand by 
the feet of the multiplier, and place the product under that 
denomination of the multiplicand from which it arises, carry- 
ing at 12. Then multiply by the inches of the multiplier, 
3Dd Bet each product a denomination farther towards the right 
hand. Nest multiply by the parts, if any, and set the pro- 
ducts a place still farther to the right. Then add the products. 

1. Multiply 9f. 4 in. by 3 f. 8 in. 



I 



S. Multiply 98 

. 148 
. 87 



8 product, 
by 5 6 

by 8 9 
1 by r ■" 



63 4 6 by 896 



Ans. 540 
1297 
103(1 
557 



10 8 
209 

2 7 I 



7 by 73 6 3 . 40*0 
. 103 3 * by 27 9 (i ■ 2925 10 
. 208 7 9 by 12 5 4 . 2596 5 9 4 
.365 11 8 by 13 6 3 . 4948 2 II II 
. 183 10 9 by 15 9 8 - 2938 2 2 11, 
NoTK. The feet in the product are square feet, 9 of which 
make a square yard, and 36 square yards make a rood of 
building. The inches in the product are 12th parts of a 
sijuare foot, or each of them is 19 square inches, and the parts 
ue square inches. The lower denominations are commonly 
f^xpreued in fractions of a square inch ; thus, 8 seconds 
'if a square inch, 9 seconds are ^, and 7 seconds 6 thirds are j' 
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OP THE CARPBMTBB's 8LIDJMG-BULS. 

The works of artifioerty as well as the quantity of tiol 
are often computed by the sliding^mle. 

This mle consiits of two pieos, each m loot kBg,tiilia 
together with a folding joint, with a alider in one of ) 
pieces. 

The edge of each piece of the rule is divided into lOM 
parts, and each part is subdiyided into 10 equal parti; loi 
by it the dimenuons may be taken in feet and deomak 

One of the fnoes b airided into inches, and Sth or II 
parts ; and on the same hee are seferal plane and Stfl 
scales, the diagonal being dinded into 12 parts. 

On the other face, the piece which has the slider em 
four lines, two on the slider marked B and C, and twofltjj 
rule ; one under the slider marked A^ and the otiier ihm 
marked D. The three lines A, B, and C, an of At 
length, and divided in the same way : the dinsioaiOBl) 
double of those on the other lines. Then dirnioiiflt 
logarithmical ; that is, if the distance between the intl 
the other 1 be divided into 1000 equal parts, tbe M 
between 1 and 2 is 301 parts, which is die logaritbin of 1^ 
the distance between 1 and 3 is 477^ the logarithm of Si ^ 

The first 1 may be read 1, or 10, or lOO, and lO tbe li^ 
are valued according to it If it be read 1, the seooni Ij 
10, and the third 1 is 100, and then the first 2 it lead^ 
the second 2 is 20 ; but if the first 1 be caUed 10, tbetf* 
1 is 100, and the third 1000, and then the fint2iii20,iif 
the second 2 is 200. And all the other divisions andfliW' 
visions are valued in the same way. . , 

On the same face of the rule, tnere is on the other ^0|f* 
it a table oi the value of a load, or of 50 cubic feet of tiiuV' 
at all prices, from 6d. to 28. each foot. 

Prob. I. To multiply numbers by the rule. 

Set 1 on B opposite to the multiplier on A ; then oppo^ 
to the multipliomd on B will be the product on A. 

1. Multiply 16 by 6. Ans. 96. 

2. ... 23 by 14. . . . 322. 

3. ... 27 by 23. . . . 621. 

4. ... 68 by 46. . . 3128. 

P&OB. II. To divide numbers. 

Set the divisor on B to 1 on A; then against the HA 
on B will be fcund the quotient on A* 
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1. Diride 96 by 24. . Ads. i. 

2. . . 676 by 48. . 12. 

3. . . 15b' by as. . . 68. 

4. . . 988 by 76. ■ . . 13. 

FaoB. III. To work a proportion. 

t the first term od B to tbe second on A; then against 

tthird on B will stand the fourth on A, 

n. Req^uircd the fourth proportional to 13, S8, and 114, 

^, Ans. 366. 

. Required the third proportional to 18 and 54. Ans. l62. 
■S. If 14 men build 4 roodi, bow many will in the same 
time build 28 roods f Aos. 98 men. 

4. If 43 men perform a |nece of work in 108 days, in what 
time will 72 do it? Ans. 6s days. 

Note. Tbia, with tbe two preceding rules, depends upon 
tbi« principle; In a proportion, tbe difference between the 
logariUiuiB of tbe firat and second terms is equal to the differ- 
ence of the log'arithmg of the third and fourth; and 1 is to the 

■{liplier or divisor, as the multiplicand or quotient is to the 

I^HCt or dividend. 

Fbob. IV. To extract the square root. 

I on C to 1 on D ; then against the giren number on 
:s square root on D. 
KoTE. The 1 on G must be read 1, or 100, or 10,000; 
ithe I on D must be read 1, or 10, or 100, accordingly. 
. Required the square root of 576. . Ana. 24. 
of 196. . . 14. 
of 4096. . 64. 

of 9216. . . 96. 

Pbob. V. To find a mean proportional between two 
mbers. 

Set the less on C to the same number on D; then againat 
tbe greater number on C will atand the mean proportional 
on D. 
I.Reqniredtfaemeau proportional between 4 and 36. Ans.12. 

a U4and576. 288. 

3 SlSand 57. 171. 

. 128 and 32. 64. 
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TO MEASURE TIMBER. ' ' ' 
Fbob. I. To find the area of a board. 
RoLB. Multiply the length by the mean breadth. 
Note. Wheu the hoard tapers regularly, half the sum d 
the breadths at the ends !s the mean breadtb. ' - 

By the Sliding-Rule. 
Set the breadth in iacbex od B to 13 on A; then agaust 
the leugth in feet on B will be tlie content on A, in tquan 
feet and decininls. 

1. Required the cootent of a board 12 feet 6 inches lon^ 
and I foot 3 inches broad. Ane. 15 feet 7 inches 6 paru. 

2. Required the content of a board 13 feet 4 inches long, 
and 1 foot 6 incheB broad. Ans. 22 feet S iDches 8 partt. 

3. Require<l the content of a board 11 feet 10 iDchealong, 
and 11 inches broad. Ane. 10 feet 10 inches S paitt. 

4. Retjuired the content of a board l6 feet 9 inches Iob^ 
and 3 feet S inches broad. Ans. 36 feet 3 inches 6 parte. 

5. Required the content of a board 14 feet 1 1 inches long, 
and 9 inches broad. Ans. 1 1 feet 2 inches S parti. 

6. Required the content of a board 10 feet 10 inches long, 
and 8 inches broad. Ans. 7 fccc 2 inches 8 puU. 

FsoB. II. To find tlie content of squared limber. 

Role. Multiply the mean breadth by the mean thickness 
the product, multiplied by the length, will give the content. 
By the Sliding-Rule. 

Find a mean proportional between the breadth and tbick- 
ncHS. Then set the length on C to 12 on D ; and against tlie 
mean proportional on D in inches will be the solid contenl in 
feet on C. 

Note. If the quarter-girt be in feet, use 1 instead of U 
onD. 

1. Required the content of a log, the length 34 feet 6 inches, 
mean breadtii 1 foot 1 inch, and mean thickness 1 foot 1 inch' 

Ans. 28 feel 9 inches J part. 

2. Required the content of a log, the length 27 feet, nieaa 
breadth 1 foot 10 inches, and mean thickness 1 foot 3 inches 

Ans. 61 feet 10 inches 6 puH. 

3. Required the content of a log, the length 1 6 feet () iucba, 
mean breadth 1 foot 4| inches, and mean thickness 1 foot S 
inches. Ans. 29 feet 8 inches li part. 

4. Required (lie content of a lug, the length 20 feet 6 inches. 
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WBD breadth 1 foot 9^ ioches, and mean thickDesa 1 foot S^ B 
inches. Ads. 29 feet 11 iocbea 21 parts. 

5. Required the content of a log, the length 30 feet 8 inches, 
mean breadth S feet 1 inch, and mean thickDe«8 2 feet S inches. 

Adb. 138 feet 5 inches 1^ parts. 

6. Required the content of a log, the length 40 feet 7 inches, 
mean breadth S feet 3 inches, aod mean thicknees 1 foot 9 
iochea. Ad». 159 feet 9 inches 6| puts. 

Pkob. III. To find the content of round timber. 

Common Role. Take one-fourth of the mean girt, and 
square it; and multiply it by the length for the content. 
Sy the Slidiog-Rule. 

Set the length in feet on C to 12 on Dj then against the 
<juarter-girt in iucheo on D wUl be the content in feet on C. 

Note 1. Tapering limber should be divided into pieces of 
eight or ten feet long, and these parts should be computed 
«eparately and added. 

Note 2. In order to reduce the tree to such a circum- 
ference as it would hare vithout its bark, a deduction is gene- 
rally made of i or I of an inch for every foot of quarter-girt 
for young oak, ash, beech, &C. ; but 1, or even 1^ inch, must 
be bIIowhI for old oak, for every foot of quarter-girt. 

Note 3. The common rule gives the content too small, by 
3 feet on every 11 feet of content; yet it is universally used 
ia practice, being originally introduced in order to compensate 
the purchaser of round timber for the waste occasioned by 



Rdlb II. Take one-firih of the girt, and square it, and 
multiply by twice the length for the content. 
By the Sliding-Rule. 

Set twice the length on C to 12 on D ; then against } of 
the girt on D will be the content in feet on C. 

1, Required the content of a piece of round timber 9^ feet 
long, and iti; mean girt 14 feet. 

Ans. Il6 feet 4^ inches by the common rule; or, adding 
]', of it, the real content will be 148 feet 1-364 inch. 

2. Required the content of a tree 24 feet long, and its girts 
at the ends 14 and 2 feet. 

Aua. Q6 feet by the common rule; the true content is 
IS3-88 feet. 

S. How much timlier in a tree 18 feet long, and its mean 
girt 5 feet 8 inches p 

Adb. CommoD rule 36 feet 1^ inch ; true content 46 feet 
i iachea 10'56 parts. 

^^^^^^H- via 



258 woBxa of abtifiqeks. 

4. Hiiw much timber id a tree 32 feet long, and ita girtain 
the middle of every 8 feet are 64, 56, 52, and 46 inches? 

AiiE. 41 feet 10^ indies by the common rule ; true content 
53 feet ti JDchea 9'S8 parts. 

5. Required the content of a tree 30 feet long, the girts Id 
the middle of erery 10 feet being 50-4, 54-8, and 60-8 incliea. 

Adb. 40 feet 1 inch 3'9 parts by the common rule; tnie 
cMitent 51 feet 3 inches 11-87 parta. 

6. Required the content of a tree 55 feet long, the girti in 
the middle of every 1 1 feet being 7^, 56, 49, 35, and S5 inches. 

Ads. SG feet 11 inches 8f parts by the common rule; tme 
content 72 feet 11 inches 1-92 parts. 

7. Required the content of a tree 50 feet long, its aem 
girt being 7 feet. 

An», 153 feet 1^ inch by the common rule ; true contful 
196 feet. 

8. Required the content of a tree 48 feet long, the girts at 
its ends being 60 and 18 inches. 

Ans. 31 feet 8^ inches by the common rule ; true content 
40 f^et 672 iocheii. 

g. Required the content of a tree 45 feet long, the raGU 
girt being 74 inches. 

Ans. 106 feet llj'^ inches by the common rule; true con- 
tent 136 feet 10^ inches. 

10. Required the content of a tree 171 feet long, the girts 
in five different places being 9-43, 7-93, 6-1 5, 4-74, and 3-lli 
feet. 



MASON WORK.* 
Rdble Work is measured in three different ways. 
I. When the tradesman furnishes all materials. 
Find the ilepih of the foundation at several places, and takt 
the mean height from the foundation to the top oif the M(k 
walls. Take the length of the side walls on the outside, toi 
the breadth of the gables or cross walla on the inside (tf die 
building. 

• The rules for the JlcnsurBtion of ArtJficers' Works, with the <•■ 
rious allowances, have been furnislied by an etninem survejor id Eduv 
liurgh, aod csnaotfail to beuf grcal adianlage to Ihe students rorvboin 
this section is intended. The alloH-ances apply principally la ScotUnd; 
tut the rules for laluDg Ihe dimeanonB ue applicable boili to England 
and Ireland. 



r exterual or internal, 
c length, and muttiply- 
""Tss, iind reducing' it to 
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Gablc-ends are measured by multiplying the heig'lit from 
the level of tbe aide walls to the bottom of the chimney-gtalk 
hy half the sum of tbe breadths at the top of the side walls 
and at tbe bottom of tbe chimDev-stalk; and the chimnev- 
iialk U measured bf multiplying lialf the girt by the height 
from the bottom of the stalk to the top of the cope. 

Vents are measured by the lineal foot, from the top of the 
stalk to the bottom of the jambs. 

StormontB on side walla are measured by adding the thick- 
ness of one baunch tu the length of the square part, and 
multiplying it by the height from the level of the side walls 
to the bottom of the aogle; and the angular part and stalk 
are measured the same way as a gable-end and chimney'Stalk. 

All breaks and projections, whether 
are found by adding one rei 
ing the sum by the height and tbicknc 
the standard of the wall. 

An allowance of 1 foot by Q inches, multiplied by the length, 
is made for every levelling for joists and belts io ruble walls; 
and 1 foot by S feet, multiplied by the length, is made for 
levelling the tops of side walla, skews, and chimney-stalki; 
but DO allowance is made for belts on ashlar fronts. An 
Allowance of 9 inches square by the length is made for level- 
ling for bond-timbers and ragulates for roofs in the chimney- 
be^s only; I foot by 9 inches ia allowed for ragulates left for 
stairs ; and 1 fiiot by 6 inches for thin walla. These allowances 
must all be reduced to the standard of the walls in which they 
■re made, and rated as workmanship only. 

The daylight of all vacancies is to be deducted. 

Rough stones more than S feet in length, placed as eafa 
over voids, are to be taken by number, according to their 
different lengths. 

Arches over cellars, &c are taken by the girt of the soffit 
and tbe deepness of the arch-atooes, once added for the 
breadtb, and then by the length and thickness of the arch, 
and are double measure ; and arches having been included in 
the general dimensions are to be again taken by their height, 
thickness, and length, and reduced to the standard of the 
waU. 

Alt upright circular walla are double measure ; and walla 
circular ou one side only are allowed 1 foot thick round the 
circular part as double measure, and reduced to tbe standard 
of the wall, besides the solid content of the straight part. 

Tbe ruble of stair-steps and platts is taken by their length 
wHhoot the wall, and by their breadtb and thickness, and in 
all cases reduced to l foot thick. 



i 
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Ruble is allowed for all parement, whether laid on limiW 
aaod; and in no case it the tbickncEs reckoned lew thsD 4 
ioches. 

In measuring separated pillars, when the face or Avnt of 
the pillar does not exceed 5 feet in length, they are taken bf 
their net height and length, and an allotrance of S feet Equait 
by the height is made for carrying up the scontioD. But thii 
allowance applies unly to pillars at and abore 2 feet thick; aQ 
below that have the net tliickuesa added to tbe length. 

II. When the tradesman furnishes workmansbip only. 

The dimenBions are taken orer both side walls and gablc^ 
and no deduction is made for voids. 

m. When the tradesman furnishes workmanship, lint, 
and sand. 

The outside walls are measured by including the thicknH 
of one side wall, and one-half of tbe racandea is deducted. 

NoTB. Ruble walls, in all the three cases, at and belov IS'' 
inches thick, are to be reduced to 1 foot, and all abore IB 
inches reduced to 2 feet thick, and measured by the rood of 
36 square yards. 

On doors and windows where there is no hewn work, u ' 
allowance is made of 1 foot square by the length, in namecf 
hammer-dreesed or cloured scontiona. 

HEWN WOBE. 

Hemn Work in Ruble Walls. The rybata of doora and 
windows are measured by girting from the bottom of tb« 
check outward, including the backset, if any. Soles and lin- 
tels are taken for tbe length over tbe face of the rybats, 
including tbe projection of one end, if projected ; and the girt 
is taken as in the rybats, 

Hewn corners are taken by the height hr the length, ud 
by the mean girt for the breadth. 

Skews are taken by the length and by the girt, and duBW 
ney-copes by the extreme length all round, and for the bnaddl 
by girting from the open of tbe rent down to the chiauHfw 
stalk. 

When the whole front of a building is of hewn or poliiJud 
work, it is taken by the estreme length and height <tf ths 
different species of work, including the sides of breaks, if anj ; 
but no allowance is made for the internal comers of MKh 
breaks. All voids are deducted ; but the breasts and checfa 
of rybats, together with the under bed and checks of the lintel, 
and upper bed of the sole, including their rests, ore tneBHiied 
and added. 
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^rwhen architrave rybata are placed in a beirn front, the 
OHUctioDB are taken over these ; and Euch moulded architrave 
rybats are measured by the heig:ht, and by girting from the 
bottom of the clicck outwarda to the face of the plain ashlar. 
The linlels are girled in the same manner, and tne length U 
taken round the ends. 

Moulded architrave rybaW uf main doors, or otherwise, are 
taken in the same manner, and the whole reported as moulded 
work, excepting when plain ashlar stones are placed in the 
KODtioDB, between the outband rybats and the cliecks; in 
which case these must be deducted, and added to the plain 
ashlar. 

The Hetvn Work of Arches is measured by findings the 
mean height of the arch stones, and for the length by laying 
the line round the middle of the face of the arch, The soffit 
and check are taken for the length round the check, and for 
tbe breadth by girting from the bottom of the check outvard 
10 the face of the arch. Both face and soffit are reckoned 
double mea-iure. Arclies in upright circular walls are allowed 
three measures. 

When pannels arc sunk on ashlar work, after they are 
included in tbe surface, the sunk part, and that round the 
idget, are taken over again ; and if a moulding is round it, 
the whole is taken as moulded work. 

All hctru work cut circular for skews is allowed 6 inches 
by the teugth for cutting. 

Rustic work, whether square or champhered, is first mea- 
sured superficially, and the checks or champhers are measured 
orer again. Giblat checks, in like manner, are measured orer 
again, after baring been included in the face on scontions. 

Pilasters, irhcn they are raised out of the eolid etones, and 
built in courses along with the aahlar, are girted in along with 
the ashlar, and the sunk part and edges are taken oFer again. 
If the pilasters are fluted, they are measured over again as 
TUDulded work, girting into the flutes and over the fillets. 
The cabled part, if any, is measured in the same way, and 
allowed double measui'e. The bases and capitals are girted as 
mouldings. 

Columns, of which the shafts are diminished with a curve 
or swell, are allowed double measure and a half; and if the 
aeck-muulding is wrought on the shaft, tbev are allowed three 
neaxures. When the shafts are diminished straight, without 
a swell, double measure is only allowed, and a half more if the 
oeck^moulding is wrought on ihe shaft. The fiuted and 
labled parts of columns are measured tbe same as in pilasters, 
iifter they are taken for plain work, as above. The bases aDd 
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capitals are girted as otber mouldings, with the usual s^iow* 

ance; and the number and aize of carved capitals mnil bt 

Cornices are taken fur their leng'th at the extremities of 
their greatest projection, and for tlielr breadth by girtiDi 
their mouldings ; and so much of the liuperlicies of the uppc/ 
bed as is without the wall ie added. 

Block and dcntaJ cornices, after being measured io the axat 
mauner, hare the bucks and soffits of the recesses, together 
with the ends of the blocks and dentals, added. 

The »teii£ of hanging; stairs, whether moulded or plain, 
girted at their mean breadth, including both joints, i ' 
their length what is seen, including 6 inches of rests 
wall. The soffit and ends of n-beel steps are tiiken over agiili 
so far as is without the walls ; and the ends of both sauare toA 
wheel steps are taken at their ostremc breadth and depth. 

Thejomts of platts, if joggled, are also taken. 

The skifting of hanging stairs is taken by the eKtnne | 
length and breadth of the stones, including the upper edge. ' 

The ^tcps and platts of newal stairs are taken by girtjog at 
the mean breadth, allowiag 1 inch of overlap on each step, 
and for the length by what is seen, allowing 6 inches on ean 
end for rests. The newala are girted round, including tike , 
backset. The tails are taken as scribbled work, and the soffiH 
of steps according to the kind of work upou them. 

Pyramids or obelisks, if they are built in courses, are girtri 
for the length at the bottom of each course, and between ibe 
joints for the breadth, and allowed measure and half. Wkat 
they are made of one stone, they are girted for the length it 
the bottom, and for the breadth by the eloping height; and 
if theyare polygonal figures, the peeods or champhers are taken 
over again. 

In measuring cirb-stones, becides the upper bed, 6 incbc* 
are allowed on the edge, of the same work wiih the upper be). 

Hewn work of every kind, a^ well as coursed, cloured, or 
scribbled work, is measured by the superficial foot. 

Note. In measuring harling, the whitewashing on the 
faces and breasls of rybats, belts, chimney-copes, &c la uken 
ai harling. 

1. How much ruble work of the standard thicknettofS 
feet is in a house of S stories, 60 feet long and 30 feet braad 
within walls, the height 30 tieet from the foundation to the top 
of the side. walls, IS more to the foot of the chimney-nalks, 
which are 7 feet high, 10 broad, and 3 feet thick, the skewi 
are 14 feet 6 inches long, the side-walls £^ feet thick, &ud tlw 
eud.walU 3 feet thick, with two doors, each 7 feet by 4 feet. 
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93 windom, ex^ 5 feet by 3 feet, and IS wiodows, each 4 
fe£t bf S| feet^ 

A«We-wall, 66x30xl\ = 3475 sq. feet. 

An end-wall, SOxSOxlJ =1350 

Agable-end, ^iS5+lO) = Z^XliX^= 405 
Adiimney.stsIk,10+3=:13x7XU = 136^ 



LereDing iide<walls, 60 xZ 

Ditto for joists, 60 X|X2 

Ditto 4 skenri, 14^X4 

Ditto cbimoey-tops, 10 X 2 



2 doora, 7 X ♦ X 2 =66 
S2 winduwa, 5 x3xS8 := 330 
12 modowa, 2| X 4 X IS =132 

518 
Add i for tbicknesB, 129^ 

■ 647i 

ConUnt 25 rooils SO yards 3^ feet, 8373^ eq. feet. 

2. How much hewn work in 32 window-linteli and soles, 
each 4 feet by 1| feet; 13 linteU and Eoles, each 4^ feet by 
Infect; two douT-liDteU and eoles, each .5 feet by If feet; 
3a p^ra of rybatK of 5 feet, 1 7 rybats of 4 feet, and 2 ditto r^ 
7 feet, all m them 14 inches broad; skewg 64 feet by 14 
Joches, copings of chimney-stalkg 44 feet by 30 inches, and 
GOpi])^ of the roof 60 feet by 16 inches? 

AnB. 6S7^ square feet. 

$. What ihould be eharf^ed for the workmanship of a bonee 
of 2 Rtories, 36 feet long- and S4 feet broad within the walls ; 
dM side-walls 2 feet thick and 34 feet high, measured from 
the foundatioii; the gables 3 feet thick and 16 feet higher 
than the side-walls to the bottom of the chimney-stalkB, wbich 
iire 7 feet broad, 3 deep, and 8 high ; the skews are I<) feet 

3 inches in Ieng;th, and also 110 feet of rents: the ruble 
work, reduced la tlie standard, is at £3 per rood, and the 
veota Bt 4d. per foot. Aob. £34, ] is. Sfd. 

4l a house of S stories is 45 feet long and SB feet broad 
witbiD walta, and the lieig;ht from the foundation to the top of 
the «id&.wallt is 30 feet; the gables rise 18 feet above the 



ude-walU b) the bottom of tbe chimney-stalka, which m i 
feet wide, 3 deep, and 10 high; the skews are 21 fact U 
inches lopg; the side-walls are 24 feet, and the gables are 3 
feet thick; there are 2 doon in the Mdes, each 7^ feet W 1 
feet ; IS windows in the sides, and G in the ends, each € feet 
by Si feet. Required the expente of the materials and woib- 
manenip of the ruble work, at £I0, 63. 8d. per rood, allowing 
£Z, 14s. per rood for levelling the side-walls. 

Ans. £231, 18a. Ojd. 
5. A house is 41 feet long, 30i feet broad within the walls, 
and IS feet 9 inches high from tne foundation to the top c^ 
tbe side-walls, which are 2 feet thick ; the gables are 3^ teet 
thick, and rise 8 feet 6 inches above the side-walls to the 
bottom of the chimney-stalks, which are 4 feet wide, 3^ fat 
thick, and 5 feet 1 inch high. Tbe broached hewn worlr 
consists of 4 skeve, each 11 feet 6 inches by 1 foot 7 inches; 

4 corners, each 18 feet 9 inches by 2^ feet; and 2 chimney- 
stalks, the girt of each IS feet, and the height 5 feet 3 incbn. 
The droved hewn work consists of the ryfaats and lintels if 6 
windows, each 13 feet 11 inches by 15 inches; 6 so1e« of ditto, 
each 3 feet 11 inches by I9 inches; the rybats and linteli 1^ 
one window, 9 feet 3 inches by 15 inches; sole of ditto, SJ 
feet by TQ inches; the rybats and lintel of a door, 19^ feet by 
15 inches ; sole of ditto, 4^ feet by IQ inches; 3 pairs M 
jambs, each 6 feet by 2 feet ; the lintels of ditto, each 4 fnt 

5 inches by 15 inches ; 3 inner heartliii, each 3 feet 1 inch by 
18 inches; 3 outer hearths, each 3 feet S inches by20inchts; 
kitchen iambs, S feet 6 inches by 2 feet S inches ; lintel nf 
ditto, 5 feet S inches by 15 inches ; the hearth, 4 feet by 21 
inches ; and also 106^ feet of vents. Required the conteat oF 
tbe ruble work and of (he hewn work, and also the cxjicnK 0! 
the workmanship; the ruble work beiog at £3 per rood, the 
broached hewn work at 5d. per foot, the droved hewn work at 
€d. per foot, and the vents at tid. per foot. 

Ans. 10 roods 17 yards 8 feet 10^ inches ruble work; Sp6 
feet 10 inches broached hewn work ; 307 feet 5j inches droved 
heivn work. Expense £50, 2s. 3^d, 

BRICK WORK. 
Bhigk Wohk is measured by the Bquare yard, and teporKil 
as brick on edge or brick on bed, Q inches or 14 inches ihick^ 
and all above that is reduced to 14 inches as the standard. 

Brick walls are measured the same way as stone walls, and 
the daylight of all vacaneies deducted. 

Upright circular walls and arches are allowed measure and 
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balf; and archer over roids in upright wdlB are tabeti over 
again. Groin-arches are double measure; and 18 inches by 
the length and thickness allowed on the groin for cutting. 

The tops of niches and epherical arches, whether of brick 
or stone, are alloired three measures. 

When the skews on brick ^bles are feathered on edge or 
feathered and tongued, they must be taken orer ag-aia; and 
in all cases, 4^ inches by the thickness of the skew above the 
ihackgate is allowed for cutting. Chimney-stalks are taken 
by the height and by the breadth, adding iii the thicknees of 
ooe haunch, if it does not exceed 18 inches; and in all above 
that thickness one-half of the haunch is added. 

1. The sides of a brick vault are 18 feet long and 5 feet 
high, and a bricks thick; the girt of the arch 10 feet, anil 1 
brick thick; the end walls 8 feet long, 7 feet high, and 1^ 
brick thick ; the door 5 feet by 2^ feet. How much does the 
vault measure at standard thickness? 

Ans. 63-3183 square yard*. 

2. How many square yards of standard brick work In a 
wall 75 feet long, 1 5 feet 9 inches high, and 3 bricks thick ? 

Ans. 262 yards 4^ feet. 

3. A garden is l60 feet broad, and contains an acre. Re- 

Suired the expense of enclosing it with a brick wall 10 feet 
inches high, and 2^ bricks thick, at 5b. 7^d. per square yard 
of standard thickness, deducting S doors, each 6 Feet g inches 
by 4 feet, and a gateway U feet wide. Ans. £i6S, 18s.lO|d^. 



CARPENTERS- AND JOINERS' WORK. 
Common rough joisting is measured by adding to what is in 
sig^it the rests in the walls ; and when that cannot be aecer- 
lained, an allowance not exceeding one foot on each end is 
made, and the content is estimated in square yards, stating 
the size and distance. 

Framed joisting is measured in the same way for the 
mantling or bridged joists, and the surface- measure includes 
ibe beams. But beams and transoms are measured by the 
cubic foot. When joists are laid on the tops of walls, and tbe 
ends of couples joined to them, or when beam-litted, and the 
wall-plates fixed down to them, — in both cases they are taken 
as joisting. 

Trussed and dressed beams are measured by the cubic foot, 
and the oak in trussed beams is reported lineal, stating the 
siw. Dwangs put between joista are classed with rough lim- 
ber, soch as safe-lintels, &c. 
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Deafening- board I are measured superficially ; and vfien 
deafening is laid, the hearth-places are deducted, and the 
boxing for the hearths stands as an equivalent for tlie floor. 

Flooring: is measured superficially, and reported accordtog 
to its (juality, as deal, or batten-flooring, &C. No deduction 
is made fur hearths where there h strong boxing under them 
not meaBured separately; but when that is the case, the 
hearths are deducted. When floors are cut to any angle or 
circle at or exceeding 45°, an allowance of 6 inches by the 
length ia made for cutting. Hearth -borders are taken by the 
lineal foot. 

Framed and bound roofing is measured by taking all the 
principal timbers by the cubic foot that are counecied with 
the main couples, and also the extra size of diagonals, wiien 
ttiey are above 9 indies by 3 inches, and reported as cubic 
framed timber. 

The surface of a square roof is measured by taking twice 
ihe depth from ridge to eare, and by the length from skew 

A pavilion or bipped roof is taken by adding the length 
and breadth at the eaves to the length at the ridge, or to the 
length and breadth of the platform, and by the depth from 
ridge to eave. The platform ie taken as flooring and joist- 
iog. A pavilion square roof, finishing in a point at the top, 
in taken by girting one end and one side at the eave for loc 
leugtb, and the depth, aa before. 

A conical or turnpike roof is measured by taking the cir- 
cumference at the caves, and by the slant height. 

flightecn inches by the length are allowed for each peend 
and flank. All openings fur stormont-windows, skylights, and 
rhimney -stalks, are deducted, except when the opening is at 
or under S feet rquare ; and when such deductions are made, 
there are 9 inches for the width of it allowed at top and bottom,, 
for bridling. 

The contents of the wall-plates, including the bclgates built 
in for flsing them, are added to the surface- measure of the 
roof, unless when the wall-plates are above 2 inches thick ; in 
which case they are taken as rough cubic timber. 

The putting on of the iron-work of framed roofs ought to 
be included in the price ; and, if furnished by the tradesman, 
charged by weight. 

When there are ttfo baulks in a common roof, tbe upper 
ones are included, and the under ones taken as joists, mention- 
ing their size and distance. 

Roofing and tile-lath are also measured superficially ; and 
H'lien sarking is put on slate eaves, it is measured as sarklag 



oqIt. Roore upon circular walls are allowed double meiunre, 
and all domei three measurea. 

Roofs put upon polygoua, when the scaatliags are curved, 
are allowed double measure. 

Battens for ridges and peends, whether square or rounded, 
and filleting for skews^ are meaaured by tbe lineal foot, epeci- 
lying the size. 

Framing for brick partitions, if the standards are placed at 
regular distances, ia measured superficially by the yard, ai 
brick on edge, brick on bed, stating the distance of the 
standards ; and when dressed door-standards are placed in such 
partitLons, the Foids are deducted orer the dressed standards. 

When there are only a few detached standards in partitions, 
these are calculated to 3 inches ^juare, and reported as rough 
standards ; and the warpings, in that case, are to be reduced 
to 4 inches broad, and their thickness stated. 

Standaida for lath partitions are measured b^ the square 
yard, stating their size and distance, and deducting the doors 
over the door-standards, where dressed ones are placed. Bun- 
trees at top and bottom (if any) must be reduced to 3 inches 
square, or 4 iuches broad, stating the thickness. 

Wall-battens fur lath are measured by the superficial yard, 
and, if fixed on dookti, are reported as such. 

AH standards set circular are allowed measure and half. 
Bond-timbers are taken by the lineal foot, stating the general 

Lathing in measured by the square yard, and, when on cir- 
cular walls, alluiFeil measure and half. All arches and coves 
are allowed the same. 

Domes and lops of niches are double measure, unless other- 
vise specified. An allowance of 6 inches by the length is 
given for cutting round circles and angles ; and all vacancies 
are deducted. 

Dressed door-standards in brick or lath partitions are mea- 
■ured by their actual height, and, along with the lintels, 
reduced to 3 inches square. 

Ail dressed posts or standards, at or below 6 inches square, 
are to be reduced to 3 inches square; from 36 inches sqnare, 
to be reduced to 6 inches square ; and all above that to be 
cubical. 

Dressed deal door-breasts or hingings, not excelling 8 
inches broad and I^ inches thick, are reduced to 4 inches 
broad, and reported according to the thickness. All above 
8 inches broad are reported by the superficial foot, as an 
article by itself; and afl above 1^ inches thick are reduced to 
S laches square. 
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Grounds are measured by the liaeal foot, specifyiog n 
thick or thin, or if cheeked or grooved. 

Sash-windows are allowed 2 inches more than the dayliglit 
for the height, and S inches for each «ide-fadng cnnrc than the 
daylight for the breadth, wheo they are not more than 3 feet 
wide : all above that are allowed 1 inch on each side of ibe 
facing' for every foot in width. 

Windows with circular tops are allowed double measure for 
the circular part. Conrex or concave wiodowa are douUe 
measure; and, if made to fit an arch on the top, the arclicd 
part is taken at its extreme height and breadth, and allowed 
three measuree. Flat segment- topped windows are alloired 
9 inches for cutting ; and, when the peends are square, are 
taken as windows without glass. Cupola lights with cuned 
ribs or astragals arc allowed three measures ; but when straigbl, 
only two. Cummun skylight hatch -windows by the surface. 

The sanh part of doors is measured by adding as much of 
the belt-rail to the height as the breadth of the stiles, and the 
remaining part is taken as bound work. 

Chinese sash-lights are allowed double measure when the 
panes are of various figures, or circular; and if in a circular 
door, three measures are allowed ; but only single meBsUTC 
when the panes are al) oae figure and one size. 

Bound doors are measured by adding as many inches to the 
height as there are pannels in the height, and by the net 
breadth ; and when the thickness is at or above 1| indies, 
double measure is allowed ; below that thickness, when drtssed 
on both sides, measure and half; but when dressed only op 
one side, no more than single measure. 

Bound window-shutters are measured in the same way: if 
cut, two thicknesses are added to the length ; and if checked 
for backfolds, the girt of one checked edge is added to the 
net breadth of both shutters. 

Bound flush-and-bead shutters are measured by the square 
foot, specifying the thickness. Plain deal backfolds have the 
breadth of the cross heads added to the height, and are re- 
ported by the yard ; and, if not mure than 6 inches broad, they 
are reduced to 4 inches broad. 

All circular bound work is allowed double measure. 

Bound flush -and -bead doors, having two leaves, are mea- 
sured lilte shutters with backfolds ; but in shop-doors the sasii 
is deducted from the bead-and- flush, and the sash and shuilers 
taken by themselves. 

Torus mouldings on bound work are taken by the linnl 
foot. 

Plain deal-backed work, or double deal doors, &c., is taken 
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bf the square foot ; and if beaded o 
specified, as welt as tlie thickness. 

Common plain deal, if dressed on both sides, is allowed mea- 
sure and half, and reported by the w^uare yard, stating the 
thickness ; and whenever beads are put on the joints, half an 
inch is allowed ia the measure for each bead. 

Bound dado-lining is allowed on the length one inch for 
erery external corner, for nailing, and an inch of corer for 
tvery architrave ; and on the height, besides an inch for the 
pannels, 3 inches more than the net measure between the base 
and Burbase, and no notice talieo of the stile-ends. 

Plain dado and window linings, when done in a superior 
manner, are reported as such by the yard, stating the thick- 
Dess, and the bars behind are included in the price- 

Shelringingeueralis taken by the yard, stating the thickness. 
Wbeu cut circular, the net area is taken, and an allowance of 
3 inches on each edge for cutting; and when circular on one 
edge, an allowance of 6 inches is made fur cutting. When 
shelves are wrought on both edges, they are allowed measure 
and half; and groofes for sbelres are reported by the lineal 
foot. 

Plain deal work, dove-tailed, ia measured by the yard, 
stating the thickness and quality; and all broad plain deal 
ffork, of whatever description, abuve Ij inches thlct, is taken 
by the square foot, and the thickness stated. 

Mouldings arc taken by their greatest length, and for their 
breadth by girting over the mouldings, allowing an inch more 
than is seen on base-mouldings for a rest on the plinth, and 
another allowance of one foot for every mitre more than four 
on base and surbase in one room. 

The blocks on which architraves are set are included in 
with the height of the architraves, and then taken over again 
as skirting, along with the base-plinth. 

Cornices of doors and chimney-pieces are taken at their 
greatest projection for the length, and by girting the mould- 
ing for the breadth ; the upper bed being taken as moulded 
work an far back as the projection, the remaining part to be 
of plain deal, if there be any. 

The frize-board is taken as plain deal, by the square foot, 
iDcluding what is behind the cornice ; but when the frize is 
under 6 inches broad, with an astragal at the bottom, the 
vhole is taken as mouldings. 

All mouldings, except small single ones, are estimated by 
the superficial foot; dentills, Doric bells, &c. by the lineal 
foot. 

The shafts of plain pilasters are taken by their extreme 
za 
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height aad breadth, and estimated by the square foot, Btating die 
thickpees, and both edges are girted on the face. Flut«d pilaa- 
ters are taken in the same way, girting over the fillets and into 
the flutes; and if the edges or returna are fluted, they are alio 
girted in ; hot if they are planted returns, not fluted, they are 
talien as plain work, when above 2 inches broad. Cabled or 
reeded pilasters are taken as such, and the thickness in all 
cases stated. The bases and capitals of both plain and fluted 
pilasters are taken by themselves, as the mouldings of the 
pilasters. 

Solid columna are taken by their height and greatest dia- 
meter ; and when their mouldings are turned out of the solid, 
the diameter is taken at the base. The shafts of built columnt 
are taken euperticially by the whole height, and by the girl 
of the greatest diameter, aud allowed two measures. When 
4»lumns are fluted and reeded, they are taken as such ; and 
if reeds are planted in, they are taken lineally. The baeet 
and capitals are measured as mouldings, and allowed double 



Facingi), skirtings, base-plinths, and door-stopi, under )> 
inches broad, are reduced to 4 inches broad ; and all aboic 
8 inches bi'oad are taken as plain linings. 

The stanchel part of railing is taken by the yard, slatini; 
the size of the stanchels and distance between ; the posts aad 
rails are reduced to i inches broad. The posts of the rail 
are included in the surface-measure. 

The Chinese part of railing is measured hy the square yard, 
as such, and the posts reduced to 3 inches square, and the rails 
to 4 inches broad, stating the thickness, 

The square steps of timber stairs are taken by their leugtli 
and by girting over the step and breast, allowing an inch of enter 
to each. The wheel steps are taken at their extreme lengtfa, 
and by girting at the mean breadth, allowing 3 inches on each 
step for cutting. Spring-boards and brackets are taken by 
the square foot, specifying their thickness. 

Stair hand-rails are taken by the lineal foot, stating the 
quality. Circular parts are double measure, twist and circle 
three measures, ana the measure taken round the scroll. 

Note. In measuring rough cubical timber, ooe inch is 
allowed on the nholc girt for bark, and no rough timbu 
under G inches diameter is accounted measurable. 

1. What is the value of a sash-window which meanitti 
feet 10 inches by 3 feet 8 inches, at 2s. per square foot? 

Ans. £2, 10s. Ijd- 

3, How many square yards of rooting and sarking are id i 
house 60 feet long from skew to skew, and each side of ll>e 
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^«bf S3 feet, alloH'ing: 9 inches for the breadth of the wall- 
plate ; and what is the value of it, at Qt, 6d. per square yard ~ 
Two sides 45 feet 6 inches. 
Length 60 

9)2730(303 J fqoare yards at 98. 6d. = £1 44, Is. 8d. 

3. How many yards of flooring in a houee of three stories, 
S6 feet by 28 feet within the walls, deducting the vacancy for 
the stair, 13 feet by 8 feet ; and what ia the value, at 5a. 6d. 
per B(juare yard ? Ans. f 134, is. 

4. How much wainscoting in a room 25 feet by 18 feet, 
and 14 feet S inches hi^h when girt over the mouldings, al- 
lowing a door 7 feet 2 inches by 3 feet 4 inches, and 2 win- 
dows with shutters, each 5 feet 8 inches by 3 feet 6 inches, 
and a chimney 6 feet 4 inches by 5 feet 6 inches ; the doors 
and shutters being charged work and half work ? 

Ans. 135 yards 7^ feet. 

5. A partition is 173 feet 10 inches in length, and 10 feet 
7 inches in height. How many squares are in it ? 

Ans. 18-39736 squares. 

6. How many yards of flooring and joisting' in a house of 
3 floors, 48 feet by 27 within walls, allowing 9 inches for the 
rests of the joists, and deducting from each floor the vacancy 
for the stair, 12 feet by 8 feet 3 inches ; and what is the 
espense of the materials and workmanship, the joisting and 
flooring at 7s. 6d. per yard, and the naked joisting at 3a. fid. 
per yard ? Ans. £153, l6s. 6d. 



1 

.11. ■ 

I 



PLASTER WORK. 
Plain plaster work is measured by the square yard, stating 
the number of coats and the quality of the finiiibiugs. 

Upright circular walla, soffits of arches, coves, &c. are 
allowed double measure. Domes and tops of niches are allowed 
three measures. When new and old plaster are joined, an 
allowance is made of one foot for splicing ; and when mould- 
ings are put on plain plaster, to form pannels, the whole wall 
is taken as plain plaster, and the mouldings are taken again 
by the lineal foot. 

Where stiles are raised, tlie general superficies of the wall 
is measured as pannelled plaster. The stiles and mouldings 
are taken by the lineal font, stating the breadth. 

These rules apply to ceilings as well as walls, and to mould- 
ings, whether plain or enriched. 

All circular mouldings on domes are double measure. 
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Pannelled sofliU of arches, and paDnelled acoDtions of stair- 
windows, are tabeo by girting over the mouldiogB both 
ways; aod if at or above 12 inches bruad, they are estimaied 
by the square foot ; hut if under 12 inchet^, by the lineal foor, 
stating the breadth. 

Architraves of arches are taken as other mouldingB. 

Plain cornices, at or above 13 inches in girt, are taken by 
the square foot, and all under that by the lineal foot. 

Enriched cornices are niea&urcd in the same nay, slating 
the number and nature of the enrichments; and for all mitre 
in a room, &c. more than four, one foot is allowed for eacb, 
whether external or internal. 

Plain and enriched entablatures are measured by the square 
foot, by girting from the ceiling down to the plain plaster of 
the trails; and the Dumber aod quality of the enrichmeiits 
must be stated. 

Entablatures on the bottom of coves are measured on tbe 
upper bed, as far as the mould goes back, and down to liie 

If ttie ornaments and mouldings on a ceiling do not exceed 
12 inches in iheir distance from each other, the whole ceiling 
is taken by the superiicial foot, as an ornamented one ; but 
when their distance exceeds 12 iochex, the mouldings and 
margins are taken in the same way as pannelled plaster. 

Centre ornaments above 3 feet diameter are taken by the 
square foot, and all at or under that by the piece, stating the 

Heads, trusses, and other detached ornaments, are reported 
by the number and size. 

Plaster beads arc taken as plain mouldings, and relieved 
corner beads by the lineal foot, as double cut. 

I. How much plastering on a partition 7 feet 8 inches 
long and 10 feet S inches high, deducting a door 6 feet S 
inches by 2 feet 10 inches; and what will it cost, at 5d. pet 

10 feet 3 inches. 6 feet 3 inches. 



I 



7 wail. 17 H door. 



lOi content. 



6 yards 6 feet I0| inches content, at 5d. w £s. 9j(l' 
3, How many square yards of plastering on the walls and 
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celling of a room 30 feet long, 25 broad, and IS b!gh, deduct* J 

iDg' 3 viadows, each 8 feet S inches hy 5 feet, 2 doora, each J 
7 feet by 3 feet 6 inches, and a fireplace 4 feet 6 inchee by 

4 feet 10 inches, the sides of the wiadotrs behind the Ehutten J 

being plaDtered, and meafiuring S feet 2 inches by 15 iiicliei; i 
and what will it cost, at 6^d. [wr square yard ? 

Ans. 3] 5 yards S feet, coat £5, 13b. l|d|. , 




SLATERS' WORK. 

SquABB roofs are girted for their deepness from the top of the 
ridge downwards, allowing 9 inclies for the double eaves, 
and for the length between the skews, and 6 inches more for 

ChiniDey-Btalke, and all voids above 4 square feet of day- 
light, are deducted, but allowing the double eaves above such 
openings, and also 9 inches for cutting along each side ; but 
no deductions are made at or under 4 square feet. 

Stormont and roof windows are measured according to the 
ftirm of the different parts, and 9 inches by the length allowed 
for every cutting on peends, flanks, and skews. 

Clotie fiaaks made waterproof without lead are allowed 
double of a commoo flank for cutting. 

Circular work and dome roofs are double measure. Ridge 
stones are reported by the lineal foot. 

Tile roo& are measured in the same way as slate roofa, but 
no allowance for double eaves, unless when slat« eaves are 
put on, in which case 6 inches more than what is seen is al- 
lowed on the elating for cover. 

The pointing of slate or tile roofs is measured as before- 
ststed, but no allowance for cutting or for eaves. The deep- 
DesB of the plaster ia to be added to the length of the roof. 

Blale and tile roofs are estimated by the rood of 36 square 
rards. 

1, How much slating is in a roof id feet long, and 18 feet 
from the coping to the eaves? Ans. 5 roods 11 yards 6 feet. 

a. How much slating is on the roof of a square building 
»ith a platform, the length at the eaves 7S feet, and at the 
platform 40 feet ; the breadth frnm the platform to the earea 
12 feet, and along the hips 14^ feet? 

Ans, 8 roods 34 yards 1^ feet. 

3. Required the content of a tile roof 42 feet 7 inches long, 
and 16 feet 10 inches from the ridge lo the eaves; and what 
dues it amount to, at £3, 15a. per rood ? 

Ana. £16, lis. 10^. 
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. Required the expense of a sUte roof measuring 48 feet 
6 incbea in lengtli, aud 34 Feet from ridg'e to eares, breadth of 
the wall-plate 9 Inches, recboniDg the roofing and sarking at 
7«. per square yard, aud the slating, including slates, at £5, 8s. 
per rood. Ans. £133, 7». fid. 



i 



PAINTERS' WORK. 
PtAiN paiating is measured whererer the brush touches, snd 

estimated by the square yard, staling the colour and quality, 
whether oil or size, and the number of caatH. ' 

Party-coloured work is measured first as plain work, and 
then the stiles and moulding;B are taken and estimated by the 
lineal foot, according to the number of different colours; and 
this rule anplies to skifting; and mouldings of a room, when 
different colours form the general body of the work. 

An allowance of 6 inches for each enrichment in cornices ii 
added to the girt, when enriched cornices are picked in ; and 
if at or aboFe one foot of girt, they are taken by the super- 
ficial foot; all under that girt by the lineal foot. In both 
cases, the number of enrichments are to be stated, besides 
being included along with the plain work with which it may 

Ornamented ceilings are measured in the same way as 
plaster work. 

Mock mouldings in passages, staircases, &c. are reported by 
the lineal foot. Outsides of windows are allowed one-fourtn 
more than the net daylight. 

Stanchel-railiug, at or under 6 Inches in the open, is 
allowed double measure; aborc 6 and under 9 inches, mea- 
sure aud half; from 9 to 12 inches, one and one-fourth; and 
all above that, single measure. Stanchels put into windons 
are taken by including one of the side spaces between the 
stanchel and the rvbats. 

Ornamented railing on stairs is allowed double measure, 
and figures of every description are reported by number. 

1. How much painting on a wall 14 feet by 9| feet, de- 
ducting the chimney, 4 feet 6 inches by 3 feet 10 inches; and 
what does it come to, at lOd. per square yard? 

Aos. Content 12 yards 7f feet, value lOs.Sjd- 

3. A room is 20 feet long, 14 feet 6 inches broad, and 10 
fe«t 4 inches high. How much painting in in it, deducting a 
fireplace 4 feet 4 inches by 4 feet, and 2 windows, each 6 feel 
by 3 feet 2 inches ? Ans. 73 yards 0| foot. 

3. Required the espense of painting a room 28 feet long 
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and 20 broad, the girt of the naioncoting or dado-mork round 
tbe bottom of the room 2 Teet 10 inches by 64< feet ; the 
heigbt from the wainstotiog to tlie ceiling 7 ftet 10 inches; 

3 window!^, each 7 feet 10 inches by 4 feet 9 inches; 2 doora, 
and 3 presses, each 7 feet 6 inches by 4 feet ; and a fireplace 

4 feet 9 inches by 5 feet. The wood work is painted in oil 
at 9d> per square yard, the window-^huttera and doors od both 
sides ; the tialls with size at 3d., and the ceiling ia white- 
washed at l^d. per yard. Aas. £4, la. ll|d|. 



GLAZIERS' WORK. 
Glass is meaEured by the superficial foot, !<tating the quality. 
Et-ery pane is measured at the extreme points, including the 
back-check of the astragal. 

I. A window is 5 feet 4 inches by 3 feet 2 inches of day- 
lig'bt- What docs tbe glazing amount to at ]4d. per square 
fool ? Ana. Content l6§ feet, talue 19s- S^d. 

S. An oval windoir is 4 feet S inches by 2 feet 5 inches. 

Required the espense of glazing it, at Is. 3d. per square foot. 

Ans. Content 10;| feet, value 12s. lOd. 

3. Required the expense of glazing tlie trindows of a house 
of three stories, at Is. 4d. per square foot, the common breadth 
of the windows being 3 feet 10 inches, and the height of the 
luwer tier 7 feet 8 inches, of the second 6 feet 10 inches, and 
of the highest 5 feet 3 inches; 4 windows in each tier. 

Ans. £20, 38.9Jd. 



PLUMBERS- WORK. 

Plumbers* Work is generally done by the pound or hun- 
dredweight ; but the laying down of lead is done by the day. 

Sheet-lead used in roofing, &c. is from 7 to 12 lb. per 
wjiiare foot. Leaden pipes of | inch bore weigh 10 lb.; of 
1 uich bore, 12 lb. ; of 1^ inch bore, l6 lb. ; of 1^ inch bore, 
18 lb. ; of Ij inch bore, 21 lb. ; and of 2 inches bore, 24 lb. 
per yard in length. 
' 1. Required the expense of a leaden pipe of l^ inch bore, 
and 72 feet long, at S\d. per lb. Ans. £5, 4s. 

2. Retjuired the expense of lining a water-cietcru 2 feet 10 
inches long, 2 feet 6 inches deep, and 2 feet broad, with sheet- 
lead of 10 lb. to the square foot, at ^£1, 18h. 9d, per cwt. 

Ans. £5,3s.24di|. 

3. The platform on the roof of a square building measures 
to feet square, and is covered with lead of 9 lb. to tbe equate 
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foot; the hips are each 16 feet 6 iachea hag, and corered to 
the breadth of IS inches wiih lead of 10 lb. to the square 
foot; the water-pipe ii of 1 inch bore and 43 feet loag, aid 
the soil-pipe is of 2 inches tmre and 30 feet loDg; the water- 
cistero it 3 feet 6 inches long, 2 feet 6 inches deep, and 3 tea 
wide, and lined with lead of 1 1 lb. to the square foot. Re- 
c|uired the expense of the whole, the sheet-lead being rated at 
£1 , I Is. 6d. per cwt., and the pipes at 4fd. per lb. 

Ads. ^31, lSB.5idj. 

PAVIERS- WORK. 
Causewaying is measured by the rood or yard, stating whe- 
ther ruble or courged work. One foot by the length is added 
as an allowance for every channel, and 6 inches by the length 
for cutting on coursed work, and for warpings. 

Hewn pavement is measured by the square foot, stating the 
quality ; and, if grooved pavement, ihe grooves are added to 
tne surface-measure. 

The hollow part of gutters cut in pavement ia taken over 
again ; and sinks are taken two times, after being included in 
the surface- n 



J. A court-yard is 50 feet long by 40 feet 6 inches broad. 
What will the paving of it amount to, at Sa. Yjd. per square 
yard? Ans. £40, 15s. 7^ 

3. What will be the expense of paving a square court, die 
length of the side being 150 feet? The outside, to the brradtb 
of 10 feet, is paved with Arbroath pavement at 3s. per square 
yard, and the rest is done with common pavement at Is. fld. 
per yard. Ane. £257, 12s. iW. 

3. A hexagonal space, the outside of which, to the breaflth 
of 12 feet, in a line from the corner to the centre, is to be 
paved with Arbroath pavement at Ss. lO^d. per yard; the 
rest, deducting a circular garden in the centre, of 300 fttt 
diameter, is to be done with common pavement at Is. 8|d> per 
yard. Bequired tlLe amount of the expense, supposing tli« 
length of the side 250 feet. Ana. £977, 14s. Id. 

OF VAULTS. 
VadLiTs are formed by arches springing from the oppoHte 
walls, and meeting in a line at the top. 

Peob. I. To find the surface of a vault. 
Make a line ply dose t» the arch, from one side to tin 
other, to get the girt, and multiply it by the length of lb 
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vault to gel ihc surface; and this, multiplied by the thicknen 
of the arch, will give the solid conteut m the arch. 

1. Required the surface of a vault 106 feet long-, and the 
girt of the arch 42f feet. Ans. *99-37 yards. 

S. Required the surlace of a vault 56 feet loog, and the 
girt of the arch 36 feet 4 inches; and also the solidity of the 
arch, its thickness being 3 feet. 

AnB. 326^^ yards surface, 150 yards 19^ feet solidity. 

3. Required the surface of a raulied roof, the length being 
13o feet, and the girt 36 feeL Ads. 500 square yards surface. 

Prob. II. To find llie concavity of a vault. 

Find the area of one of its ends according to its form, 
whether circular, elliptical, or Gothic, and multiply it by the 
length of the vault. 

I. Required the content of a setni'-circular vault, the spaa 
beiDg SO feet, and the length 150 feet. 

An§. 53014-5 cubic feet. 

a. Required the coutcnt of an oval vault, the span being 
SO feet, the height 12, and the length 60 feet. 

Ans. 16964-64. cubic feet. 

3. Required the vacuity of a Gothic vault 20 feet long, the 
ipau 50 (eel, the chord of each of the arches 50 feet, and the 
versed sine of the arch 15 feet. Ans. 43024-2 cubic feet. 



OF GROINS. 

Qhoins are formed by the intersection of vaults with one 
uwther. 

Paob. I. To find the surface of a groin. 

Diride the area of the base by 7, and add the quotient to 
the dividend ; the sum will be the area. 

I. Required the surface of a groin raised upon a square, of 
which each side is 14 feet. Ads. 224 square feet. 

3. Required the surface of a groin raised upon a rectangular 
base, of which the sides are 14 aud 18 feet. 

Ans. 288 square feet. 

3. Required the surface of a circular groin-arch raised on a 
square base, each side 20 feet. Ans. 457| square feet. 

PttOB. II. To find the vacuity of a groin. 

Multiply the area of tlie base by the height, and from the 
product subtract ^^ of it : the remainder will be the solidity. 

Note. Instead of subtracting y'„ of the product, it mav be 
multiplied by -g, or by -904. 
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1. Required the vacuity of a circular groin upon a square 

base, of which the side is 14 feet, and its height 7 feet. 

Ans. 14''x7 — 14=X-9=1234^ cubic feet. 

2. Required the vacuity formed by an elliptical gruin, the 
side of its square base beiug 2S feet, and its height g feet. 

Ans. 6350| cubic feet. 

3. Required the facility of hd elliptical groin upon a 
rectangular base SO feet by 30, and the height 13 feet. 

Ans. 6480 cubic feet. 



OF DOMES. 

A DouB is formed by arches springing from a circular or 
polygonal base, and meeting in a point at the top. 

Peob. I. To find the surface of a dome. 
Multiply tirice the area of the base by the height ; and the 
product, divided by the radius of the base, will give the tur- 

1. Required the surface of a spherical dome upon a hes^- 
gonal base, of which the side is 10 feet. 

KoTR. The radius of the base being equal to the height, 
twite the area of the base is the surfece, = 519'6'I5 square feel. 

2. Required the surface of a dome 20 feet high, upon a cir- 
cular base, of which the circumference is 100 feet. 

. 2000 square feet. 



3. Required the expense of painting a spherical dome uputi 
an octagonal base, of which the side is 20 feet, at 8d. per 
square yard. Ans. £14, 6a. IJd. 

Pbob. II. To find the vacuity of a dome. 

Alultiply the area of the base by two-tliirds of the height 

1. Required the content of a spherical dome, the diameter 
of its circular base being 30 feet. 

Ans. 30« X "7854 x | X 1 5 = 7068-6 cubic fat. 

2. Required the solid content of an octagonal dom^ of 
which the height is 21 feet, and each side of the base 20 feet 

Ans. 27039-19176 cubic fcet. 

3. Required the solid content of a dome upon a nonagontl 
base, of which the side is 12 feet, and the height 30 feet. 

Ans. 17803-6537 cubic feel. 



OF SALOONS. 



SAI.00NS are formed by arches connecting the side-walls oi 
building with a ceiling or platform in the middle. 



Apply a line close to the arch, acroas the surfacp^ from the 
side-wall to the platfurm, fur its breadth, and measure along 
ihc middle of it quite round the room for its length, and mul- 
tiply one of these by the other, to get the surface. 

1. The girt across the face of a ealoon is 4 feet, and the 
meaD length round the room is 108 feet. Required the sur- 
face. Ans, 432 square feet. 

2. The girt across the face of a saloon is 7 feet 10 inches, 
and (he mean length rouDd the riwm 140 feet. What tnll 
the plastering of it cost, at 6|d. per square yard, and the 
painting ip oil, at 15d. per square yai-d? 

Ans. £3, 8s. O^d. plastering; £7, 12s. 3|di painting. 

3. The mean length of a saloon is 127 feet 6 inchcB, and 
(he breadth across the face of the saloon 6 feet. What will 
the size-painting of it cost, at 4^d. per square yard? 

Ans. £l,10s. Ijd. 

1 PaOB. II. To find the vacuity of a saloon. 

Take the perpendicular height of the ceiling above (he side- 
vall, and the horizontal distance between them, and multiply 
the one by half the otiier. Again measure a straight line 
from the top of the side-wall to the edge of the ceiling, and 
take the distance of the arch from the middle of this line, and 
also the distance of the middle of the arch from the top of the 
nde-wall, and In J of this distance add the straight line from 
the side-wall to the platform, and multiply the sum by | of 
the distance of this last line from the arch. Subtract this 
product from the former, and multiply the remainder by the 
mean length round the room, taken as before. This will give 
nearly the part cut off by the saloon. Subtract this from the 
whole vacuity of the room, supposing the wall to go upright 
u high as the ceiling: the difference will be the vacuity. 

Suppose the perpendicular height of a saloon to be 38*4 
inches, the horizontal distance from the platform to the side- 
will S7'9 inches, the chord of the arch 54 inches, and the 
distance of it^ middle point from the arch 9 inches, the chord 
of half the arch 2S'44 inches, and the compass round the 
middle of the aalooo 50 feet. Required the vacuity. 

Ana. (ix28-44-|-5t)x|X9 = S30-912,and ST'Sxix 
S8-4 = 727-68, and 727-68 — SSO-gi = 396-77 square inches 
= 3-755 square feet; therefore 2-755x50 = 13775 cubic 
feet is the content occupied by the saloon, \Fliich, taken from 
the whole upright space, will leave the vacuity. 
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ON THE FLEXIBILITY, STRENGTH, AND 
FRACTURE OF TIMBER. 

A PIECE of Eolid matter . 

bmda of straias. l»i. It m _ 

of ropes, tie-beaniB, king'-poaU, stretchers, &c. 3d, It maybe 

crushed, at io the case of trusB-beams, columns, posts, &c. 

3d, It may be broken across, as in the case of joists, beams, &c. 

4th, It may be twisted or wrenched, as in the case of axles of 

wheels, the nail of a press, &c. 

Tlie subjoined table of data, with the practical problemF, 
have been deduced from a number of careful experiments 
made by Barlow, Tredgold, and others. 

TABLE 

OF THE FtEXIBILITV AND STRENGTH OF TIUBEB. 



i 



NameoTtbckindofWtNd. 


Specific 


VbIu 
ofC 


Value of 
E. 


Vdu 
ofS. 


V«lii( 
ofC. 


Teak, 


745 


S18 


9657802 


246s 


15555 


Poon, . . . 








579 


596 


6759200 


2221 


14787 


English oak, . 








969 


598 


3494730 


1181 


9B36 


Do. specimen S, 








aai 


4.3S 


58062OO 


167a 


I085S 


Canadian oak, 








872 


588 


8S95864 


1766 


11428 


Dantzio oak, . 








756 


724 


4765750 


1457 


7386 


Adriatic oak, . 








993 


610 


3885700 


1583 


8808 


Ash, ... 








760 


395 


(1580750 


2026 


17337 


Beech, . . . 








696 


615 


5417266 


1556 


9919 


Elm, . . . 








553 


509 


279934.7 


1013 


5767 


Pitch pine, . 








660 


588 


4900466 


1638 


L04IJ 


Redpioe, . . 








657 


605 


7359700 


1341 


10000 


New England fir. 








55.3 


757 


5967400 


1102 


99*7 


Ri^a fir, . . 








753 


588 


5314570 


1108 


10707 


Do. specimen 3, 








738 




3962800 


1051 




Mar Forest fir. 








696 


588 


2581400 


11*4 


9539 


Do. specimen 2, 








693 


403 


3478328 


1362 


IO691 


Larch, . . . 








531 


411 


246,^433 


653 




Do. specimen 2, 








522 


518 


359H33 


832 


_ 










556 


518 


4210830 II27 


765S 


Do. sjjecimen 4, 








560 


518 


4210830 11*9 


733! 


Norway spar, . 








577 648 


5832000|l474 


12)8( 



Peob. I. To find the 
piece of timber of any { 



strength of direct cohesioa of* 

'iven dimensions. 



STUENBTH OF TIMBEB. 

RutK. Multiply the area of the transrerse s , 

inchu, by the value of C id the table, 3.ad the product v 
be the streDgth required iu puunds. 

NoTB. If the specific gravity differs from the mean tabular 
Epecific gravity, miiltiply the product by the specific gravity, 
and divide by the specific gravity in the table for the correct 
strength. 

1. What weiglit will it require to tear asunder a piece of 
English oak, specimen 1, 4 inches square, the specific gravity 

beioggfig? Alls. 157376 lbs. 

2. What freight will it require to tear asunder a piece of 
beech 3 inches square? Ans. 89208 lbs. 

3. What weight will tear asunder a cylinder of red pine 6 
inches in diameter? Ans. 282744 lbs. 

PaoB. II. To find the deflection of a beam fixed at 
one end, and loaded with any given weiglit at the other. 

RuL£. Divide 32 times the weight multiplied by the cube 
of the length of the beam in inches, by the continued product 
oF the tabular value nf E, into the breadth and cube of the 
depth of the beam, iMth being in inches. 

Note. When the beam is loaded uniformly throughout, 
the rule still applie)!, only we multiply the cube of the length 
by 12 times the weight instead of 32 times. 

1. If a weight of 300 lb. be hung upon the extremity of an 
lA batten 4- inches square, and projecting 5 feet irora the wall 
trbere it is fixed, Iiow much will it be deflected ? 

Ans. 1'23 inch. 
. How much would the same beam be deflected, if a prop 
proceeding from the wall met it at the distance of 2 feet from 
the wall ? Ans. -266 of an inch. 

3. A batten of teak 10 feet long, 5 inches broad, and 

5 inches deep, is fixed at one end, and a weight of 700 lbs. 
luepended from the other. Required its deflection, and 
also the detleclioo when loaded uniformly throughout its 
length. 

Ans. 3'7I 1 inches when the load is suspended from the end, 
and l'39l6 inches when disposed uniformly throughout. 

4. A batlenofDantzicoaK 20 feet long, 5 inches broad, and 

6 deep, is fixed at one end, and loaded uniformly throughout 
with 1000 lbs. Required its deflection, and also the deflection 
when the load is suspended from the end, and the batten sup- 
ported by a prop from the wall meeting it at 10 feet from the 

Ans. 32-23 inches in the first case, and 10-74:33 inches in 
the second case. 

2 A.2 
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Prob. III. To find the deflection of beams supported 
at boih ends, and loaded in the middle with any gira 
weight. 

RuLB. DiFide the product of the cube of the leogtliii 
inches by the given weight in lbs., by the continued prodoettf 
the tabular value of £, into the breadth and cube of tiied((A 
in inches^ for the deflection sought. 

Note. When the beam hjlxed at both cnds^ the defledia 
it I of tliat given in the rule. 

1. A beam of pitch pine 8 inches broad, 3 thick, w^^ 
feet long, is supported at both ends, and loaded in the oats 
with a weight of 100 lbs. Required its deflection. 

Ans. 4*408 incki 

2. A beam of Mar Forest fir, specimen 1^ 14 inches bmi 
9 deep, and 20 feet long, is supported at both ends. Hiv 
much will it be deflected with 3000 lb. suspended atitsoeotitf 

Ans. 1-574 iiA 

3. A beam of Canadian oak 6 inches broad, 8 deep, and 39 
feet long, is flxed at both ends in a wall, and loaded at 1^ 
centre with 4000 lbs. Required its deflection. 

Ans. 4-71 incl* 

Prob. IV. To find the deflection of beams supportJ 
at both ends, and loaded uniformly throughout tlitf 
lengths with a given weight. 

Rule. Multiply the deflection found by last problem bj^ 
and divide the product by 8, and the quotient will be it 
answer. 

1. A beam of Norivay spar 4 inches broad and 5 deep,f 
supported at both ends, the length being 20 feet. Whatil 
be the deflection when it is loaded uniformly throughout ik 
length with a weight of 600 lbs. Ans. l*777iD<^ 

2. A beam of English oak^ specimen 1^ 9 inches toji^ 
and 20 feet long, supports a load of 3000 lbs. disposed unifoni^ 
throughout its length. Required the deflection. 

Ans. 1-13 ini 

3. A beam of larch^ specimen 3, 10 inches broad and \^ 
deep^ supports the building over a gateway 10 feet vi'' 
What deflection may be expected^ supposing the whole wei{k 
50^000 lbs. ? Ans. -742 of an ioc^ 

Prob. V. To find the ultimate deflection of beamsfl 
rods supported at both ends, before their fracture. 

Rule. Divide the square of the length in inches by ^ 
product of the tabular value of tJ, multiplied by the deptli< 
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the beam in iochcB, and the quolieiit will be the ultimate dei 
flection. 

1. A rod of ponn, 2 inches square and 10 feet long, is broken 
by a weight applied to iia centre. Required the deflection at 
the instant of fraclurc. Aub, 12-08 inches. 

S. Required the ultimate deflection of a beam of Adriatic 
oak 6 inches square and 30 feet long. Ana. 35-41 inches. 

3- Required the ultimate deflection of a beam of ash 1 foot 
broad, 8 inches deep, and 40 feet long. Ans. 7S-91 inches. 

Prob. VI. To find the ultimate transverse strength 
of any rectangular beam of timber fixed at one end 
and loaded at the other. 

RcLB. Multiply the tabular value of S by the breadth and 
square of the depth, both in inches, and divide the product by 
the length in inches, and the quotient tvill be the weight in 
pounds. 

1, What weight will it require to break a piece of Riga fir, 
ipecimen 1, fixed by one end and loaded at the other, the 
breadth being 3 inches, the depth 4- inches, and 5 feet long? 
Ans. »86| lbs. 

i. What weight will it require to break a piece of aeh flsed 
by one end and loaded at the other, the breadth being 6 
inches, the depth 4 inchex, and 7 feet long ? Ans. S3 1 5f lbs. 

3. What weight uniformly distributed throughout the 
length of a beam of English oak, 2d specimen, will break it, 
the breadth being 6 inches, the depth 9 inches, and its projec- 
tionframihewallin whichitisfised, 12fect. Ans. 11286 Ibe. 

Prob. VII. To find the ultimate transverse strength 
of any rectangular beam when supported at both ends 
and loaded in the centre. 

Rule. Multiply the labular ralue of S by 4 tunes the 
breadth and square of the depth in inches, and divide the pro- 
duct by the length in inches for the weight. 

Note 1. When (he beam is ^^ed at each end, and loaded in 
the middle, the result obtained by the rule must be increased 
by its half. 

NoTB 2. When the beam is loaded uniformly throughout 
iti length, the result obtained by the rule must be doubled. 

Note S. When the beam is^xed at both ends, and loaded 
uniformly throughout, the result obtained by the rule must be 
nnltiplied by 3. 

lat weight will it require to break a beam of English 

specimen, supported at both ends and loaded in the 



uni 
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middle, tbe length being 12 feet, the breadth 6 inclies, anJ 
the depth 8 tuclies? An^ 17S34| Jtw. 

S. What weight will it require to break a piece of larch, 3d 
specimen, supported at both ends and loaded in tbe middle, the 
length being 8 feet 4 inches, the breadth 8 inches, and the 
depth 10 inchesP Ans, 3^064 lbs. 

3. What weight will it require to break a beam of Nen" 
England fir, fixed at both ends, and loaded uniformly tbrougb- 
out ita length, nhich is 10 feet, and 6 inches square? 

Aufl. SSSOS^ Ibi. 

4, What weight will it require to break a beam of Riga fir, 
1st specimen, fixed at both ends, and loaded at the centre, tbe 
length being 15 feet, tbe breadth inches, and the deptb 
1 font. Ans. 47865J Ibi. 

Note. In Barlow's Essay on the Strength of Timlwr, a 
second rule is given to each of tbe two last problems, the angle 
of deflection being taken into consideration, which gires a 
greater result. The rules given here are, however, best fur 

Siractice, as they are simpler, and two-thirds of their results 
or a permanent load is reckoned sufficient. 

Prob. Vlir. To find the weight under which a 
given column will begin td^bend wben placed vertically 
on a horizontal plane. 

Role. Multiply the tabular value of E by the cube of the 
least thickness, and by the greatest thickness, both in incbef, 
and that product again by •2056. Then divide the last product 
by the square of the length in inches for the weight in poundii. 

1. What weight will it require to bend a column of ash 4 
inches square and 6 feet 8 inches long, when placed vertically 
on a plane, and the weight applied at its upper est reroity ? 

Ans. 54120'OaSlb- 

2. What weight will it nqurc to bend a column of En^iih 
oak, specimen 2, 20 feet long.fi inches thick, and fl broad? 

, Ads. 40289-232 lb(. 

3. What weight will it require fo bend a column of Riga 
fir, specimen 1, 15 feet long, apd 10 inches in diameter? 

, Ans. S3724.5-553 lb«. 

4. What weight will it require to bend a column of Nev 
England fir 20 feet long, and 1 foot in diameter ? 

Ans. 44l6S3'08lli». 
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PROMISCUOUS QUESTIONS. 



} 



I. How many Gfnnps of a rectangular form, each 3 feet by 2^ 
Feet, will pare n road 40 yards long, and 6' yardg bi'oad ? 

Ans. S88 etODca. 

9. How many panes of glass, each 18 inches by 14 inches, 

"ill be required for 22 windows, each 5 feet by 3 feet fi inches ? 

Ans. 220 panes, 

3. What is the escess of a floor, 50 feet long by 30 broad, 
ajwre two others, each of half its dimensions ? 

Ans, 750 square feet. 

4. How much must be cut off from a board 26 inciiea broad, 
to contain I^ square yards. Ans. d'23 feet. 

5. The cciliog- of a room 28 feet brnad, contains 114 square 
yards 6 feet. What is tbe length of the room > 

Ans. S6^ feet. 

6. Along one side of a court 47 feet Q inches square, there 
is a footpath 4 feet broad. What will be the expense of laying 
the rest of it with stones, at 6d. per square yard ? 

Ans. £5, I6s. Ofd. 

7. A room h 60 feet ia circuit, and 12 feel hi^h. How 
much paper, 2 feet wide, will line it, deducting the door, 8 feet 
W 4 feet, and 3 windows, each 5 feet by 3^ feet, and the 
chimney 4 feet (quare ? Ans. 103^ yards. 

8. The base of a right-angled triangle is 300 feet, and the 
Slim of the other two sides is 1000 feet. What are their 
lengths ? Ans. 545 and 455 feet. 

9- A roof which is 24 feet 8 inches, by 14 feet 6 inches, is 
to be covered with lead, at 8 lbs. to the stiuarc foot. Required 
llie expense, at 9 guineas per cwt. ? Ans. £53, 13s, 

10. How many square feet of deal will be required to make 
a tectangular chest, of which the length is to be 3^ feet, the 
breadth 2 feet, and the depth 20 inches ? 

Ans, 32^ square feet. 

1 1 . A beam is 8^ inches deep and 3^ feet broad. Required 
the depth of another twice as large, which is 4| inches broad ? 

Ads. 12'526 inches deep. 
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12. The four .sides of a trtpezium are, 13, IS'4, 24,u(ill 
feet, aod the two first contain a right angle. Reqaiiedtb 
area. Ans. 253-38 squan iict 

13. What will be the expense of paving a semi-drailarp^ 
of which the diameter b 14*8 feet, at 28. 4d. per square ftitl 

14. The wheels of a chaise, each 4 feet high, io tan>iD{ 
within a ring, moFed so that the outer wheel made two tun 
while the inner made one, and their distance from ooe a^ 
ther was 5 feet. What were the circumferences of the tncb 
described by them ? 

Ans. Outer, 62831 8 feet. Inner, 3l-4159^fal 

15. A circular pond occupies half an acre. What wastk 
length of the cord which struck the circle ? Ans. 27f y^ 

16. A right-angled triangle has its base l6, and its perp»p 
dicular 12, and a triangle is cut off from it by a line 
to the base, of which the area is 24. What are the leogtb 
the sides of that triangle ? Ans. 8, 6, aodl 

17* An ellipse is surrounded by a wall 14 inches thid', 
axes are 840 links and 6l2 links. Required the quaotitT 
ground enclosed, and the quantity occupied by' the walls. 
Ans. 4 ac, 6 perches enclosed, and 1760*4933 sq. feet of 

18. What is the length of the side of an equilateral triao^l 
which cost as much for paving the area of it, at 8d. persqoi 
foot, as for pallisading its 3 sides at a guinea per lineal ym 

Ans. 72-746" 

19* How long must be the tether of a horse which will»-| 
low him to graze quite round an acre of ground ? 

Ans. 39i 

20. How many 3 inch cubes may be cut out of a 12 ii 
cube ? Ans. 64 ciA*| 

21. What will be the expeilse of painting a conical spii^i 
which the height is 118 feet, and the circumference of the b 
64 feet, at 8d. per square yard ? Ans. £l4, Os. 8"9^| 

22. . The diameter of a standard bqshel is 18^ inches, ao^ 
depth 8 inches. What must4 be the diameter of that ^^ 
which is 7i inches deep ? Ans. 19-1067 '^^\ 

23. What will be the expense of gilding a globe, of ^^ 
the diameter is 6 feet, at 3^. per square inch ? , 

Ans. £237, 108. 1* 

24. A farmer borrowed a cubical piece of hay, which n* 
sured 6 feet every way, and he repaid two cubical p^ 
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Whatpart o 

. The fourth part only. 

25, A person wants a cylindrical vessel 3 feet deep, which 
shall hold twice as much as another SS inches deep, and 46 
inches in diameter. What must be the diameter of the re- 
quired vessel? Ans. 51 '373 inches. 

26. What will be the diameter of a globe, of which the su- 
perficial and solid contents are both eiipresaed by the same 
number? Ans. 6. 

ST- A sack S2^ inches broad when empty, will contain 3 
bushels of corn when tilled. What will au other sack contain, 
iihich is twice its breadth, and of the same length ? 

Ans. 12 bushels. 

28. A cable 3 feet long, and 9 inches in circuit, weighs 
i2 lbs. What will be the weight of a fathom of that cable, of 
irhich the circumference is a foot ? Ans. 7Sg lbs. 

29- The distance between the centres of two circles, each 50 
feet diameter, is 30 feet. What is the area of the space en- 
dused by their circumferences ? Ans. 559-119Kquare feet. 

30. What is the length of the chord which cuts off ^ of the 
area from a circle, of which the diameter is 389 feet? 

Ans. 278-6538 feet. 

31. A sugar-loaf in form of a cone is 20 inches high, it i»l 
required to divide it equally among three persons by sections 
parallel to the base. What is the height of each part? 

Aas. Upper 13-8672, next 3-6044, lowest 2-5284 inches. 

32. A malt-kiln is 16^ feet square. Required the' side of a 
square kiln, which is capable of drying three times as much 
malt. -A.ns. 28-3788 feet. 

33. A round cistern is 26'3 inches in diameter, and 52^ 
inches deep. What should be the diameter of anuth^ of the 
same depth to contain twice the quantity of liquor ? 

_ Ans. 37-1938 inches. 

^■M. How many rafters, each 2^ inches by 1^ inches, can be 
^Bttd out of a square log 17^ inches by 10 inches ? . 
^P Ans. 46f rafters. 

35. How many bricks, each 9 inches long, 4^ inche^i broad, 
and 3 inches thick, must be taken to build a wall 100 feet long, 
20 feet high, and one foot thick? Ans. 28444^ bficks. 

36. A piece of round timber, containing 20 solid feet, is to 
be hewn into square timber. How much will it contain when 
squared ? Ans. 12732 soKd feet. 
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ST. What must be the dimeosions of a cabicil diot to boU 
200 oranges^ each 2^ iDches io diameter ? 

Ana. Each side 14*62 vdAa 

38. When the price of timber is l6d. per ruDDiog^foot, 1^ 
per superficial foot, and 20d. per solid foot, which of tbai 
best for the seller, and what will he gain upon a plank Ufo 
long, 14 feet broad, and 6 inches thick ? 

Ans. 224d. value running, 210d. solid, and 294d. nperioL 

39. A board is 10 feet long, 8 inches in breadth at tb 
greater end, and 6 inches at the less. How much most k 
cut off from the less end to make a square foot ? 

Ans. 23*2493 ineha 

40. If a cubic foot of brass be drawn into wire of -^^ oA 
diameter, what will be the length of the wire, suppooo; '|[ 
lots of metal in working ? 

Ans, 97784*5684 yards, or nearly 56 nil* 

41. How high above the earth must a man be raised t» 
^ of its surface ? Ans. One diameter )x^ 

42. A frustum of a cone of marble has its slant side 8m| 
and the diameters of its bases 4 feet and 1*5 feet Whstiiw 
value at 128. per solid foot ? Ans. £30, U llji ^ 

43. A garden is 100 feet long and 80 feet broad, and a bf; 
der of equal breadth surrounds the sides of it, which is jut t 
of the garden. What is the breadth of the border? a^ 

Ans. 25*9688 to ir, 

44. A carpenter put a curb of oak round a well : tbeioi^ 
diameter of the curb was S\ feet, and its breadth 7^ '^ 
What was the expense of it at 8d. per square foot ? 

Ads. 5«.2|* 

45. A piece of sauare timber is 10 feet long, ead » 
of the greater base 9 inches, and each side of the leas 6 io(^ 
How much must be cut off from the less end to contain aio^ 
foot? Ans. 8-392 *«^ 

46. The girt of a vessel round the outside of the hoop i>^ 
inches, and the hoop is 1 inch thick. What is the trotil^^ 
the vessel ? Aw. 1^ 

47. Required the superficial and the solid contents of ii^^ 
liptical ring in form of a cylinder, the inner diameters of^ 
ellipse being 38 and 28 inches, and the thickness of the iBCl' 
in the ring 2 inches ? 

Ans. 694*3826 square inches in surfsu^e, 347*191^^ 
inches solidity. 
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JC^8. Required the asis of the greatest cone which can be cut 
out of agliibe, of which the axis is SO inches. 

Ana. 20 inches the axis, and 28'28427 inches the diameter 
of its base. 

4<l. Four men bought a grinding slnne of 30 inches id di&- 
meter, and agreed that the liret should use it till he ground 
ilowD 4' of it for his share, deducting 6 inches of diameter in 
ihe middle for waste, and then that the second should use it 
lill he ground down another ^ part, and so on. What part of 
Ibe diameter muet each grind down for his share? 

Ans. The lat 3-8466 inches, 2d 4.5201 inches, 3d 5-7S88 
inches, 4th 9-8745 inches. 

50. Given the distance IS between the focus of an ellipse 
and the nearest principal vertex, and the ratio of The curve as 
i to 5, to 6nd the area of the ellipse. Ans. 67SS-856. 

51. Required the area of a parabola, of which the axis is 
]30, and the distance of the focus from the principal vertex 
ID'S, or the perimeter 43-2. Ans. 11520. ' 

52. A gentleman has a bowting-green 300 feet long, and 
200 feet broad, which he wishes to raise a foot higher by meani 
of the earth dug out of a diich which surrounds it. To what 
depth tnust the ditch be dug, Bupposiug its breadth to be 8 
feet? Ans, 7i| feet. 

53. Of what diameter must a piece of ordnance be, which ii 
cast for a ball of 24 lbs. weight, so that the diameter of the 
bore may he ^ of an inch more than that of the ball ? 

Als. 5'6918 inches. 

54. Suppose the windage of a mortar to be g'g of the dia- 
meter of the mortar, and the diameter of the hollow part of 
ihe shell to be -j^ of that of the mortar. It is required to de- 
termine the diameter and weight of the shell, and the weight 
of the powder requisite for the mortars in common use, vi«. 
those of 13, of 10, of 8, of 5'S, and of 4-6 inches in diameter. 

Ans. The diameters of the shells are 12-783, 9-83, 7-86, 
5-703, and 4'523 inches. Their weights are 183-3, 83-4^, 
42-72, 16-28, and 8-12 lbs,, and the weights of the jwwder 
13-15, 5-99, 3-0ti5, 1-168, and 0-58 Iba. 

. How many shot are in a triangular pile, of which a side 
" " ' Ans. 22100 bails. 



How many shot are in an oblong pile, of wliich the sides 

the base contain 49 and 19 ? Ans. 8170 balls. 

57- Howmanyshotareinan unfinished triangular pile, each 

*ideofthebottombeing50andoflhetop20? Ans. 20770 balls. 

2 % 
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58. Hotr niBtiy allot are in an incomplete obloog' p)le^:the 
length and breadth of llie base being 50 and SO, and tnelcqgd 

id breadth at the top 38 and 8? Ans. 81!)(H)rili. 

59. Required the weight of lead in a pipe 600 yards long, 
the diameter of the bure being 1^ iochea, and the thickneee of 
the metal i inch. Ans. 10448.2744)111, 

60. Required the content of a frustum of a, cone, of nbicfi 
the greatest diameter is 60 inches, the diagonal between llie 
farthest extremities of the diameters 66, and the slant side 30 
inches, Ans. 293.61 imp.^ona. 

61. If a heavy sphere, of which the diameter i^ 4 inches, it 
dropt into a conical glass full of water, of whicb the diameter 
is 5 inches, and the altitude 6 inches. How much water vill 
run over? Ans. 26.27215 cubic incho. 

62. Suppose it is found that a ship, with its oi-dnaoce, rig- 
ging, &c displaces 50,000 cubical feet of water. What is the 
weight of the Tesself Ans. 1395-0893 tons. 

63. If a solid inch of metal weighs 8 ounces avoirdupAii, 
What is its Epecific gravity ? Ans. 188B4. 

64. If a man weighs 192 lbs., and the specific gravity of bii 
body he 1200, How much cork must be tied to him to make 
him swim? Ans. 10j«g lb- 

65. If a cube of solid fir, 12 inches each way, sinks 6 iochei 
in water. What is its specific gravity ? Ans. 500. 

66. Four solid inches of copper is to be made into a huilov 
cube. How thick must the metal be that it may swim in oae 
inch depth of water? Ans. -01863 inchei. 

67. If two solid feet of feathers weigh 4 Ihs., What will the 
same quantity weigh when compressed inio the hulk of halfs 
solid foot, supposing a solid foot of air to weigh IJ ok.? 

Ans. i lbs. IS 01. 

68. If a man standing at the side of a river hears his Toke 
reflected from the oppoi-ite hank in 3 seconds of time, Wbatii 
the breadth of the rirer? Ans. I713 feet. 

69. I saw the flash of a g^n tired from a ship at aea, and 8S 
seconds afterwards I heard the report. How far was the ship 
distant froni me ? Ans. 7JJ miles- 

70. Observing a battery of cannon, I counted I7 seconds on 
my watch between the times of seeing the flash and of heaiinj 
the report. How far was I distant from the battery ? 

Ans. 3i53amil«t 

71. Tlie frastHiH of a cone Is ,^7 iiiches in bright, iho dis- 
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meter at the top 3-7 inches, and that at the bottom 4-23 iDchm. 
Required the difference between the couteatii of tlie hoofs into 
which it IB divided by a plane passing through the oppoette 
estremitiesof its diameters. Ans. 7-0532 cubic inches. 

72. Kequired the contents of the huafa into which a cone of 
which the height U 6 inches, the top diameter 3, and the bot- 
tom diameter 4 inches, is divided by a plane passing from the 
edge of the top to the centre of the base. 

Ana. The leas hoof 15-2628, the greater 42-8568 cubic inches. 

73. Suppose a cubic inch of common glass to weigh 1'493I 
oz. avoirdupois, one of sea-water -59542 08., and one of brandy 
-5366 oz. How much force will be required to buoy up in the 
nea au imperial gallon of brandy in a bottle, of which the weight 
of the glass in air is 3-84. lbs. ? Ana. 20-669 oa. 

74. How far will a body descend from a state nf rest in 20 
seconds ? Ans. 6433J feet. 

75. If a body is projected perpendicularly in free apace with 
a Telocity of lOjOOO feet per second. To what height would it 
ascend, and !n what time would it again reach the earth? 

Ans. 3941^^1 miles, and in 62I}J| seconds. 

76. Suppose that at the moment a body is projected up AB 
with the velocity acquired by falling down it, another body 
begins to fall down it. In what point will they meet, AB being 
1029^ feet? Ans. 772 feet from the bottom. 

77- Suppose that a body is projected downwards with a ve- 
locity of 64^ feet per second, and iuS seconds after another body 
is projected down with a velocity of 258^ feet. In what time 
will it overtake the other .' Ans. 1^ second. 

78. A person from a window SO feet high observes in a 
mirror placed 12 feet from the foundation of the house the top 
uf a spire 100 feet high. Required the disunce of the ob- 
server fi-om the spire. Ans. 72 feet. 

79. Melville's Monument in St Andrew's Square, Edin- 
burgh, is 136 feet 4 inches high, and the statue on the top 14 
feet high. At what distance from the base of the monument 
does the statue subtend the greatest angle? 

Ana. 143-1622 feet. 

80. Two trees, 100 feet asunder, are placed, the one at the 
distance of 100 feet, and the other 50 feet from a wall. What 
is the shortest distance that a person must pass over in running 

. bom one tree to touch the wall, and then to the other tree ? 
Ans. 171-334 feet. 
I took two stations A and B at the distance of 150 feet 
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from each other, andin thi'^^ameBtraight line with an iaaccesGible 
Epire; then from A, tbe-tation nearest the spire, in a line per- 
pendicular to the lioe AB, I measured AC l60 feet, nud set 
up a pole at the extremity C ; and from B, the other statioo 
in a. line also perpendicular to AB, I measured the dietance 
BD S75-5 feet, when I obserred that the spire and the pole at 
C wei-e in the same straight line with the point D. Required 
tlie distance of tlie ^pire from the station A, 

Ans. 20779 fcel. 

82. What is the weight of a sphere of oak 6 feet \a diameter, 

its specific gravity being ,925 ? Ans. 2-gi895 toos. 



84. A horse's tether of 40 yards in length is lised in thccir- 
cumference of a circular tield whose diameter is 350 yards. 
Hon- much will it allow him lu gi-aze? And, supposiag thu 
the end of the tethei* is removed to the circumference of the 
secondary circle, and in a line with the centre of the Geld, 
What additional space would he be enabled to graze ? 

Ans. First 3391 -S6g5 square yards; and atbnmdt 
306l'I712 square yai-ds. 

S£. The axes of a punch-bowl in the form of the eegmmt 
nf tW.oblone; spheroid are to each other as 3 to 4, the depth ia \ 
of the longer axis, and the diameter of its top is 20 incbei- 
What number of rounds may a company of 30 persons drint 
nut of it, using a conical glass of which the top diameter is I j 
inches, and the depth 2 inches ? Ans. 3801499 roiuuk 

86. A certain island is 73 miles in circumference, and if i 
men set out from the same point in the same direction, the one 
travelling at tlie rate of 5 and the other at the rate of 3 mila 
an hour. In what lime will they be together again ? 

Ans. 36^ hours. 

87- Required the solidity of the greatest cone which can tie 
cut out of an oblong spheroid of which tlie axes are 40 and 60 

Ans. S3340-S6 feet when the axis of the cone is in the 
minor axis of ibe spheroid, and 14893-51 when the axis of the 
cone is in the major axis. 

88. Suppose a cone SO feet high, and the diameter of the 
base 6 feet, is cut through the axis 5 feet from the bottom, at 
an angle of 60 degrees. Required the solidity of the sectiom. 

Ans. Solidity of the upper 82-296 feet. Solidity of the 
under I06'S feet. 
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GENERAL PRINCIPLES OF GEOBIETRY. 

Tbs demoDBtratioDs of many of the rules pvea in TrigoDO-)! 
inetry and Measuration were judged too ]oDg to be inserted in T 
ihetest; ttiey are, therefore, added here, and to them are pre- 
fixed the general principles of geometry upon which they 
dejiend. 

A straight line may lie drawn between two points, by laying 
a fflfcr or another straight line by these points, and tracing a. 
lioe along the side of it. 

But the only original method of producing it straight line 
IE, by stretching a hair or thread through the two points ; 
and &■ the thread assumes invariably the same position as often 
■t it b stretched through the same points, and a less portion of 
i^ Ilea between the points when it is strctclied, than wheu it 
lie* looiiely between tbein, it follows, 

■First, That a airaight line between two points has only one 
pcuition. 

Secondly, That both sides of a straight line are exactly 
alike.* 

Thirdly, That a part of a straight line is in every reapect 
similar to another part of it, or to another straight line of the 
same length. 

Fourthly, That the straight line is the shortest distance 
from one point to another. 

From these properties of a straight line it is inferred, 

1st, That two straight lines will coincide when they are ap> 
plied to one another, in what way soever the application it 
made. 

2d, That one straight line cannot cut another in more 
points than one. 



• IftthnirstretcliedUelwecn the points A»nd B coincido , „ 

with the tract' AB, and if thvn the part ofit at Abe brouglit 

to B, and that at B to A, so that the upper aide of it may now be the 

lower one, tbe stretcbed bur will sgaio coincide with the troco AB. 

2B^ 
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Sd, And consequently that two straight lines can notbtr 
hare a coninum nefifment nor cDclose a space. 

4th^ That a straight line is less than a curvey or thu tk 
•am of any number of straight lines juioed togetbefi wliii 
terminate at the same points with it. 

5th, That straight lines which have the same podtioii, i 
respect of the same straight line, must either coincide orl( 
panUlel to one another.* 

PaoPosirioN I. Two triangles ABC, GHKareequI 
in every reH|K*ct, when an angle BAC and the twoades 
AB, AC, wliicii contain it in one of them, are re^- 
ively ecjual to an angle HGK, and the aides GH, GI 
containing it in the other. 

For, if the triangle ABC lie on 
GHK, so that A bp on G and AB 
on OH, then AC will lie along GK, 
for the angle A = G, and B will be 
on H, and C (»n K ; therefore BC -^ ^H 

will coincide with HK, the triangle ABC with GHK, tbctf- 
gle B with H, and C with K. They are all therefore equal 

Prop. II. If a side AB, and the two adjacent as^ 
at A and B of one triangle ABC, be equal to a flde 
DE, and the adjacent angles at D and !E of aDOtbff) 
the triangles are in all respects equal. 

For^ if the triangle ABC be laid 
on DEF, A on D, and AB on DE, 
then B will be on £, AC on DF and 
BC on EFj because the angles at A 
and B are equal to those at D and E; -«_..^. 
therefore, the angle C shall be on F, B C £ ^ 

aad the triangle ABC will coincide altogether withD£F,ao^ 
be equal to it. 

* If the straight lines A Band CD intersect in £, 
the an^le C£B shows their relative situations; atad 
these situations would remain though they should in- 
tenect in any other point of CD, as at D ; in which 
ease AB would become FG, and EC would coincide 
with D£. Of course, if the angle £DG be equal to 
CEB, the lines AB and FG would have the same direction, and '^^ 
haye the same direction, the angle £DG would be equal to C£B; i^ 
for the same reason the angle H£B would be equal to EFD. 

These things seem to follow immediately from the defioitions of* 
ctraigfat line and of an angle, and, if admitted as principles, they ^ 
rendior seyeral parts of geomelr';^ eas;|^ ^^lAcVi axe at present difficolt* 
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^ Prop, III, In an iaoscelea triangle ABC, the anglei 
at B ancl C, opposite to the equal sides AC and AB, 
are (?qual to one another. 

Bisect tlie angle BAG bv AD, tlien 
\he triangles ABD, ACD, have AB = 
AC, AD common, aoU the aogle BAD 
=:CAD; therefore, they are equal in 
every respect, {!,) and hare the angle 
ABC=:ACB. B U O 

Cor. 1, An equilateral triangle ia also equiangular. 

Got. a. The straight line AD which bisecia the augle BAC, 
bisects also BC at right angles, and converady. 

Cor. 3. Two right-angled triangles, ADBand ADC, which 
liave equal hypotenuses AB^AC, and an oblique angle 
DAB=DAC, are equal in every respect. For, supposing 
their perpendiculars to coincide in AD, the straight tine BC 
which joins the extremities of AB, AC will be bisected at 
right angles by AD. 

Prop. IV. The greater side AC of a triangle ABC 
has the greater angle ABC opposite to it. 

Bisect BC in E, draw ED perpendicular to j^. 

BC' and join BD. The triangles BKD, CED A „ 

are equal, for BE = EC, ED common, and the //']\ 
angles at E are equal ; therefore, the angle DBC /-'' \ \ 
= DCB, and the angle ABC^ACB. B E C 

Cor. 1. If the angle ABC be greater than ACB, the side 
AC will be greater than the side AB. 

Cor. 2. IltheangleDBCbe = DCB, thenDC-DB. 

Cor. 3. An equiangular triangle is also equilateral. 

Prop. V. If two triangles ABC, DEF, have their 
three sides equal, each to each, the angles which are op- 
posite to the equal sides will be equal. 

Let DE be the least a -n 

aide, and if possible let the 
angle BAC be less than 
EDF; and if AB be on 
DE, A on D, and ao B 
on E, then AC will fall 
within the angle EDF as G 

• DE must first meet the greater aide AC for (pr. 1.) DC = DB and 
AC = BD + DA, which b; the 4th property of sbaight lion is greUer 
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on DG, and BC on EG. Joio FO, then the aoglc EGFi= 
EFG, (3.) because EF =: EG ; but DGF, a part <rf the first, 
is equal to DFG, for DG = DF, which is greater tbao the 
other.* As tliis cannot be, tlie angle BAC muist be equal to 
EDF, and ABC = DEF and ACB = DFE. 

Pkop, VI. The adjacent angles ABC and ADD on the 
same side of the straight line CD, make 
together two right angles, or 180", 

For their measuring arcs AC and AD make 
^ of the circumference or 180°. i^ n u 

Cor. Ob the contrary, if the angles ABC, ABD make to- 
gether 180°, CB and BD are in a straight iiue. 

Prop. VII. The vertical angles AEC and BED, 
made by two straight lines AB and 
CD, which cut in E, are equal to one 
another. 

For the arcs CAD and ADB being each 
^ of the circumference are equal ; therefore, 
AC = BD, and the angle AEC = BED. 

Cor. All the angles about a point are together equal to finit 
right angles. 

Peop. VIII. If a straight line EF meet two straight 
lines AB and CD, and make the alternate angles AEF, 
EFD equal to one another, these two straight lines AB 
and CD are parallel. 

If not, let them meet if possible in B, -e /■ n 

and make AE = BF. and join AF. -^:- T y 

Because AE =: FB and EF common to ^~-~~^/ ^ 
the triangles AEF, BFE, and the angle C^TjTd 

AEF = BFE, the triangles arc equal, (Prop 1.) and tlic 
angle AFE = BEF, and the two angle§ AFE + EFB = 
AEF + BEF = two right aogles (6.), therefore AF and FB 
arc in a straight line, which cannot be (Gen. Prop. S.); there- 
fore AB is parallel to CD. 

Cor. 1 . If the exterioT angle EGB he 
-=. the interior and opposite angle £HD, 
or the two hilerior angles BGF, EHD 
equal together to two right angles, the 
lines AB and CD are parallel, for in each 
of these cases the angle AGF = EIID. 

■ The point G cannot fall mlhln the tmngle DEF, for then DFE 
being eqnil to DFG + EFG. would be equJ lo DOF+ EGF, which 
ii grentei Ihan Iwo righl angles. 
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Cor. 2. Straielit lines AB, CD perpendicular to the same 
straight line £F are parallel, for the right angles AGF, EHD 

Ai-svmption. If two straight lines be parallel, a etraightline 
whii^li is perpeoilicular to one of them ii; also perpendicular to 
the other. 

Peop. IX. If a straight line EF cut two parallels 
AB and CD, it will make the alternate angles AGH 
and GHD equal to one another, the exterior angle 
EGB^^ the interior and opposite GHD, and the two 
interior angles BGH, GHD, on the same side of it, 
equal to two right angles, 

Bi^ct GII in K, and draw EL per- 
jiendictilar to CD, it is also perpeDdicu. 
lar to AB. Aud because the ansleHKL 
-GKJVI (7.) and HLK, KMG right 
angH and HK = KG; therefore, the 
angle AGH = GHD (3. Cor. 3.). Also 
AGH=:EGB t?) therefore EGB = GHD and GHD + 
BGH — EGB + BGH = two right angles. 

Cor. 1. If the two interior angles be less than two right 
angles, the straight lines will meet if produced far enough. 

Cor. 3. A straight line which nieeis one of two parallel* 
will, if produced, meet the other also. 

Scholium. When a straight line meets tno parallels, the 
angles are equal, which are either on the same side of it, and 
also of the piirallels, or on difTerent sides both of it and of the 
parallels. And ihe two angles are together equal to two right 
angles, which are either on the same side of the cutting line, 
and on different sides uf the parallels, or on different sides of 
it, and on the same side of the parallels. 

Prop. X. The exterior angle ACD of a triangle is 
equal to both the interior and opposite angles ABC + 
BAC, and the three angles ABC + BAC + ACB, are 
together equal to two right angles. 

Draw CE parallel to AB ; it will make A - 

(9.) the angle ACE = BAC, and ECD 
= ABC ; therefore, ACD — ABC + 
BAC, and ABC + BAC + ACB = 
ACD + ACB =: (6.) to two right angles. 

Cor. 1. In any triangle, there can be onl 
obtuse angle. 

C<>r. 2. In a right-augled triangle, the t\ 
together equal to a right angle. 
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Cor. 3. An angle of an equilateral triangle ia two-thirdl of 

a right angle, or it h 60°. 

Cor. 4. When two angles of a triangle are known, the third 
angle u got by subtracting their euni from 1S0°. 

Prop. XI. If two angles ABC, DEF have their 
sides parallel, and in the same direction, they are 
equal. 

Let DE, produced if necessary, meet BC in 
G. Then the angle ABC = DGC, and DGC _ 
= DEF (9.) ; therefore, the angle ABC =: ^ 
DEF. 

Pkop. XII. Ali the exterior angles FAB, GBC, &c. 
of any rectilineal figure, are together equal to fout; ~. 
right angles, or 360°. T 

Draw AM parallel to BC, AN parallel to q „ H 
CD, AP to DE. Then the angle GAM ^ sJKp 
GBC, MAN = HCD, &c. (9.) Therefore, all ^V^PX ., 
the est«rior angles are equal to the angles about ^^ij^r^'' 
thepoint A, that ia, to four right angles {7. Cor.J, P' ^t , 

Cor. Since each interior angle, with ita adjacent csWrior, t 
makes two right angles (6.), all the interior angles, (ogelhir I 
with four right angles, make twice as many right angles as the | 
figure has sides. Thus the interior angles of a quadrilateral 
make 4 right anglea, of a pentagon 6 right aaglea, of a hexa- 
gon 8, of a heptagon 10, &c. 

Prop. XIII. The opposite sides and the oppositt 
angles of a parallelogram ABCD are equal to one ano- 
ther, and the diagonal BD biaects it. 

Since BD meets the parallels, it makes . „ , 

{9.) the angle BDC = ABD and DBC 1 -7^ 

— ADB, and the side DB is common to \ ^^ \ 
the triangles ADB and DBC, fhey are X,..^^ \ ' 

therefore in all respects equal (2,). 1) C 1 

Peof. XIV. Parallelograms ABCD, EFGH, upon 
equal bases BC = FG, and between the same panulels 
AH and BG, are equal to one another. 

Draw BE, CH. Since 
AD=BC=FG=EH (13.) 
AE = DH, and AB = DC, 
and the angle HDC = EAB 
(g.) ; therefore, the triangle 
EAB = HDC (I.); lake 
these equals from ABCH, 
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EB£H. For the same reason EFGH = EBCH ; therefore, 
ABCD = EFGH. 

^Cbr. Triangles DBC, EF6 upon equal bases, and between 
the same parallels, are equal ; for they are the halves of the 
parallelograms. 

Scholiom. If ABCD be a rectangle, it is = EC x AB, 
(Mens. Prob. 1.). Therefore, if EFGH be any parallelogram, 
it will be = FG x perpendicular between EH and FG. And 
the triangle EFG = J FG x perpendicular on it, which are 
the rules in Mens. Surfaces, Prob. 2 and 4. 

If the angle at F be given, the perpendicular =: EF x Sin 
P (radius = 1), see Ex. 1. page 100. Therefore, the paral- 
lelogram EFGH =: FG X EF X Sin F, and the triangle 
EFG = I FG X EF X Sin F, which are the rules in Mens. 
Surfaces, Prob. 3. and 5. 

Peop. XV. Triangles ABC, DEF between the same 
parallels AD and BF, are to one another as their bases. 
BC : EF : : ABC : DEF. 




— H — --.fB: 

Let CB, BG, GH be all equal, and fi their number, so that 
CH = » X CB, and draw AG, AH, the triangles ABC, AGB, 
AHG are equal (14. Cor.), and therefore AHC = « x ABC. 
Take EK the least number of times EF, which is greater than 
CH, and let FK = m X EF, and draw DK, then the triangle 
DFK = w X DEF. And because CH or w x BC is not less 
than FK or 7w X EF, but less than EK or {m + 1) x EF, 
m is the quotient by which n X BC contains EF. And the 
triangle AHC orw x ABC is not less than DFK or w x 
DEF, but less than DEK, or (w + 1) x DEF, therefore m 
is also the quotient by which n x ABC contains DEF, 
80 that w X BC divided by EF, and n x ABC divided by 
DEF give the same quotient. Wherefore BC : EF : : ABC : 
DEF. 

Cor. Triangles and parallelograms of equal altitudes are to 
one another as their bases. 

Peop. XVI. Parallels BC, DE, divide other straight 
Hnes proportionally. AD : DB . : AE : EC. 
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Draw BE and DC. The triangle 
BED=DEC(14.C<ir.). Tljcrefore 
ADE : DEB : : AD K ; DEC. But 
(15.) AD : DB : : ADE : DEB and 
AE : EC : : ADE : DEC, therefore 
AD:DB:: AE:EC. 

Cor. Straight lioes which meet three parallels are cut pro- 
portionally by them. 

Peop. XVII. If the angle BAG of a triangle ABC 
be bisected by AD, the secrments of BC have the 
ratio with the sides. BD: DC : : BA: AC. 

Draw CE parallel to AD. The anfrle 
BEC = BAD or =z DAC ; that is, = ACE 
(9.) ; therefore AE = AC, and BD : DC : : 
BA:EAor AC(l(i.). 

Prop, XVIII. Triangles ABC, DEF, which haw 




D, and B = E, 




two angles equal, each to eaeh, 
have their sides proportional. 

Make AG = DE, and draw GH, 
GK paralUn lo BC, CA. Tlie tri- 
anple AGH = DEF (2.) for AG 
=:DE, the anple GAH = EDF 
and AGH = B= E; therefore AH 
= DF and GH = EF. Bui AB 
: AC::AG: AH (16.) : : DE : 
DF. And AB : BC ; : AG : KG = GH : : DE : EF. 

Cor. If the eides be pruportioual, or if the sides about tfft 
equal angles be propoi'tional, the trianglce are equiangular. 

Fbop. XIX. If four straight lines be proportional 
AB : BC : : DB : BE, the rectangle contained by AB 
and BE, the extremes, is equal to that contained by 
DB and BC, the means. 

Let DE be perpendicular to 
AC, and eomplete ihe rectan- 
des AE. EC and CD. Then 
AE:EC::AB:BC (15.) :: 

DB:BE:.DC;CE; therefore 

AE = CD. no 

Cor. 1. If three straight lines be proportional, the recianglf 
contained bv the extremes is equal to the square of the mesp. 

Cor. 2. If the rectangle A E, contained by AB and BE iht 





Ill posed of the 



F^dTemea, be ei|ual to the rectangle DC, contained by DB ami 
BC the means, then AB : BC : : DB r BE. 

Cor. 3. Any parallel'i^ram or triangle cotitained by the ex- 
tremes is equal to a parallelogram, or a triangle which has aa 
equal angle contained by the means. _. 

Pitop. XX, Similar triangles, viz. such as Iinve eqtial 
angles, are to one another as the squares of their like 
sides. ABC:DEF::CG:FH. ^ 

Fiad BK a third proportional to BC 
and EF ihe like sides, m tbal BC : EF 
;;EF .- BK, and join AK. and draw KL 
parallel to BG. Beraufie AB:DE:: 
BC: EF f[8.); that is, :rEF;BK, the 
triangle ABK = DEF, and GK = FH 
(19. Cor. 3.). But GC : OK or HF r : 
BC : BK : : ABC : ABK = DEF. 

Cor. 1. Any similar figures, viz. the 
same number of gimilar triangles similarly placed, . 
another aa the squares of their like sides. 

Cor. 2. If three straight lines BC, EF, BK, be propor- 
tional, the first BC is to the third BK, as any figure upon the 
first BC lo a similar figure upon the second EF. 

Cor. 3. If the area of any polygon, oF whidi the side h 1, 
be multiplied by the square of any straight line, it uill f;ive the 
Hiea of a i^imiiar polygon described on that line, (Prob. IS. 
Mens. Surfaces.). 

Prop. XXI. The figure BE described upon the hy- 
potenuse BC of a right-angled triangle ABC, is equal 
to the figures BF and CG, similarly described upon the 
other two sides BA and AC. 

Draw AD jrerpendicular to .-^ p 

BC. Because the angle B is 
common to the trianglesB AC, 
BDA, and BAC, BDA are 
right angles, BD:BA::BA 
;BC (1 8.) J therefore BD: 
BC : : BF : BE (20. Cor. 3.). 

For the same reason, DC: ^ i"^ 

CB::CG:BE. Wherefore BD + DC:BC: : BP + QGi- 
BE. Consequently, since BD + DC=BC, BF + CG— BE: 

Cor. I. If the greatest of three similar figures be equal to 
the sum of the other two, a right-angled triangle tau be made 
of their like sides. 
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Cor. S. The square of BC is e<|ual to the ^uarcB of BA 
and AC ; and, therefore, if any two of the aides be given, the 
third bide may be found from them. 

Cor. 3. J{a,b,c, be three etraight liues, anda«=;i* + 
c',or6'=:a" — c*, these lines will form a right-angied Iri- 
aogle, of which a will be the hypotenuse. 

Prop. XXII, The squares of two straight lines AB, 
BC, t0f;ether with twice the rectangle AB >: BC con- 
tained by tliem, is equal to the square of their sum 
AC. 

Upon AC describe the square ADEC, and 
draw BG parallel to CE. Make CP = CB, 
and draw FHK parallel to AC. Because CF 
— CB, FE or DK = AB or DG ; therefore 
DH and HC are the squares of AB and BC, 
and each uf tlie figures, AH and HE, is the 
rectangle contained by AB and BC. But these four roalce tbe 
whole figure CD, which is the square of AC ; therefore AC' 
=:AB* + BC* + 2 AB X BC. 

Cor. If AB = BC, the four figures CH, HD, AH, HE, 
will be squares, and equal to one another ; therefore 4 tiniB 
the square of AB is equal to the square of 2 AB. 

Paop. XXIII. The squares of two straight lines, 
AC and CB, lessened by twice the rectangle AC X CB, 
contained by them, are equal to the square of AB, their 
difference (fig. to Prop. 22.). 

For CD and CH are the squares of AC and CB, and och 
of the figures, AF and CG, is the rectangle coniained by AC 
and CB. and these two make AF, FG, and CH, which takN 
from CD + CH, leave DH the square of AB; therein 
AB''=AC'' + CB''— 2 AC x CB. 

Cor. 1 . The square of the sum of two straight lines excMdi 
the sum of their squares as much as this sun) ezceedi the 
square of their difference ; and therefore 4 limes tbe recUngU 
contained by two straight lines, together with the aqtiare of 
their difference, ia equal to the square of their sum. 

Cor. 3. The squares of (he sum and difference of tvo Iton 
are double of the squares of the lines. 

Prop. XXIV. The rectangle contained by the sum 
AC, and difference DC of two straight lines, AB ■od 
BC, is equal to the difierence of their squares. 
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Make BD = BA, aod upon DB 
make the square DBEF, and draw 
CH parallel to DF, and make DG 
= DC, and complete the rectangle 
AKGD. AC is the sum of AB 
and BC, and DC or DG iheir dif- 
ference, and because DC = DG or BM and DF = AB, the 
figure ABMK=CDFH, and CAKL = BL + CF; that is, 
to the dtlference of DEand EL, which arc the squares of AB 
and BC. Therefore AB« — BC^ = (AB + BC) X (AB 
— BC). 

Peop. XXV. The square of the side AB of a triangle 
opposite to an obtuse angle ACB, is greater than the 
squares of AC and CB, the other two sides, by twice 
the rectangle BC X CD, contained by either side BC, 
and the part of it intercepted between the perpendicular 
AD, from the opposite angle and the obtuse angle. 

For BD« = BC2 + CD^ + 2 EC X CD 
(as.) ; add AD^ to each, and BD^ -f DA^ = 
BC -f- CDi^ -f- DA^ + 2 BC X CD, but BD'' 
4- DA« = BA«. and CD« + DA« =CA^ (21. b C J 
Cor. 2.) ; therefore BA* = BC + CA= + 2 BC X CD. 

Prop. XXVI. The square of the side AC of a tri- 
angle opposite to an acute angle ABC, is less than the 
squares of the other two sides AB and BC, by twice 
the rectangle CB X BD contained by either of these 
sides, BC, and the part of it BD, between the perpen- 
dicular upon it from the opposite angle and the acute 
angle. 

For BC'^ + BD' =2BC X BD -»- DC'' (23.); 4 

add AD« to each, and CB^ + BD= -j- DA' = y\ 

2 BC X BD + DC" -I- DA«, but BD^ -^ DA'' X IX 
= BA«andCD« + DA= =CA'' (2]. Cor. 2.); B DC 
therefore CB' -|- BA" = 2 CB x BD -|- CA". 

Cor. Hence the angle ABC is obtuse or acute, according as 
the square of AC is greater or less than the sum of the squares 
of AB and BC, and the difference in each case is 2 CB x BD. 

Prop. XXVII. A straight line, DE, drawn from 
the centre D, of a circle ABC, perpendicular to a chord 
BC, bisects the chord and the arc BFC subtended 
by it. 
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Draw DB, DC, tlicv are «tual. the aoglc 
DBE = DCE (3.) and'BED, DEC, are right 
angles ; therefore BE = EC (2.) and the angle 
BDE = CDE; con>equfiiEly if they be laid 
on one anuther, DB will coincide with DC, 
and the arc BF with PC. F 

Prop. XXVIII. A perpendicular AE, to the dia- 
meter of a circle AC at its extremity A touches the 
circle, 

Prora any point E in AE, draw ED to ihe 
centre, then DE :::^ DA or DB (4. Cor.), for 
the angle DAE :^ DEA (10.), therefore E, 
that 1s, erery point of AE, escept A, is with- 
out the circle,aiidconMqucnl]yAE touches it. 

PAOP. XXIX. An angle BDC, at the centreDofa 
circle, is double of the angle BAC at the circumference, 
when they stand upon the same arc BC. 

Draw ADE, then the angle A 

BDE — DAB + DBA (10.), it 
is therefore = 2 BAD (3.); and 
for the same reason, EDC = 2 
DAG; therefore, by adding or sub- 
tracting, BDC = S BAC. 

Cor. If BDE + EDC be greater than two risht angle*, 
Btill the two, BDE, EDC together, are double of BAC. 

Pkop. XXX. Angles BAD, BED, upon the same 
arc BCD, or in the same segment of a circle BAED, 



eeqi 




Join B and D with F, the centre of the 
circle. Then (Sfl.) the angles BAD and 
BED arc each of them = half the angle 
BFD, and consequently equal to one 
another, 

, Pkop. XXXI. The opposite angles ABC^ ADC 
of a quadrilateral ABCD in a circle, are equal to two 
light angles. 

Ji.in AC, BD. The angle ADC = ADB 
+ BDC — ACB -I- BAC (30.) ; therefore 
ADC + ABC — ACB + BAC + ABC ;= 
two right angles (10.). ,^ _ 

Cor. The esterior angle EEC is =z liie interior, and oppo- 
Mte angle ADC (10.). 
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Prop. XXXII. The angle BAD in a semicircle 
BAED, is a right angle, the angle BAG in a greater 

segment is acute, and the angle BAE in a segment less 
than a semicircle is obtuse. 

Let F be the centre, join AF. The angle 
FBA=FAB,an(IFDA=FAD (3.); there- 
Tore BAD = ABD + ADB, and ia therefore 
a right angle (10.). But BAC is .=^ BAD, 
aod BAE^'BAD. 

pRor. XXXIII. If through any point E, two 
straight lines AC, BD, be drawn, to cut the circle 
ABCD, and the points of their intersection with 
the circle be joined, the triangles thus formed are 




For the angle ADB=:ACB 

(30.), and E is common; 

therefore the triangles ADE, 

CEB are similar (18.). Also 

ABE = ACD; therefore the 

irianglea ABE, ECD are si- 

milar. 

Cor. 1. The rectangle CE x EA = BE x ED (19-)- 
Cor. 2. If BE be equal to, or the same with, ED, that is, 

if BD be either perpendicular to the diameter AC, or touch 

the circle in D, then AE x EC := ED= (19. Cor. I.). 

Pkop. XXXIV. Segments of circles ABC, DEF, 
which contain equal angles ABC, DEF, and stand upon 
equal chords, are equal to one another. 

If AC be applied to DP, 
and A to D, C will be on F, 
and the arc ABC will be on 
DEF ; if not, let it fall on 

DGF, and meet FE in G, join DG; and the angle DGF = 
ABC = DEF, which ia imposBible (10.); therefore ABC 
cwDcideK with DEF, and is equal to il. 

C«r. Thearc ABC ia equal to the arc DEF. 

PKOF. XXXV. If two equal angles, BGC, EHF, 
be at the centres of equal circles, ABC, DEF, the 
arcs BKC, ELF, upon which they stand, are equal to 
one another. 
2 Cl 



.^^l 



c ELF. 
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Diaw BC, EF. Because BG 
GC are = F.H, HF, and the ang-le 
BGC = EHF, the base BC = EF 
(1.); and iKicause tbe alible BAC 
= EDF, the eegmcnt BAC ^ 
EDF (,i4.), tliereforp the remain- 
log eegment BKC = ELF, aiid the arc BKC 

Cor. The greater angle stands upon tliir greater arc. 

Prop. XXXVI. Anjjles BGC, EHF, at tliecentr« 
of equal circles ADC, DBF, are to one another as the 
arcs BC, EF, upon which they stand. BC:EF:: 
BGC: EHF. 

Take any number n, of arcs 
CK, KL, each equal to BO, so 
that BL = n X BC he greater 
than EF, aod draw GK, GL, 
the angles BGC, CGK, KGL 
(35.) are equal, and the angle 
BGL = n X BGC. Take m such a number, that when PM 
= m X EF, then EM is the least multiple ttf EF, which ii 
greater than BL ; therefore FSM =i» x EHF. 

And since b X BC or BL is not less than FM or m X EF, 
but less than EM or (ra + 1 ) X EF ; therefore n x BGC or 
BGL is not less than FHM or m x EHF, but less than EHBI 
or (m + I) X EHF. Wherefore m a the quotient by wbid 
n X BC contains EF, and also the quntieut by which n x 
BGC contains EHF. Therefore BC : EF : : BGC : EHF. 

Cor. 1. Tlie seclor BGC = sector CGK — sector KGL; 
therefore BC : EF : r sector BGC : sector EHF. 

Cor. 2. An angle BGC at tbe centre, is to four right angle 
as the arc BC to the whole circumfereace. 




PROPORTIONS OF TRIGON'OMETRY. 

Prop. XXXVII. Inany triangle ABC, the sides are 

to one another as the sines of their opposite angles. AB 
: AC : : sin. C : sin. B. (See Oblique Triangles, Rule 1.) 

Make BD = AC, and draw AE, DF, per- A. 

nendiciilar to BC. Making AC or BD the ra- 5fK 

diUB, AE is the sine of C, and DF the sine of B / \ 
(Definitions of Trigonometrv), and (18.) AB : - £ jf eC 
BD = AC: ; AE : DF :: sin. C : sin. B. 



APPENDIX. 307 

Prop. XXXVIII. Half tKe diflFerence of two un- 
equal quantities AB and BC, added to half their sum, 
gives the greater, and half the diflFerence taken from 
half the sum^ gives the less. 

• A , 1 , C 

DEB 

Make AD = BC^ then AC is their sum, and BD their dif- 
ference; bisect BD in E, then BE or ED is half the differ- 
ence, and AE = EC half the sum, but AE -|- EB = AB the 
greater, and EC — EB = BC the less. 

Cor. Half the difference BE, added to the less BC, or taken 
from the greater AB, gives half the sum. 

Prop. XXXIX. In any triangle ABC, of which the 
sides are unequal, the sum of the sides AC + AB is to 
their diflFerence as the tangent of half the sura of the 
opposite angles B and C, to the tangent of half their 
diflFerence. CA + AB : C A — AB : : tan. i (B + C) : 
tan. i (B — C). 

Make AD =; AB, and AE = AC, and p 
join DB, CE, meeting one another in P. tx 
The triangles ADB, ACE, being iso- \ ^**vA 
sceles, the angle ACE = AEC or BEF, \ /\^ 
and CDB = ABD = EBF (3.) ; there- j ^X >^ 

fore ^Cj- BFE a right angle, and the j/L C 

triangles CDF, EBF, are similar; there- ^ -^ 
fore DC:EB::DF:FB(18.); and DC = CA + AB, and 
BE = CA — AB ; and because ABC + ACB = ACE + 
AEC, therefore ACF = ^ (B + C), and BCF = ^ (B — C) ; 
therefore AC + AB : AC — AB : : DF = tan. ^ (B + C) : BF 
= tan. ^ (B — C), the radius being CF. 

Cor. Hence (by Prop. 37.) sin. BCE : sin. BEC : : BE : BC ; 
that is, sin. ^ (B — C) : sin. ^ (B + C) : : AC -. AB : BC. Also 
sin. DBC or CBF : sin. BDC : : DC : CB; that is, cos. ^ (B— C) 
:co8. i(B + C)::AC + AB:BC. 

Peop. XL. In any triangle ABC, four times the 
product of the two sides AC, AB, is to the product of 
the perimeter, by the excess of the sides above the base, 
as the square of the radius to the square of the cosine 
of half the angle BAC, opposite to the base. 
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Make AD = AB, and AE - AC, .,-- -v.. 

and jwn DB, CE, meeting in F, the / \ 

angles at F are rifthl angles. From C, %^L ' 

with the radius CD, describe a circle H#^^— 
meeting DF in G, and BC in H and -=^*^-Tir ^ 
K. ThenDF=FG(27.),BK — BC 
-I- CD, ia the iierimeter, and HB the 
excess of DC abn7e CB. MakeALz=AB, ilien LC=:BE 
Now4CAxAB=4CAx AL = CD» — CL" =CD'- 
BE'' (23. Cor. 1.), and HB X BK = DB x BG {33. Cor. 1.) = 
DF«— FB3 (23.Cnr. 1.). But the triangles CDF, BEF, art 
similar; therefore CD' : DF" : : EB'' : BF" (13.) ; and hj 
alternation and division, CD-^ — BE^ : DF= — BF» : : CD' r 
DFfi : : rad. « : cos. >< CDF, (Rifcrht-nngled Triangles Genenl 
Rale) = i BAC ; tiiereforc 4 CA x AB : KB x BH = (DC 
+ GB) X (DC — CB) : : ra.l. '■.cof."^ BAC. 

Cor. SinceHB-KC — CBzzKB — 9BC, andifP=i 
BK, then CA X AB r P X (P— BC) : rad. * : coe. = ^ A. 

Prop. XLI. In any triangle ABC, if AD be per- 
pendicular to BC, the rectangle or product of the Hum, 
and difference of the sides AC, AB, is equal to the pro- 
duct of the base BC, by the diH'erence between it and 
the double of one of its segments. 

From A, with the greater side AC for a 
radius, describe a circle meeting AB pro- 
duced in E and F, and CB in G ; then BE 

— CA + AB, and BPzrCA — AB, and 
because CG = 2 CD (27.), GB := 2 CD 

— CB, but (33. Cor.) CBxBG = EBx 
BF. 

Cor. If EBxBF-=-CB = R, tlieaCD- 
and BD = i (BC — R). 



•'T^ 



MENSURATION. 



Prob. XLII. Any triangle ABC, is a mean propor- 
tional between the rectangle contained by half the 
perimeter and its excess above the base, and the rectan^e 
contained by half the sum and half the difPerence of the 
base BC, and the difference of the sides AC and AB. 
(Mens. Surfaces, Prob. 6.). 
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Make AD = AB, and AE = AC, and D 
join DB andCE, meeting one another in F, f\. 

and parallel to ihem draw AG and AH. H'-^^ 
The angles at F, G, and H, are Hitht aofrles, *'/ I \ 
as in Prop. 39- And DH - HB ; CG — '7r~-\-~-^ 
GE; HF = ^(DF+ FB), and FG = | ±v-'g--c 
(CF — FE). The rectangle ^ (DC+ CB) x i (DC — CB) = 
^(DF4-FB)x4(DF~FB) («.) = FH xHD = AG x 
HD. And for the same reason, ^ (CB + BE) x Uf^^ — 
BE) = CG X GF. And because the triangle ACE = CG x 
GA- or CG X FH, and the triangle CBE = CG x BF (Prob. 
4. Mene. Surfaces), therefore the triannle ABC = CG x BH, 
or CG X BH. And the irianglea AGC, DBA, are nmilar ; 
therefore AG : GC : r DH : HA = FG, and multiplying the 
two firet bv DH, and tile two last bv GC, I lie ret^tangle AG X 
DH, or DH X HF : GC X DH : : liH X GC : FG X GC J that 
is,^(DC + CB) X |(DC — CB): the triaoKle ABC : : as the 
triangle ABC : |(CB + BE) x ^ {CB — BE). 

Cor. If P be ^ the perimeter, then the triangle ABC = 
^((PX(P — BC)x(P — AC)x(P~AB)), fori(BC+ 
BE)=^(BC+CA — AB) = P — AB, and HBC — BE) 
= ^ (BC + AB — AC) = P — AC. 

Prop. XLIII. In any quadrilateral ABCD, ODe- 
foiirtli of tile excess uf the squares of two opposite sides, 
AB and CD, above tlie squares of tlie other two, AD 
and BC, is to the area, as radius to the tangent of the 
angle formed by thediagonaJB, (Mens. Prob.lO,Note2.). 

Draw AF, CG, perpptidicular to the dia- _^ 

gnnal BD. Because EF = AE X c (put- 
titig c for the cnitine of the anele at E), and 
GE=:CExc; therefore GF = AC xc 
And because AB« — AD«—BF'—FD« 
(+l.)=BG^ + GF^ + 2BGxGF— FD^ 
and DC^— CB'^zDO" — GB>' = DF«4-FG«-J- 2 DF x 
FG — BG« (22.) i therefore AB^ + DC^ — AD' — CB« = 
2FG« + 2FGx(BG+DF) — eFGx(BG + GF+FD) = 
2FGxBD = 2BnxACxt; and the area =^ BD x AC 
X «. (* = sine AED) (Prop. 5, Men*. Surfacea) ; therefore i 
(AB' + DC'' — BC — AD"): the area :: c :*:: rad. : tan. 
AED. So/ution of right-angled Irianglcs. 

Peop. XLIV. Ifaquadrilaleral ABCDbeinscribed 
in a circle, the area of the figure is a mean proportional 
between the excess of the square of half tlie sum of two 
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adjacent sides AD, DC, aljove the square of half the dif- 
ference of the other two, AB, BC, and the excess of the 
square of half the num of the latter AB, BC, above the 
square of half the difference of the former AD, DC. 
Let AF = i (AD + DC), and AG = i (AB _ 

+BC), then DF = ^ (AD — DC), and GB = .', 

^(AB — BC); and AF^— BG^ : area:; area Ti/': 

: AG^ — DF2. Produce AD, BC to E. Be- ,■' ^^y 
cauee the triangles ABE, DCE, are similar, '/ \] 

AB:DC:;AE: EC : : BE : ED; therefore A* ^ 

(putting P = A gum of AB. BE, and AE), AB '■■— "'^ 

:DC::4(AB + AE+EB) = P:i(DC+DE + EC), airf 
ibt/ coTiv.) AB : BA — DC : : P : A (AB + AD+BC— CD) 
= AG+DF. Again, AB : CD : : HAB + BE — AE) = 
P — AE: > (CD+DE — EC),and (comp.) AB:AB+CD 
: : P — AE : HAB + BC -f CD — AD) = AG — DF, and 
multiplying tlie corresponding terms of these proportioDS AB' 
: AB« — CD« : : P X (P — AE) : AG" — DF=. In like man- 
ner it may be proved that AB«:AB>' — CD= :: (P — BE) 
X (P — AB) : AF2 — BG". But hecause the triangles ABR 
DCE are similar AB» : DC : : ABE : DCE and AB« : AB" 

— DC«::ABE: ABCD. Therefore PxCP— AE):AO' 

— DF" : : ABE : ABCD, aud (allem.) AG' — BF= : ABCD 
::PX(P"AE): ABE; thai ib, (Prop. 42.) :: ABE: {P 
~ BE) X (P — AB), or : : ABCD : AF« — BG*. Therefore 
ABCD 13 a mean proportional betweeD AG^ — BF", and AF* 

— BG«. 

Cor. Hence the quadrilateral ABCD = V ((AF" — BG') 
X(AG2 — BF'i)). 

Pkop. XLV. A quadrilateral ABCDj inscribed ina 
circle, is a mean proportional between the rectangle 
under the excesses of half the perimeter above two of 
its sides, and the rectangle under its excesses above the 
other two sides. (Mens. Surfaces, Prob. 10, Note S.). 

Let P be half the perimeter, then AF* — BG« = (AF+ 
BG)x(AF — BG) (Prop. 1.1,) = ^ (AD + DC+AB—BC) 
XHAD + DC — AB + BC) = (P— BC)x(P— AB).iwl 
AG«— DF» = ^(AB4■BC4-AD~DC}xHAB + BC- 
AD +DC) = (P — DC) X (P — AD) ; therefore ABCD hi 
mean proportional between (P — BC) X (P — AB), and(P— 
DC)x(P — AD). 

Pkop. XLVI. The area of any circle ABD is equal 
to the rectangle contained by the radius AC, and a 
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straight line equal to half the circumference ABD. 
(Mens. Surfaces, Prob. 18.). 

If not, let the rectaDgle b« lens tlian t)ic ^ 

circle ABD, or equal to the circle EGM. 
Draw FD, touching this circle in E, and 
meeting the circumference ABD in F and D, 
and join CD, meetiog the arc EG in H. Let 
EG be a fourth part of the circumference 
EGM. From EG take away its half, and 
from the remainder lia half, and bo on, till ihe ar 
leas than EH. Draw CKL, and make EN = 
LN is the side of a regular polygon, described about the circle 
EGML ; and it is plain that this polygon is less than the cir- 
cle ABD. Because the triangle lS'LC = ^NLxCE, the 
polygon is =; J the perimeter x CE. But the perimeter is less 
than the circumference ABD, and CE is less than CA ; there- 
fore the polygon is less than ^ the circumference ABD xCA; 
that is, less than the circle EGM, which it contains ; therefore 
the rectangle is not less than the circle ABD. And it may be 
shown, by a similar construction about ABD, that it is not 
greater. Therefore the circle is equal to the rectangle con- 
tained by the radius and the half of the circumference. 

Cor, Any sector of a circle is equal to the rectangle or pro- 
duct of the radius, and half the arc of the sector. 

Pfior. XLVII. The circumferences of the circles 
ABD, EFG, are to one another as their radii. (Mens. 
Surfaces, Prob. 13.). 

If pOBsible, let the radius 
AC, be to the radiu« EO, as 
the circumference ABD to a 
circumference MNP, less than 
EFG. DrawtheradiusOML, 
and HMK touching the circle 
MNP in M ; and let LF be a 
fourth part of the circumference EFG. Take away itH half, 
and the half of the remainder, and so on, till an arc LG is 
found less than LK, and draw GE parallel lo HK, it will be 
the side of a regular polygon in the circle EFG; and this poly- 
gon IB greater than MNP. Let AD be the side of a similar 
polygon inscribed in the circle ADB, and join EO, OG, AC, 
CD. The triangles ACD, EOG, being similar AC : EO : : 
AD : EG ; that is, as the perimeter of the polygon in ADB to 
the perimeter of the polygon in EFG ; but AC : EO : : cir- 
cumierenca ADB ; circumference SINP ; the perimeters. 
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therefore, are as these circumfereneea ; but tliis is impossible, 
for the perimeter of tlie polygun in ADB is lesi than the cit- 
cumfereoce ; and, od tlie contrary, the perimeter of the polj- 
gon in EFG is greater than tlie uircumfereuce M NP. There- 
fore AC !s not to EO as tlie circumference ADB toacircuni- 
ference less than EFG ; and in the same manner it may be 
shown that EO is not to AC as the circumference EFG, "to » 
circumference less than ADB. Therefore AC : EO r : the cir- 
cumference ABD : the circumference EFG. 



Cor. 1. Hence circli 
their radii, or of their dii 

Cor. 2. If p be the c 
diameter is 1, or ^ the iri 
then l:p::CA:^ the 
therefore p xCA x CA =p x CA 
(Mens. Surfaces, Prub. ig.). 



anothei' aa the squares of 

iference of a circle, of which He 

iference, of whicli the radius ii I, 

mference ADB =pxCA, and 

itrea of the drcle ADB. 



Section If. 
PROPERTIES OF CONIC SECTIONS. 



1. If a point D move in a. plane, and its distances from a fixed 
point C, and from a straight line AE, both in that plane, biTC 
always the same ratio tu nne another, the moTing point vill 
describe a curve, called a line of the second order, or a cM)c 
section. 

2. The fixed point C is called the 
Jbcus ; the straight line AE is called the 

directrix ; and the constant ratio of 
CD to DE is called the ratio of the 

3. The straight line CA, drawn 
through the focus C, perpendicular to 
AE, is called the axis, or the trans- 
verse axis, and the pnint B, in which 
it cula the curve, is called the principal 

Cor. Hence CB : BA : : CD : DE, or 
in the ratio of the curve. 

4. If CB be equal to BA, or the ratio of the cuire be thM 
of equality, the curve is called a parabola, as DBF, 
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1^ 5. If CBbeieMthanBA, 
!s called an ellipse. 



,r the rati 
sDBP. 



eof n 



lonty. 



Cor. If AC be produced bevond C h 
b, go that A6 ; 6C : r AB : BC, ilie point b 
will be in the ellipse, wliichj therefore, 
coDtaina a space. 

6. If CB be greater than BA, or the 
ratio be one of majority, the cuiTe iscalled 
a hyperbola, as DBH. 

Cor. If CA be produced beyond A, bo 
that Cb:bA::CB: BA, the point b will lie in a hyperbola, 
similar, and equal to DBH, and described in the same way ; 
it i« called the opposite hyperbola. 

?■ The straight line B£ in the ellipse and hyperbola is pro- 
perly the asis, B and b its vertices, and the point O m which 
it is bisected is called the centre. 

8. A straight line Pp, drawn through the centre O, per- 
peudicular to the tranaverae axis, ia called the conjugate axis, 
and the points P, p in the ellipse in which it meeie thccurre, 
are called its vertices. But in the hyperbola, the vertices P, 
□ are the points in which it meets the circle described from B, 
with the radius OC. 

9. Every straight line which is perpendicular to the direc- 
tri.<c of a parabola, or which passes through the centre of an 
ellipse or a hyperbola, it called a diameter; and the point in 
nhich it meets the curve is its vertex. 

10. A straight line which meets the curve, and does not cut 
il, is called a tangent; and if the straight line from the point 
«f contact to the focus be parallel to the directrix, the tangent 
is called thejbcal tangent. 

11. A straight line parallel to a tangent, is said to be ordi- 
'lateltf applied to the diameter which passes thi'uugh the point 
(if contact, and the part of it between the curve and that dia- 
meter is called an ordinate. 



13. Straight lines drawn through the centre of a hyperbola 
parallel to the straight lines which join the vertices of thcases, 
are called asj/mptotes. 

J 4. Two diameters of the ellipse or hyperbola, each of which 
is parallel to the tangent in the vertex of the other, are called 
conjugate diameters. 

15. Four times the segment of a diameter of the parabola 
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between its veetex and the directrix, is called the parameter of 
that diameter. 

]6. A third progiortional to two conjugate diameters of tbc 
eliijise or hyperbola, is called the parameter of that diameter, 
which is the first of the three proportion ab. 

PKOPOSITIONS, 

Prop. XLVIII. Problem. To find the point or ihc 
points in wliich a given straiglit line, DE, meets a conic 
section. 

If DE he parallel to the directrix AF, 
draw BG parallel to AF, and niake BO= 
BC, and join AG, and let it meet DE in 
n, and let the axis meetDE in m. From 
C, with the radius mn, describe a circle 
meeting DE, in the points D and E. Be- 
cause the perpendicular from D upon AF is equal to A», 
CD : perpeoilicular : : nm : m A : : GB — CD : BA, therdbre 
the point D is iu the curve, and for the same reason, E it in 
the curve. 

If DE meet the directrix in F, 
join FC. If DE be parallel to AC, 
make FH = AB. If not, draw BG 
parallel to DE, and make FH = 
BG. Then with BC for a radius, 
fr«ra H, cut CF in K and L, and 
through C draw CD and CE, pa- 
rallels to HK and HL, the points 
D and E are in the curve. Draw 
DM perpendicular to the directrix. 
The trianglea DMF, BAG are si- 
milar ; therefore MD : DF : : AB : 
BG, and DF : DC . : FH : HK : : 
GB:BC; hence MD: DC ::AB: 
BC. Therefore D U in the curve, 
and for the same reason E is in the 
curve. 

In the parabola AB = BC ; and therefore, if DE be pa- 
pendicular to the directrix, the point K will fall on F; io 
which ca&e the straight line DE will meet the curve onlf in 
one point D. 

In the hyperbola, where AB is less than BC, the pmnl K 
may fall above F ; in which case DE meets each of the opjwnk 
hyperbolas in one point. 
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la the ellipse iu which CB is less than BA, the circle de- 
scribed from H may not meet CF ; Id which case DE will ntit 
meet the curve. And a straight line may be drairD between 
ihe oppoaite hyiierbolas, ro as not to meet either of them, but 
two otlier hyperbolas which have the conjugate diameter of 
the former for their transverse, and the transverse for their 
conjugate. 

Prop. XLIX. Problem. Given the directrix, the 
focus, and the ratio of an ellipse, or of an hyperbola, to 
find the axes. 

Having drawn AC from the focus C per- 
pendicular to the directrix, make the sum of 
the terms of the ratio to the first term, as AC 
10 CB, and their difference to the first, as AC 
to Cb. Then B and 6 are the extremities of 
the transverse axis. And because AB : BC 
: ; A6 : 60 ; therefore AB : BC : : ^ (AB 
+ Ai): i{BC + iC), or:: J (A6 — AB) 
: J (fiC — BC), that is AB : BC : : AO : OB, 
therefore OB and DC are given. 

Join Cp in the ellipse, and Sp in the hy- 
perbola. Then pF =: AO : Cp ; : AO : OB, 
therefore Cp = OB, and in the hyperbola 
Bp = OC; hence in both curves' Op« is 
the difference between OB* and OC^, it is 
therefore = GC x Cb, or = AC x CO. 

Suppose AC to be 14, and the ratio of the 
ellipse be that of 3 to 4, or of the hyperbola 
that of 4 to 3. In the ellipse 7 : S ■ : 14 : 6 
= CB, and AB = 8. Also 1 : 3 : ; 14 : 42 
fo re Bft = 48 , OB = 24, OC z^ 18, OA = 3: 
^0B« — OC^^IS-ST^S. 

In the hyperbola 7 : 4: : 14: 8 = CB and AB = 6. Alw 
1:4::14:56 = C6,- therefore B6 = 48, OB = 24, OC=a 
32, and Op=VOC'' — 0Ba =21-166. 

Cor. 1. Hence OB*=A0xC0, and OP* = AC x CO 
= BCxC6. 

Cor. 2. Hence AC : CB : : C6 : CO, and AC .- AB : : C6 : Btt 

Cor. 3, If the axes of an ellipse or an hyperbola be given, the 
focus, the directrix, and the ratio of the curve may be found. 
Let the transverse axis be 80, and the conjugate 60. In 
the ellipse OC = VOB« — 0P« = ^40"— 30" = 10 *'7 = 
S6-4575, OA=OB« -^OC =60-4745, AB = 30-4743, and 
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BC = 13-5425, and the ratio of the curve that of 10 ^^7 : «, 
or of V7 : 4, or of 2-6i575 ; 4. 
Id the hyperbola OC : 



»d the 



= V40'' + S0^ = 5O,OA= 
of the curve that of OC : OB, or of 5 t« 4>. 



Prop, L. ProLIem. Given tlie directrix, and the 
focus of a conic section, to draw a straight line whicli 
shall touch the curve at a given point. 

Let D be the given point in the curve. 
Draw DC to the focus, and perpendicular 
to it draw CE, and let it meet the direc. 
Iris in E, aud join DE, It will touch the 
curve in D. i 

Take any point G in DE, and draw GK parallel to DC, uid 
jnio GG, and draw DF, GH perpendicular to the directrh. 
GK : GH ; : CD : DF, but GC ^ KG ; therefore the ratio 
of GC to GH is greater than the ratio of the curve, and so G 
is without the curve, and DE touches it. 

If B be the given point, so that CL perpendicular to CB, 'n 
parallel to AF, then BM parallel to AE touches the curve, 
for CM::^CB and MN = BA; therefore CM : MN :?^ 
CB : BA. 

Cor. If CL be parallel to AF, then AL touches the section, 
and is the focal tangent. 

Prop. LI, Problem. Given the directrix AF, and 
the focus C of a conic section, to draw a straight line 
wliich shall touch the curve, and be parallel to a given 
straight line DE. 

From the focus C, draw CD perpen- 
dicular lo DE, and let it meet the di- 
reclris in F, draw the diameter FG, 
and through its vertex G draw GH pa- 
rallel to DE, and it will touch the 
curve at G. Join GC and CK. 

In the parabda. Since the ane-les 
at H Hre right angles. HCG+CGH 
= a right angle =GFK of which GCH 
= GFH, becBuae GC = GF ; there- 
fore CGK = CFK, and the four points 
C, G, F, K, are in the circumference 
of a circle, of which GK is the diame- 
ter; therefore (31.) GCK is a right 
angle, and GK touches the curve (49.) 

In Ike ellipse and hyperbola. Draw GL perpendicular m 
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tlie directrix, and let it meet CF in M, then GM : GL : ; OC 
; OA : : 0C= : OB' (48.), or : : CG^ : GL« ; therefore the 
triangles CGM, CGL are wmilar, and the angle GCM = 
GLC'; hence CGH = CLK, and the four points C, G, L, K 
are in the circu inference of a circle, of which GK is the diame- 
ter; therefore GCK is a ri^ht angle and GK a tangent. 

Cor. 1. A Btraight line FC, drawn to the focus from the in- 
tersection F of a (lianieter, with the directrix, is perpendicular 
to the ordinates to that diameter. 

Cor. 2. Tangents at the vertices of the same diameter are 
parallel to one another. 

Cor. 3. Two diametere OG, ON, one of which ON is pa- 
rallel to the tangent GK in the vertex of the other, are con- 
jugate. Because in the triangle OFP, FC and OC are per- 
pendicular to the sides OP and PF, therefore, since the per- 
pendiculars from the angles of a triangle upon the opposite 
sides all pass through the same point, PC will be perpendicular 
lo OF ; that is, OF is parallel to the tangent in N. 

Prop. LII. Problem. Given the axis, the direct- 
rix, and the focus, to Gnd the point in which a tangent 
GK meets the axis. 

Through G draw the diameter GF, 
meeting the directrix in F. Join GC, 
CK and CF, and draw FL parallel to 
CG, and GM parallel to AF. CF is 
perpendicular to the tangent GK, and 
CK to CG. And because in the triangle 
LFC, FK and CK are perpendicular to 
theBidesLCandFL; consequentlyLKis 
perpendicular to the third side CF, which 
IS therefore ia theeamestraight line with 
KG; that is, GK meeU the axis in L. 

To find the point L. In the parabola, 
LC=FG= AM, and AB = BC ; there- 
fore LB = BM, and LC = CG. 

In the ellipse and hj/perbola. OL : 
0C::OF:OG::OA:OM; therefbreLO xOM=OAxOC 
= OBS and OB= h- OM = OL. 

Cor. 1, If the tangent meet the conjugate axis of the ellipse 
nr hyperbola in N, and GR be parallel to BO, the rectani^le 
NO X OR = OP^ For the triangle AFC ie similar to LON, 
and OAF to OMG ; hence LO : ON : : FA : AC and MO 
: MG : : OA : AF ; therefore LO X OM : NO X MG = NO X 
OR ; : OA : AC or : : OB' : 0P=, and LO x OM = OB'' : 
therefore NO x OR = 0P». 



1 
I 

I 
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Cor. 9. The rectangle OMx ML = BMxM 6. 
For LOxOM = 0B« take OM" from each, andOMx 
I\lL = MBxM6. 

Puop. LIU. Problem. Given the abscissa and the 
))aranicter of a parabola, to find GM the ordinate to the 

The triaaRles LRIG, FAC are aimilMr, (see last dgan); 
heace LM :MG : : AF = MG : AC; therefore MG«=LM 
X AC = BM X 2 AC — BM X parameter. 

Let AB he 10, aod the abscissa BM 23^, the parameter 
U 40, and 40 x 22^ = 900 = MG" ; therefore MG is SO. 

pHOP. LIV. Problem. Given the two axes of an 
ellipse, or of a hyperbola, and the abscissa, to find tlK 
ordinate GM. 

Because the triangles FAC, LCH are similar, (see lut 
iigure,) the angle AFC r= CLH, and therefore the triangle 
PAC is similar to LGM, and LM : MG : : FA : AC, aod 
OM : MG : : OA : AF; hence LM xOM : MG' :: OA:AC 
: : OB'' : 0P^ and LM X OM = BM x M6 ; therefore BO' 
:OP«;:BMxM6:MG«. 

Let the axes of an ellipse be 910 and 150, and the ab- 
scissa cut off from the vertex of the first be 42. What i« Ae 
ordinate? Ans. (210 — 42) X42=7056. 

210:150:: v'TMS = 84 : 60 the ordinate. 

The following formula exhibit the rules fur finding aof of 
the quantities concerned. 

Let the ratio of the curre be that of 1 to n, or in the psn- 
bola of n to n, AC the distance of the focus from the directtii 
= d, the abscissa BM=j;, the ordinate MG=y, the tnibtait- 
gent ML = I, and in the ellipse and hyperbola, let OB the 
semi- transverse axis be = a, OP the semi-conjugate =i, 
OC the distance from the focus to the centre ^c, andtbe 
parameter ^ p. 

In the parabola. 1. AB=:BC = |(i. 2. AM = id-i-t 
= CG. 3.LM=2x. 4. MG = J{x+^dy—(x^^= 
JZdx = \/pi=y. 5. LG = ^2xx{d+2 3:). 6. CH = 
^ J(2x+d) X rf = i Vji' + rf". 7. CN = V2lxp=:«t. 

In Ike ellipse and hyperbola, 1. BC ^- — ^ax — ■ 
2. AB = ^^=:ax(l — »)orax(n — 1). 3. BO = o= 



— — =: ^ (putting r' = 1 — n' in the hyperbola, or =h' 
— ] in the elllpae). 4. CO = ^ = | = •Ja^—b' \a the el- 
lipse, aQd = \'a'+6'' in the hyperbola. 5. 0P = -=— =fi. 




10. OM X ML = BM X M6 = 



1. In the parabola is g-iveti the parameter p = 4 to find the 
dislance of the focus from the directri.^, and frotn thepriacipal 
vertex. Ans. AC — (/ = ^p =2. and BC = |p = l. 

2. In the parabola are given the distance of the focua from 
tbe directrix rf =; 2 and ateciss BM = x = 9, to find the die- 
lance of the ordinate from the dtrectrisj and from the tangent 
at the estremity of tbe ordinate LM. 

Ans. AM = irf+ :r = 1 + 9 = 10, LM = 2 j; = 18. Hence 
CM = i; — ^d = 8. 

3. In the parabola are giren the distance of the focus from 
the directrix = 2, or the parameter and the abeciss 9, to find 
the ordinate MG. Here MG — ^(^+^(i+j — jrf) X{j:+ 

4 (f — * + J (/) = %/ 2rf^ = -y ^ = V 4x9 = 6. 

Again, let the parameter be 9 and the abscieea 16', then 

•/gxlT) = -JTil = 12 the ordinate. 

Again, let p = 54 and j = 6, the ordinate ia V6 x 34 = ifi. 

4. Given the ordinate ^ = l6 and the parameter p = 3, to 
the abscissa. Ans. 16»-H8rz32. 

In the ellipse are p^en the ratio of the curve \:n = S 
and the distance of the focus from the directrix rf:= 12, to find 
their distances from the principal vertices B and b, BC = d 
-i-n+ 1 = 12 4-4 = 3; AB = 3x3 = 9; Cb = d^n — 
12 -^ 2 = 6, and A6 = 6 X 3 = 18. 

Prop. LV. Theorem. If two sides DE, EF of a 
ingle DEF be ordinately applied to the diameters 



AF, HG, of a conic section, which pass through ibeir 
opposite anglea F and D, the lliird side DF shall a!s" 
be ordinately applied to the diameter EH, which p 
through its opposite angle E. 

First, Let one of the diameters AF 
be tbe axis, and let the diameters meet 
the directrix in A, G, and H. Draw 
GC, HC to the focus, and draiv GK 
perpendicidar to CH, meetiug AF id 
K, and join HK. Because GK is per- 
pendicular to CH, or CH to GK, and 
CAtoGH; consequently GC is perpen- 
dicular to KH, that is, HK is au ^ 
ordinate to GD, and is there- 
fore parallel to EF. Hence 
in the parabola KF = EH or 
= DG ; and therefore DF in 
parallel to GK, which is an or- 
dinate £H. Id the ellipse and 
hyperbola OK : OF : : OH : OE 
or : r OG : OD ; thcrefoie DF 
is parallel to GK, an ordinate 
to EH. 

Next, Let none of the diameters be the 
axis. Let DE and EF meet the axis in F 
and R. Draw DL and MEN perpendicu- 
lar to the axis, and let FK meet them in 
L and N, and let DG meet MN in M. 
Join PL, PN, and MR, and let MR meet 
FK in S. Because EN, EP a 
to the diameters PR, KN, therefore PN it 
an ordinate to EH. For the same 
reason MR is an ordinate to EH, 
and PL an ordinate to GD ; there- 
fore PL is parallel to EF and PN 
toMS, Whereforem Ike parabola. 
SN = PR = LF and SF = LN = 
DM, and DF is therefore parallel lo 
MS. Amlin the other curves OS: 
ON : : OR : OP, that is : : OF r OL, 
and alternately OS:OF: ; ON: OL, that is, ::OM;OD; 
therefore DF is parallel to SM, and u an ordinate to the dia- 
meter EH. 

Pbop. LVI. Theorem. If a tangent to a conic sec- 
tion DE meet a diameter EF, and from the point o( 
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contact D, an ordinate DH be applied to that diameter. 
Then, in the parabola, the segment of the diameter EH 
between the tangent and the ordinate is bisected in the 
vertex F. And in the ellipse and hyperbola, the semi- 
diameter OF is a mean pro|iortionaf between the seg- 
ments of it OE and OH from the centre, intercepted by 
the tangent and the ordinate. 

Let the asis meel the tangent in P, and 
the ordinate in K. Draw DM parallel to 
ihe directrix, and FN to touch the curve in 
F, and let the axk meet them in L ami N. 
Juio FC, GN Ihey are parallel (50.) and 
draw ER parallel to FC, Because DM 
and DK are ordinates to the diameters 
Ibrough K and M, therefore MK is an or- 
diDiite to the diameter through D, and it is 
thrrefore parallel to DE. Wherefore in 
Ihc parabola, EM = PK, and GM = AL 
= PC; therefore CK = EG = BN, and 
NK = CB, that is, HP =: FE. 

In the ellipse and hyperbola, OK : OP 
: : DM : OE, but because OB is a mean 
]]roportional between OL and OP, and also 
between OC and OA ; therefore OP : OC 
: : OA : OL : : OG : OM. Wherefore, (hj 
inverse equality) OK : OC : : OG : OE : : 
ON : OR, and aUemately OK : ON : : OC : OR, that 
: OF ; ; OF : OE. 

Fkop. LVII. Theorem. If from two points E and 
F of a parabola ordinates EG, FH be applied to any 
diameter DH. The squares of the ordinates will be to 
une another as the abscissas DG and DH between them 
and the vertex. 

Draw LBM, EP, FQ, parallel to the di- n 

rectris, and draw the langenu DK and EN, 
and join BE and NM. Because ER k an 
ordinate loNB, thereforeNB = BR=EM ; 
therefore NM is parallel to BE, and the 
triangle NBE = MBE, and the whole tri- 
angle NRE = BREM. In the same man- 
ner it may he proved, that BLPR — KDPR. 
And because PE, ES arc ordinates to the 
diameters through S and P, PS is an ordinate to the diameter 
through E, and is parallel to EN, therefore NR : RS : : ER 
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RP, and NR : RS : : triangle NRE : RES, and ER : RP : ; 
parallelogram RM : RL, and the triangle NRE = RM, there- 
fore the triangle RSE = RL = KDPR, and by addiw 
PRSG, the triangle EPG = KDGS. In the same manner it 
may be proved, that the triangle FQH ^ paralleloerain 
KDHT. And the trianelea are similar; therefore GE«: 
FH":: EPG: FQH: : KG : KH: : DG; DH. 

Cor. I. If the ordinate EF tn the diameter 
DG, pass through the focus C, EF is ^ the pa- 
rameter of DG. Lei DG meet the directrix in 
G, join GC, it is perpendicular to EF, and DG 
= DF. Also GE will touch the curve at E. 
Dra* EH parallel to DG, the triangles GCE. GHE, m 
equal, and the angle GEC —GEH = PGE ; therefore FE 
^FG = i parameter. 

Cor. 2. If KL be another ordinate to DG, LK«=DLx 
parameter. F<tr EF« : LK« : : DF : DL : : DF X par. : to DL 
X par. and EP« = DF x 3 EG = DF x par. ; therefore KL< 
^= DL X parameter. 

Peop. LVIII. Theorem. If from any point E of 
the ellipse or hyperbola, an nrdinate be applied to any 
diameter Bb. The square of the diameter Dd, whicli 
is parallel to the ordinate, is lo the square of the ordi- 
nate EF, as the square of the diameter Bft, to which tlie 
ordinate is applied, to the difference between the square 
of this semidiameter and the square of the segment of it 
between the centre O and the ordinate EF. 

Let the tangent at E meet the dia- 
meters Bb, avd'Dd in H and R, and draw 
EG parallel to Bb. it ia an ordinate to 
Dd. Therefore OB" = FO X OH, and 
OD« = OG X OR. Also OD* : OG' : : 
OR:OG = EF, ihatis, :; OH:HF. But 
because OB^ : OF' ; : OH : OF, therefore, 
(by convervinn, when Bbts in the ellipse, or 
a tranarerse of the hyperbola, and 
by compositioD wheuOBis a con- 
jUCTte,) 0B«:OB>' +OF'':: 
OH:HF,th8tiK.;:OD':EF'. 

Cor. 1. When B£ is a iraitt. 
verse diameter, the rectangle HF 
xFO = BFxF6i» = OB« — 
OF> (SO.): tlterefbre B6' : Di^' 
::BFxF£:£F*. 
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10 oae anotner as in< 
tween them and the 



The squares of ordinates to the same di 
' ~ ~ the rectangles coutained by the 



Prop. LIX. Theorem. If from the vertices E and 
K of two conjugate diameters of the ellipse or hyper- 
bola ordinates EF, and KN be applied to any other 
diameter Bfi. The rectangle BF X Fb contained by the 
abscissas of that diameter bijtween one of the ordinates 
and its vertices is equal to the square of ON the seg- 
ment between the other ordinate and the centre. 

Let the tangenta at E and K meet the diameter Bb ia H 
and L. because HE is parallel to OK. KL to OE, and KN 
10 EF, the triangles KON, FEH are similar, and likewise 
OKL. HEO; therefore FH : HE : : NO : OK, and HE: HO 
: : KO : OL, and, by equaliiv, FH : HO : : NO : OL, and mul- 
tiplying the two first bv OF, and the other two by ON, the 
rectaDgle HF X FO ; HO X OF : : ON= : LO x ON, but HO 
xOF = OB«=LOxON, therefore ON<' = HFxFO = 
BF X F6. And in the same way we prove that OF« = BN 
XN6. 

Cor. 1. B6:Dd::0N:EF, and ::OF:KN^OP. 

Cor. 2. In the ellipse OF^ + ONs =0B^ but in the hy- 
perbola OF^ — ON" = OB*. 

Cor. 3. If KP be parallel to Bli, then FP is parallel to BD 
orBrf. 

Prop. LX, Theorem. The asymptotes and the hy- 
perbola continually approach, and at length come 
nearer to one another than by any given distance, but 
they never meet. 

Join BP, Bp the vertices of the axes, and parallel to them 
draw OE, OF, these are the asymptotes. Let G be any 
point in the directrix, and draw GM parallel to the aevrnp- 
lote, and join GC, and make the angle GCM=CGM, 
therefore M is in the hyper- 
bola. Let GK be any ifiven 
distance, and take KH less 
than KG, and draw HN pa- 
rallel to the asymptote. Join 
He, and make the angle HCN 
=CHN,thenNiBinthehy- 
perbola, and it is nearer to the 
^ymptote tlian M, and it is 
also farther from B, for the 



1 

I 




ccH 



ingle HCN U grealer than GCM, because CHK _ 

and KHN = KGM. If tLc hyperbola meet the asymptote ii 
E. Join EC and CK, then ECK =EKC = a right angle, 
which is impossible, therefore thev nerer meet. 

That CK is perpendicular to the asymptote, may be prared 
thus: The triiingles OPB, OAK are similar; hence KO: 
OA : : PB = OC : OB : : OB : A ; therefore OK = OB, ami 
the angle OKC = OAK = a right angle. 

Peop. LXI. Theorem. The straight line CD, which 
joins the vertices of two conjugate diameters OC, ODis 
parallel to OL, one of the asymptotes, and is bisected bj 
the other OK. 

Draw CE, CF, DG, DH, pa- 
rallel to the axes OB, OP, and join 
BP, FG. They are parallel to one 
another, and BF is bisected by the 
asymptote OK ; therefore FC, GD 
will meet one another in OK, let 
it be at K. Then (58, Cor. 1.), 
OE : OG : : OH : OF, that is, FC 
: FK : : DG : GK ; therefore CD is 
parallel to FG or BP, and because 
OK bisects BP, it also bisects FG 

Prop. LXII. Theorem. If a straight line PEG, 
touch the hyperbola in E, the segments of it between 
the point of contact and the asymptotes will be equal, 1 
and if a straight line MN cut the hyperbola, or oppo- 
site hyperbolas, in K and L, the segments of it MK, 
LN, between the hyperbola and the asymptotes will be 




equ( 



d. 



Draw the diameter OE, and its 
conjugate OD, and join DE, meeting 
the asymptote ON in R. Then 
EGOD is a parallelogram, and ER = 
RD, therefore EF=DO = EG. 

Bisect KL in P, and draw the dia- 
meter OP, and through its vertex E, 
draw FG parallel to KL, it touches 
the hyperlwla in E ; therefore FE = 
EG, and, consequently, MP = PN. 
But the ordinate KL is bisected in P, n-^ 
orKP = PL; thcreforeMK = LN. 

Cor. 1. The tangent FG = the diameter Dd parallel tt""- JC 




I 
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Cor. 2. The rectangles MK x KN, ML x LN, MK X ML 
«nd KN XNL, are all equal. 

Cor,3. Tliesublai)piitFR=OR, thediEtancefromthecentrej 

Cor. 4. FD touuhea the adjacent hyperbola In D. 

Peop. LXIII. Theorem. If a straight line which 
cuts the hyperbola, or the opposite hyperbolas, meets 
the asympl»tes, the rectangle contained by the seg- 
ments of it between a point in tiie hyperbola and the 
asymptotes, is equal to the square of the senaidiameter 
parallel to it. 

Let MN (see 
the asymptotes in 
parallel to it. Draw OE the diameter conjugate to DO, it 
biseclB KL ; draw also FEG parallel to MN, it touches the 
hyperbola, and EG = OD. But OE^ : OD« = EG« : : OP« 
: PM«, and also OE« : 0D« : : OP* — OE^ : PK«, therefore 
0E»:OD"::0E'':PM« — PK3=MKxKN, therefore 
OD''=MKxKN. 

Again, let KW c«t the opposite hyoerbolas, and meet the 
asymptotes in T and Y, and be parallel to the diameter OE, 
3Dd let OD be its diameter which meets it in S, and let FH 
be the tangent parallel to it. Then OD" : DF" = OE= :: 
0S= : ST«, and also OD'' ; 0E« : : 0D= +0S« : KS«, there- 
fore 0D« : OE* : : OD'^ : KS" ~ ST« = TK X KY, therefore 
OD« = TKxKY. 

Cor. The rectangles under segments of parallels between 
points in the hyperbola and the asymptotes are equal. 

Pkop. LXIV. Theorem. The rectangle contained 
by any two straight lines BD, BE, drawn from a point 
B in the hyperbola to the asymptotes, is equal to the 
rectangle contained by other two lines FG, FH, parallel 
to them, drawn to the same asymptotes from any point 
F of the four conjugate hyperbolas. 

Through B and F draw any 
two parallels EKL and MFP. 
Then the triangles DBK, FGM, 
are similar, and also thetriangleii 
BEL and FHP, and therefore 
BK:BD::MF:FG, and BL : 
BE:;FP:FH. Wherefore BK 
X BL : BD X BE : : MF X FP : 
OF X FH, and BK x BL= MF 
XFP: therefore BDxBE = 
GF X FH. 
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Cor. 1. If BD, F6, be parallel to the asymptote, tbeittt' 
angle DB x DO = OG x GF, and if BE, FH, be alsop 
raUel to the asymptote, the parallelogram D£ = H6. 

Cor. 2. If AR be the line which joins the Fertices of tb 
axes, and C the focus, AR = RO = i OC ; therefore tie 
lectangle OD x BD = AR« = i OC^. 

Cor. 3. If the hyperbolas be equilateral, or have their axo 
equal, the rectangle 0DxDB = iOA« (OA being i!ie 
lemiaxis.) 



Section III. 

OF VARIABLE QUANTITIES. 

Quantities which alter their values are called variable qiufi- 
titles. These are often so related to one another, that wbeo 
one of them is increased, the others are increased or diminisboi 
according to a constant rule. Thus, if a body moves uDifonnlj, 
the space it describes increases in the same ratio with tbetiiMi 
that 18, if T and t be two times, and S and ^ the spaces m 
over in these times, then T:t::S:s, This proportion is ex< 
pressed generally thus, T a S, and read, the time is as tk 
^ce. 

If the quantities S, T, V be so related to one another, tto 
when S is increased, both T and V are increased, so thattbcir 

Product has a constant ratio to S, then S oc TV, read, Sisi^ 
' and V jointly. 
If these quantities be so related, that when V is increa8ed,S 
is increased, and T diminished, so that their quotient has> 

s 

constant ratio to V, then V a =. V is as S directly, and » 
T inversely. In this case, if S be constant^ V oc i. TheseaR 

called general proportions, and if the values of the variable 
quantities can be determined at a given period of their iocrei* 
or decrease, they can be reduced to determined proporUoos. 
Thus, if S becomes m at the same time that T becomes n, tbo 
S:T :: mm; and the particular value of S, correspond ^ 
a given value of T, is given. 

Prop. LXV. If T cc V, then ST cc SV, and 
AT a A V, for ^ : t; : : T : V : : ST : SV : : AT : AV. 

Peop. LXVI. If S a T, and V « X, then SV a TX. 
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for s : t:: S-.T, and v. X : iV -.X; therefore sv.ix:: 
SV : TX. 

Cor. Hence, if S o: T, and S e: V, then S^ a TV, or 
S cc VTV. 

Prof. LXVII. If S a: T, and S a V, then S cc T 
it V, for i : T : : -s : S : : w : V ; therefore a : S : : i zL W : 
T rt V and S K T ± V. 

Cor. IfTcx: V, thenT+VwT — V,fori:o::T:Vaad 
i-|-t,;(_i,::T+V:T— V; therefore T+V o: T— V. 

Peop. LXVIII. If(V + T)^a(V — Tf, thenV= + 
T* a VT. For (V + T)* + (V — Tf a ( V + T)^ — 
(V — T)'; thatis, V+T'aVT. 



LIMITS OP QUANTITIES AND RATIOS. 

A CONSTANT quantity or ratio is said tr> be tbe limit of a va- 
riable one, when tliia latter can be altered, so as continually to 
approacb tu tlic constant one, and at length to come nearer to 
it than any other given quantity or ratio, but never to be equal 
to it. 

A regular jwlygon is always less than the circle containing 
it, but increases as the number of its sides increase, and at 
length comes nearer to an equality with the circle than by any 
given difference. The circle is therefore said to be the limit 
of the polygon. 

Also the perpendicular from the centre of the circle upon 
the side of the inscribed polygon is always less than the radius, 
but continually increases with the number of sides, and at 
length cornea to be more nearly equal to the radius than by 
any given difference. The radius is therefore the limit of the 
perpendicular. 

The tangent of an arc of a circle is always greater than its 
line ; but the ratio of the one to the other continually dimi^ 
niihe* as the arc becomes lc38, and at length comes nearer to a 
ratio of equality than by any given difference- This ratio of 
eqnality h therefore the limit of that of the tangent to the sine. 

. Paop. LXIX. Let a and b be constant quantities, 
Hways greater than the variable quantities K and ^, but 



L- Paop. LXl 
^piways greate 
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let SI and y be capable of increase, so that a — m shall 
be less than any given quantity ; and also, that &— y 
shall become less than any given quantity ; the ratio of 
rt to & is the limit of the ratio of w to y. 

Let a be always to z as x to ^. If the ratio of j; to ^ be 
cnnatant, then z is coostant. If z ^^ b, then y may be taken 
::^^i. But x:y. :a:z, and a^i^a, therefore ^.^^e; aadit 
is also ^' 3, which is impossible, therefore a : b : : x : tf. 

II the ratio of 2 to ^ be variable, then s is variable ; but ils 
limit is coDstant, and cannot be less than b, as was proved be- 
fore, neither can it tie greater ; for then if u :x ■.://: v, o would 
be lc85 than a, which may be shown to be impossible as before; 
therefore the ratio of n to 6 is the limit of that of j: to _y. 

In like manner, if x and ^ be always greater than a and b, 
hut decrease so that .t — a and y — b become less than anr 
given quantities, it may be shown that the ratio of a to d is 
the limit of the ratio of x to v- 

'Lctx + t/ = 2a tofind tbelimitof j;^, suppose j: the greater 
^a + o, then })-=.a — p, and j:if=.a^ — v^, as j or (/ ap- 
proaches to =: a, V becomes coDtinually less, and is ultimatelj' 
= 0, therefore the limit of *^=a^. 

In like niaDDer, if s — y-^Za by makingjc=:,I + (* ^^ 
y^=:l~a, thehrait of *a is^a'. 

Let x-{-y=,^a to find the limit of a:^ +5'. By proceeding 
as before, jTa+^« = (a+H)s' + (a — ti)^ =20^ — 2ii.3, and 
as o^ coutinually diminishes the ultimate value of x^ +^* = 
•ia^ ; aed the same will be the case if x — ^ = 3a. 

Let t be the increment of :c to find the ratio of the limit ef 
ax to that of x. When x increases to x-\- i, then ax increases 
toflj; + oi, and subtracting the first quantity ax, the incre- 
ment is at; the ratio then is that of at to t, or of a to 1, which 
is independent of the value of x. 

To find the ratio of thelimitof the increment of i7:c' to that 
of X ; when x becomes x + f, then ex' becomes a{x-\-t)* =: 
ax'-\-5axt-\-at', and subtracting ax'^, the increment is 2axt 
+ttt', which is to ( as Sax+at to I ; and when ( becomea = 
0, the limiUng ratio is 2ax to I. 

Prop. LXX. Let i be any increment of x, and v the 
corresponding increment of y. It is required lo deter- 
mine the limit of the ratio of the increments of the rect- 
angles j^ and ax. 

When X becomes x+f, then y becomes ^-|-(;, and the rect- 
angles become {«-|-() x(^+t>), and aX(x-f-Ot&°(lth<Kfiirt 
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their increments are (,i>: + i)x(y + v) — xi/ = j-v + tjt+iv, 
and at. Let ^ be always to * as ( to «, bo tliat xv = st, then 
xv+gl+tv.at :■. St + i/i + vt : al, or: : *+)/+ii; a ,■ and as ti 
is coDt'mually diminishing, and at length becomes less tlian any 
given quantity, therefore the limit of the ratio of the incre* 
mentsis j-|-^:fi, or if ^ :^ be the limit of ' : v, it will be j:t;-|- 
yf.ax, or since J:r = j:^, it will be ixy+i/x-.ax. 

Cor. 1. If X decreases while ^ increases, the limiting ratio 
will bei^ — yx:ax. 

If we ditide the limit by the quantity, we get ^^—=1?- 

-J- - for the limiting ratio of the quantity. If x decreases, it 



Mere x and y are the ultimate values of the increments of 

Cor. 2. The limiting ratio of the increment of xyz : a^x is 
xyzJfXzyJfyzx-.a^x. 

Forlet jz=:ti, then xyz=^xv, and the limit irv +KJ:a'*, 
but n^=^; + zy, and substituting xys -{• xzy -\- zyx : a'x. 

The ratio of the limit of the increment of xyz to the quan- 
tity is - + -+ °. In the same manner, the ratio of .ryzv ■= 

Pttop. LXXI. To find the limit of the ratio of the 
iQcrement of x^ to ax. 

Suppose x=2t/, then x^:=X!/, and the limiting ratio is 
xy +yx : ax, or 2xx : ax. 

In liie manner, it may be shown that the limit of the ratio 
of the increment of «' toa'a; is 3x''x:a^x,andthato(x*:a'x 
ie ix'x to a^x, and so on ; therefore the limit of the tncre- 
Bient Cf x^ to that of fl"-'j? is nx"-^x to ti^^x. 

If the quantities j:,^, z, 11, (70. Cor. 2.) be equal, the rat)* 1 
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will be -4.f-{-5^-, SiC. Suppose tbeir number «, the w 
ii — , and this multiplied by^ ^ gives the limit nx"~'f. 

Prop. LXXII. Required the limit of the ratioof the 

increment of - to that -. 

Let-=s, then j;— zy, and the limit hx^zy+ya; then- 

fi>rej!= — ^, and substitutrnff for z, we have b = ^^^^. 
y S' 

Paop. LXXIII. To find the limiting ratio of 

Let o4-6a" = 2, then a™ = (a + fia^)", and the ratio b 

— , but * ^ nfiai'^'ai ,■ therefore — =. "" " , and the limit 

is mnbx'^^x x (a +6j^)"^'. 

Note. When constant quantities are connected with the 
variable ones by addition or subtraction, they disappear in the 
limits, and therefore tbe same quantity may be the limit uf 
various quaatittea ; but coDstant quantities with variable oan, 
by multiplication or division, retain their places. 

It is of importance to dietin^uieh between a quantity and 
its limit, and between tbe ratios of quantities and those of tbar I 
limits, because they are not understood to be absolutely equal, i' 

We have called x the limit of x, aod ~ the limiting ratio. Tbe J 

, and tbe differential on I 

BOLBB FOB FINDIN6 THE FLUXIONS OP VAUIASLK 

QUANTITIES. 

RuLK 1. To find tbe fluxion of a product. 

Multiply the flu.\ion of each of the variable quantities into 
the product of all the rest, aod the sum of the products tbu) 
obtained wilt be tbe fluxion required. 

Thus the fluxion of a'^ is jry+yj:, and the fluxion of (u-J-*) 
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Rule 2. To find the fluxion of any power. 
Multiply the quantity by the index^ and by the fluxion of 
the root^ and diminish the index by unity. 

Thus the fluxion of x^ is = 4!X^x, and the fluxion of ax^ is 

• 

RuLK 3. To find the fluxion of a fraction. 

From the fluxion of the numerator, multiplied by the deno« 
minator^ take the fluxion of the denominator, multiplied by the 
numerator, and divide the remainder by the square of the de« 

nominator. 

• . 

Thus the fluxion of * is =?f^, and the fluxion of ^ 

y y* b+y 

Rule 4. To find the limit or fluxion of a radical quantity, 
or of a compound power of it. 

Take the limit of the quantity under the power or radical, 
and multiply it by the exponent of the power or radical. This 
divided by the quantity under the power or radical, gives the 
limiting ratio ; and this ratio, multiplied by the given quan.- 
tity, will be the fluxion. 

EXAMPLES. 

1 . Required the limit of (a + bx-i^cx^)^. 

Let z = fl+6a?+ca?*, then z^=z{a+bx+cx^)^, and the 

• • • 

ratio of z^ is — or ~ but z=:bx+2cxx ; therefore ^ =: 

. » 
bx+2cxx 
or 



1* 



2. Required the limit of (a + 6j? + cx^ + dx^y. 

Let z z= a'\'bx-j-cx^ + dx^, then z* := (a + 6j:+ca:« + 

dx^y, and — is its ratio, but z =: bx + 2cxx+3dx^x; there- 

8 

fore — = — rr—. — o . ^ . > and the limit is (4!bx + 8cxx4- 

z a+ox-\-cx^+ax'^ ^ ' 

12dx^'x)x{a+bx+cx^ + dx^y. 
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8. Let «=«(«« +««)(«« — «•)*; hence tfaelimitiiiffl 
U ^ = ^+^^7^^— ^,^^, , which, reduced to a common 
Domioator and added, is (^^•^<»***— ^*)^ ^l,- „,„jjy| 

t 

bjr the giren qoratitf, glrv die flaxion « = ^''*"*"?'^' - 

«>d «Ided, become.; = -^f^^*^f''"-'*\ 

5. Let « = (a_6x"«+(c« — ««)^)^, putting ^=ii''l 
aikd2 = (c' — «•)*, then 5r = — ^6««i and i=:-}«i 
-XCc^-x^)-*; hence; = , -H3&(c;^a:')*-8xt)^ 

QUANTITIES. BATI08. FI«UXI0N8. 

V 



X 



2x* ' 9i ISx^g 

6 7x S5 

• ■ 

XX XX 



8. (,«+,«)8 ?^±M (*i+j^)xS^/?+? 
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QUANTITIES. RATIOS. FLUXIONS. 

1 •^lOaro; — lOxa: 



-^ a —nor — -nor 

afn X a:»H-i 

• • • 

- x« 2i % gjy^— 3jc«y 



• • 



lo jf+y «+y 3« «(«+y) — («+y)3« 
13. — : — — • — 

z^ x+y z z* 

xy X .y 2» g(Jgy4-yj:) — 2xyx 

a2 X * y z «» 

16. (a«+x«)ix(6« + ««)* -l=i=4+^i=j^ 

17. {x^+y^ + z^)^ J(2jri+3^«^+4z3i)x(a?«+^3+2*)^ 

iQ / == 2jcx.^yy(a«-Hy«r4 

The limit of the quantity is here ^yen, and the ratio of 
that limit to the quantity ; but the ratio of the limit of the 
quantity to that of Uie variable is frequently used, and is called 

the coefficient limit, being independent of the limit x. Thus, 

if M = jr^ , then is w = na^^x, and - = iw?**"^ is called the co- 
efficient limit. 

OF SECOND, THIRD, &C. LIMITS. 

Though the limit or fluxion of a quantity simply considered 
is constant, yet as the variable quantities may alter their state 
and their ratios, this alteration may afiect the fluxion, which 
in this case may be a variable quantity, and therefore hare it- 
self a fluxion ; the fluxion is found from it by the preceding 
rules. In the same manner its fluxion may be variable, and 
thus have a fluxion. These fluxions are commonly referred to 
the original quantity, and are called its second, third, &c. 
fluxions, and are marked with dots above them according to 
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their order ; tLus i is the second fluxion of a 
fluxion, &c. 

If the X be coDstant, x^ will have 
being an affirmative whole oumber, 
tu^-^x ; and x only being variable, its fluxion is n.(n — l)x 
aJ"-*** ; and the fluxion of tbia ia n- (n — 1 ) . (« — 2) . jf^x', 
&c. So that when we have taken the fluxioo n times, thein- 
dex of X becomes = 0, and x" = 1; hence the fluxion then 

becomes n.(n — 1) . . . a.l.x", which, being a constant 
quantity, can have no further fluxion. 



OP LOGARITHMS, 

Feop. LXXIV. Let x, a^, &c. a.'", -r"^* be a geome- 
trical series, the iogarithins of its terms form an arith- 
metical series ; that is, their iDcrements are all equal, or 
they have a constant limit. 

The increment of i" isi""''' — x" ^x" xx — I, and its ratio 
to the term 1 is«"(ir — l)-r-a:"=j; — 1-, which ia coaatant in 

the same seriea, alaox''[-i-i'':= ^; therefore x — 1|=-- Let 

X be the constant fluxion of the logarithms, this will be the 

fluxion of the geometrical series at the beginning, or X^ — ; 

that is, the fluxion of the logarithm has a constant ratio to the 
fluxion of the number divided by that number. Thus the 

fluxion of the logarithm of a: :t a is — ,— ■ J 

1. Let y* = 2, and let Y, Z be the logarithms of j, t, dm 1 
xY = Z, and their fluxions will be xY+Yx=:Z, but Y = 
^, andZ = .5; therefore ^+Yi=.^, and k=^+Y^= 

2. Lety = X'' (X the log. of x) then ^=nX'~'X= 
nX"-' ?. 

3. Let g = x" X", then j = X"^^j:'^' j (nX + m). 
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o+a; 



4. Required the fluxion of the logarithm of . The 



a»—x 



• • • 

fluxion of the num^)e^ is (a-,a:)« ^ ia^xy ' *°^' 

dindiDg this by — -, we obtain -5 — - for the fluxion of the 

lo^ithm. 

1 he most useful forms of the fluxions of logarithms are the 
fQllowin^ :r- 



1. 



a + x 



a-— « 



The fluxion of its logarithm is 



jf + a 



2ax 

^^x 

2ax 



a^-f^x^ 



3. a: + (a?2 + a«)^ 



4. a2+a:« + a?(2a« + a?«y 



5, 



a— (o2±:a:«>^ 



6. 



7. 









V-1 

4 

(x*+l)*— a: 



X2- 


-a« 




• 


(a:» 


+ a*)^ 




2i 


(2a 


3 -|. ^8)4 




• 

241X 


^Ka 


« H- a:«)* 




• 

X 


^1 


— x*)^ 




• 

X 


{x^ 


-1)^ 




• 

X 



(JC«+1)5 



OF CIRCULAR ARCS. 



Prob. LXXV.— To express the fluxions of circular 
arcs in terms of the sine, tangent, secant, &c. 

Let the radius AC be = r^ the versed sine 
AB =: ar, the sine BD = ^, the tangent AT 
r= /, the secant CT := Sy and the arc AD = v. 
Draw the tangent Ds, and the line sm parallel 
to BD^ and Dn parallel to AC^ and let S7n meet 
the arc in v, then ns^p^nv. Therefore the ra- y. 
tio of D« to nv is alv?ays greater than that of /_ 
Dn to ns, but by diminishing D» it continu- C la b A 
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ally approaclies to that ratio, and at lengtli comes nearer to it 
thao any given ratio g:reater than that of Dn to ns ; therefon 
the ratio of Dn to ns is the limit or fluxion of the ratio of Dn 
to nv, and of course Dn : Dj ie the fluxion of the ratio of 
D« : Dti. But the triangles nDs, CDB are Bimilar, for CDi 
being a right angle, nDs=BDC; therefore BD: DC:: nD: 

D*, andnD=:j, and D^^u; thereforey;r:;j;:u^— . In 
like manner, BC : CD : : «* : *D, and ns = 'y ; therefore r—i 
:r::i/:v = - — , now r — x^t/r' — i/', &aA ^i='/Sr Ji—i:', 
therefore v = ,-?— ■ = - r, "— . Again, CB : BD : : CA 
: AT, or 



V;=— y' Van 

■a:u:r:(=-^, whence 1 = 



>x(r_r)--(r-.)' 



= —~v; aIsoCB:CD::CA:CT,o 
ind J=: -; therefore s:t::y:r: 



i(I — r)» '■*''' .(»=—!)* 

These are the moat useful forms of fluxionB of circular ara- 

TO FIND THE SINE AND COSIMK OP AN ARC t. 

AssnmesiD. u = ni;-|-fti)'' + ctp', &c. and cos. ti:=l-{-me-t- 
ttu'+po', &c. then alnr»)|:=n»+26ttj+3CT)"i;, &c. aod 
cos. p| = m»+2nwi+Spti^ii, &c. but ein. tij =.v cos. v, and 

COB. tjl= — II sin. tJ, whence we hare two equations a-{-2bv 
+ 30)", &C. =l-\-m!-\-nv^-\-p*>^, &c- and av+bv^+ct', 
&c. = — m — 2nv — 3pv^, &c. and equating the coefficieoti, 
we have fl — 1, — wi = o, 6=o, n: 



■" 8'3-i' 



= a -, &c. ; therefore, substituting these valuo. 
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wegct8iD.i; = t,~^+^-j;j^,&c. Co8.t;=l^ 

2 ^ 2-3-4 2-3-4-5-6 ^ «-3-4-6«6-7-8' 

TO FIND THE LENGTH OF TB[E ABC OF WHICH THE 

TANGENT IS t. 

Assume v=at+bt^ + ct^, &c. then v^zai-^-^bti+SctHy &c. 
But vz=-——^=:t — t^t+t^t — t^ty and, equating the coeffi- 

cients, we have a = l, b:=o, c = ^, c?=:o, e=— -, &c.; 

.3 5 

, t' t^ V 

therefore v=t — ^ + y — -=, &c. 



OF FLUENTS OR INTEGRALS. 

Prop. LXXVI. The limit or fluxion of any quan- 
tity may be found by the preceding rules ; but it is 
often difficult to find the quantity which will produce a 

fiven fluxional expression. This quantity is called the 
uent or integral : The following are the most general 
and simple rules for finding fluents. 

Rule 1. If the quantity be simple, and have one rariable, 
add unity to the index, and divide by the increased index, and 
by the fluxion of the root. 

Thus, because the limit of a?*^^ is (w+ V)x^x, therefore the 

• 

quantity of which x^x is the limit will be ;. 

(«+l)x 

Rule 2. If the quantity be a compound power or radical, 
and the quantity without the vinculum have a given ratio to 
the fluxion of the quantity under the vinculum, the fluent 
may be found by the preceding rule. 

Because thelimitof(2aa: — ar2)^is^i(2a— 2ar)(2aar—a?«)^^, 

therefore the integral of x {a — x) (2aa:— jj^) « is 

Rule 3. If the quantity consists of as mimy terma as there 

2 F 
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are variable quantitiefl^ and each term be the product of ^ 
fluxion of one of the variables hj all the rest. Take tliellQal 
of any term^ upon the supposition of all the quantities bat 
eoQttant, except that which has its fluxion in it, aDditwSlii 
the fluent of the whole. 

Because the fluxion of xvz is vzx-^^xzv+xvz, thewhoieO' 
• • . 
tegral o( vzx+jzv+xvz will be jcvz, 

§ 

And because the limit of the loirarithm of ~ is ^ 

therefore if a limit occur of the form — ^, we know tbat r 

»* — 1 

integral b \ log. ^^. Also the limit of the arc of which tk 

tangent is x, is -r^; therefore the number of which ~» 

the fluxion, is the arc of which the tangent is x : Thus re 
noLj determine fluents when the limit is of any form mentioo- 
ed m logarithms or arcs of the circle. 

RuLB 4. If the quantity be a compound power, or radid. 
and the index of the variable without the vinculum increasei 
by one be a multiple of that within it, the power, or radical- 
may be expanded into a series, and multiplied by thequantiir 
witnout the vinculum, and then the fluent of each terra vox 
be found separately. Or a letter may be taken for the qua- 
tity under the vinculum, and the whole expressed in terms'^ 
that letter and exnanded, which will be often more simj* 
than the other, and the fluent of each term is to be taken » 
before. When the exponent of x without the power, « 
radical, increased by 1, is a multiplier of that within it, ilbt 
expansion will consist of a finite number of terms, andsomeof 
these may be limits of logarithmic or circular functions. 

Ih = — ^' *>y expanding (1— jr«)-i it becomes 1+' 
S»* 3;5x« ^ . thereforeil — i4-'''-L^*' , ^'^** i^ 
and, taking the fluent of each term, we have v=:x-f-. 

Note. Constant quantities connected with the variable 
cnei^ by addition or subtraction, disappear in taking tbt 



k 



20 
QUI 

bet 
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fluxion; it is necessary to restore these when the fluent is 
taken. Coosider whether the fluent becomes ^ o, 
knun-D quantity at the time it ought ; if not, aiiuex to it such 
It quantity as will make it = its proper value. We 
" ' ' ' the value of which may 



FLUXIONS. 



xy+yx 



■Ja^+x 



^C"^- 









L means the hyperbolic logarithm, or the 
multiplied by 3'3b2565. 



Section V. 
OF THE LENGTHS AND AREAS OF CURVES. 

pKop.LXXVII. Problem. To determine the length 
of any curve ABC. 

LetAE=j,EB=y,andthecurveAB=s. r - 
Draw GF parallel to BE and BG to touch the 
curve at B, and BL parallel to AD. Then, 
while AE has iocieafied to AF, BE has in- 
creased to FH, and the tangent u BG, and GL 
is always greater than LH. But as BL de- 
Creases, GL becomes more nearly equal to HL, and nt leogtli 



] 
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they will become more nearly equal tliaa by an 
ence; therefore, representing BL by x, LG by_y, and BG by 
s, we hare z^ =zx^-\-t/*, or z^^x^+i/^. And the fluent 
of thu equation will be the ralue of z, which fluent must be 
determiDed from the nature of the curve. 

EXAUPLES. 

1. Let the curve be a parabola, uf which the principal fcn 
tGX is A, and ji ^ the parameter, thtopx=^', andpx=:3y^. 



_ Sy's+d'yf/ , 



Here the fluent 



of the first term is ^ '^ - - , and that of the second is Jdx 
hyp. log. of ^- — — ^ - - - ; therefore the length of the curre is 

2. Let the curve be a circle, then a = -(6ee Prop. 75-), 
which, being reduced to a series, and the fluent taken, be- 
comes 2^ X (i+^-al^ + 5^- 7^5^- *c.) or putting 
11" = —, it becomes for the arc of which the chord is 2». 

=*? X (i + b'— 1^ + 1^ — ^. &c.) and this Beries is nearly 

(g+u' — V* X ~ J - --j I, which arc the two approsimatkios 
given in Frob, 17> Mensuration of Superfiraea. 

Otherwise, by Prop. 75, c = riri' ^^'''^I'j 'educed to a k- 
nta, liecoaua i — t'l+lH — 1% Sic; and the flnent bang 



taken^ « = f — J<* + J/^ *— ^f^^ &c This 19 exemplified in 
Prob. 13^ Mensuration of Superficies. 

3. Let the cuTFe be an ellipse^ then by the 11th For- 
mula^ Frop- 54,^=- X »J2ax — x^ = - Va* — v^ (« = dis- 
tance of the ordinate from the centre = a — x) ; therefore 

y = — , and therefore z = ,- , or 

(putting d= 1 r), 2J = — , = . . X 

(l_^_^_|£'J!l,&c) by throwing Vi^^^rfU^ 

\ 2a« 2«4a* 2*4-6a«' / -^ ° 



into a series. But the fluent of , y is the correspond- 

ing arc of the circle^ and therefore the whole fluent (putting 

*" , X ""^-'"•, &c. where B = "'^-^ C = ?f!£=±.'. 



S'i-ea*' 6 



6 

If the whole quadrant be required^ v = a^ and t=:o, and 

then2; = Ax(i-2:2~2r2:s;4^2:244:6:6'^'->) ^°^ *^'* 

is nearly the fourth part of the series to which the rule in 
Prob. 26, Mensuration of Superficies, might be reduced. 

4. Let the curve be a hyperbola, then ^ = - fJax+x^, 
whence x=z~X V6M^— «> and x= — ^=, whence z 

/fi« I *•+"' „» 



&c. ) Now the fluent of , ^ = 6 X hyp. log. of y+^^*'+y* 



2 F 2 



= A, and therefore . = 6 X (a+'^-»^+ gl D+||£ 
E, &c.) where B=^-^^^*l^i^^, C= ^'^*"^""" . 

Pkop. LXXVIII. Problem. To find the area of a 
curvilinear figure. 

Let AE — :r, and ED =y. Draw HF n 
parallel to DE, and DG to AC. The pa- 
raltel(^am GFED is always teas than the 
currilinear HFED, but it cODtinuHlly ap- 
proachee to an equality with it, "" 



proaclie« t« DE, and at length would differ C f £ a 

from it by a quantity less than any given quantity. There- 
fore GE U the limit of the increment of HFED ; that is, 



i/x is the fluxion of the area AED, and its fluent found 
from the nature of the curve, and properly corrected, will be 
the area. 

ESAIUPLKB. 

1. Let the curve be a parabola, and p the parameter, thcu 
px=^j/^ ; therefore px =:2y_9, and i/x:= —--, and the flueni 
of this or the area ■=! -~- := -~, which is the rule in Prob. 27, 
Mensuration of Superficies. 

If X be another abscissa and Y its ordinate, andX — x=.d, 
then Y« : Y^ — i/s ■.■.X:d::Xp:dp,3.adXp = Y' -, there- 

fore dp=: Y^ — t/'' and^:= — j^, and the area of the fhu- 

— ^^(^Y + ^^y which is the rule in Prob. 28, Mensura- 
tion of Superficies. 

2, Let the curve be the segment of a circle, of whirf" 
the radius is r, then 2ra: — a^=y',- therefore i = 
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=: ■7 -"' ■■ ) and yx = - ■- ^ , which, being; reduced 
to & wriea, and the fluent taken, becomes 3Ayx(i + -~ 
— - — i — I- . - „ ■, &c. I a series which coincideB very nearlv 

.ith fcx(5+,--i;xg-;-i^), .uppciDs , = ^. Thi. 

\t the second approximation in Prob. 23, Mensuration of Su- 
perScIeB. 

3. Let the curve be an ellipse, of vhich the semiaxea are a 
asd b; then by the 11th Formula, Prop. 5*, y* = ~ 
X(3(U! — x^), which is the equation for the circle multiplied 
by -; therefore the area of the circle, or of any portion of it, 
multiplied by -, will gi»e the ellipae, ora Eioiilarportionofit, 
u in Prob. 25, MenEuration of Superficies. 

i. Let tbe curve be a hyperbola, of ivhich the «emiaxeaare 
a and 6, then the equation is — X (Sax+j:^') :=i/', or taking 

v = a + x, then - Vti^ — a'-^y, andjii ^ — •Jv'' — a', and 
the fluent of its double is ~ Vu* — a' — a&xbyp. log. of 
— ■=ivy — flJ X hyp, log. of " , which is the rule 

in Prob. 29 of Mensuration of Superficies, 

5. To find the area between the hyperbola and tbe asymp- 
toiet (see figure to Prop. 64.J. 

Let OR = BA = c, RD = *, and DB =y, then OD 
= c+a;, and ODxDB=:OKxRA; therefore ^ = ~ 

= c — if+ — ;> &c. a.-aiyx = cx — xx-^—~ -.-j&c; 

ihereforethesreaRABD=o''x(- — #^+#^ — rr}'*'^- 

= c*xhyp. log. — — . 



Peop. LXXIX. Problem. To find the surface or 
a solid generated by the revolution of a curve about an 
axis. 

Let the curve ADB revolve about 
the aiie AC, then the point D will de- 
scribe a circle, and the straight line DH 
will describe the surface of a cylinder, 
which will be ahvayg lesa than the sur- 
face described by DG, but will differ 
less from it the less that the length uf 
DH is, and will ultimately be the limit 
of the surface described by DG ; therefore, if p be =:3-141fi, 
DE =: J, and AD=:v, the fluxion of the surface will be 







if AE=: X, then e; 



--^' 



+y*, and the fluxion will 



'■' + >/"> and tlie fluent of this derived from thena- 

ture of the curve will be the surface. 

In the cylinder 1/ is constant, and the fluent is 2 pyv where 
K is the length of the cylinder. 



line 



To find the surface of a cone. Here ADB is a straight 
= a, Bc=ib, anda: 6: : c:y = -. Therefore 2pg't 






_phv' 



—, and the surface ADE = — -, and the surface of the 

whole cone, ABC, where if — n becomes j)6a=: 3-1416 xBC 
X AB, as in Prob. 7, Alensuration of Solids. 

2. To find the surface of a sphere^ where ADB is a drde, 

of which the radius AC ^n. By Prop- 75, p ^— , and 

2pjti = 2opj; ,■ therefore the surface of the segment ADE 
= 2^(11=: 3-14l6x2ACxAE, and the whole surface wfaere 
AE becomes = 2AC= 3-1416 X (2 AC)'', as in Prob. 13, 
Mensuration of Solids. 

3. To And the surface of a parabolic conoid. Let o ^ pt- 



rameter, then ax = j/^ (Prop, Si), and x^ 



_ Vy* 
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ii = - Va' + 4y*, and 2^^e = -^•/a'' + 4^", wherefore 

the corrected fluent ie ^x{o^+4^*)^ — hp"'' ^^^ surface 
generated by AD. 

4. To find the surface of a epberoid. Let 2a = fiaed axis, 
Sfi^revolying ash, j^ordinate, and ar^dwlance of the 
ordinate from the centre, then ^ = - "/o"' — «*> and 3( 



= — ". , and 17=^-^^-^ — — i; therefore Spyr 

= !gf X N/a^-^r^xCaX-fi^), = ?£^ V^^^5^ (put- 
ting (I»=:a« — fi»), the upper sign belongs to the oblong 
spheroid, where a^^b, and the under sign to the oblate 
spheroid, where a^^b. Suppose P = arc, of which the 
bine is—, or = -OIT^SS xdegrees in that arc (radius = l), 

when a^^b, or let P = hyp. log. of ''"^'J'** '■^' , when 
a.£:^b, and the surface will be = ^ -J a* Z^ d' x' +■ - : ■ ■ 
And for the hemispheroid where x^a, the arc is to be taken, 
of which the sine is — , or the W. of ~ -, and the surface of 
ilie hemisphere will be -~ x {a' P + b d). 

5. To find the surface of a hyperboloid. Let 2 a =: trans- 
Ferse axis, and 2b the conjugate, ^ = ordinate, and x -^ its 



distance from the centre, then y ^ - 'Jx'' — a* and i/ 
■= — - ; therefore e ■=. - — - -^ ■■~° (putting d^ = a' 

a^x'—a' o^^lt' — a" 

+ b'), and 2pyv = -^ -Jd'x^ — a*, and therefore the sur- 
face will be ^Vrf'i^ — fl'— ?J-xhyp. log. of rf.r-|- 
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, and I he correction is — pi'' + log;. ax(b+d}; 



therefore the whole surface \ 




OF SOLIDS. 

Pbop. LXXX. Theorem. If two soHds, ABC, 
DEF have the same height, and if their sections, at 
equa] altitudes, by planes parallel to the bases, have al- 
ways the same ratio which tlie bases have to one ano- 
ther, the solids have to one another the same ratio which 
their bases have. 

Let the section GH be at the a. d 

fame height with KL, and MN 
with OP. Upon their plaues 
make the prisms or cylinders 6Q, 
MS, and XR, OT. These solids 
bare the same altitude, and there- ^ 
fore GQ;XR;:base GH:XL; 
that is, : : base BC : EF. For the same reason, MS : OT : ; 
base BC : BP. In the same way it may be proved, that any 
series of prisms inscribed in ABC, is to a like seriea in DEF, 
as the base BC to EF, and the same of the circumscribed 
prisms. But the inscribed series may be taken of so small al- 
titudes, that they will differ from the circumscribed by Ie« 
than any given magnitude. The ratio of the prisme U there. 
fore the ratio of the solids (see Limits of Ratios, Prop. 6Q.) 
Therefore the solide are to one another as their bases. 

Cor. 1. If two pyramids or two cones be upon equal boie 
and of the same altitude, tbey are equal. 

Cor. i. A cone is equal to a pyramid of equal base and al- 
titude with it. 

Prop. LXXXI. Theorem. Every triangular prism 
ABC — DEF may be divided into three equal triw- 
gular pyramids. 
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Join FB, BD, DC ; and because the triangle 
ADC = FDC, the i.yramid ADC — B :r; PDC 

— B, but because the trianKle EBF = FBC, 
the vyramid EBF — D=FBC — D, or FDC 

— B ; therefore the prism ABC — DEF is di- 
vided into three equal pyramidB ADC — B, 
FDC — B, and DEF— .B. 

Cor. I . Hence a, pyramid \b the third part of a prism of 
equal base and altitude with it. 

Cor. 2. The frustum of a triangular pyra- jj. 

mid may be dicided into three triangular py* 
ramids, which are in continued proportion. 
For ADC — B:FDC — B : : ADC : FDC:: 
AC : DF ; tliat is, : : BC r EF : : BCF : BEF, or 
: : BCF — D = FDC — B : BEF — D. 

Cor. 3. The frustum of a pyramid is equal to two pyra- 
mids upon its two liases, and a pyramid of which the base is a 
mean proportional between the bases of the frustum, and all 
of the same altitude with the frustum. 

Cor. 4. If A and a be similar sides of ihe bases, and A^p 
the area of the one, a^p will be the area of the other, and 
Aap the area of the mean ; and if h be the height, the content 
of the frustum will be (A«+An+a<')p/ir=: ((A-f-a)" — 

Prop. LXXXII. Theorem. A wedge ABCD — 
EF, of which the edge EF is equal to the length AD 
of the base is a triangular prism, atici if the edge and 
length be unequal, the difference between the wedge 
and the prism is a pyramid DGHC — F, of which the 
base is a parallelogram, and the altitude is the perpen- 
dicular from the edge upon the base. 

Cor. 1. Hence, if AB = «, EF = BC e F 

= b. and CH — d, and the perpendicular /f \ 

irom E upon the base :=:p, the wedge or / \ ^Z iVv 
jmsm AGCD — EF = a x ^ 6p, and the a M '-. t ^ 

pyramid CDGH — F=:axldp, and b h c 

therefore the wedge ABHG — EF = ap x (^6 =i= i'') = b"/' 
X (36 zterf) = ^ ap X (6 + 2 xibZ^ d)). which is the rule 
in Prub. 1 1, Mensuration of Siilids. 

Cor. 2. The priamoid in Ex. 2. Prob. 12, Mensuration of 
Solids, may be uivideH into two wedges, by joining AH 
BG, and making EF = a, EH = h, AB = m, AD : 
a + m=p, audfi + n = 5, then p and ^ are double the sides 



I 
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of the middle baie. The under wedg'e h ^ (m-f~ ^i) b X^A 
(A = height), and the upper wedge = (a+2ni) nx J Ay thai 
ia, they are toother = i(p+a) 6+(p+m) n) x J A — (px 
(6 + „) + a6 + m„)xAfi = (p9+ai+»in)XiA, whi(i is 
the rule in Prob. 12, Mensuration of Solids. 

Piiop. LXXXIII. Theorem. A sphere or a sphe- 
roid is two-thirds of its circumscribing cylinder. 

Let ABC be a semicircle or a «emi-ellip«e, AC A O 
the a.xK, OB perpendicular tj) AC, describe the f '^yfe 
parallelogram ADPC, join DO. Draw EF, GH ^ 7^ 
parallel to OB, and let EF meet the circumfer- "r 

ence in L, and OD in K, and complete the rect- A 

angles GMKF, and GNLF. If the figure rerolve c'-^^ 
about AC, the semicircle or aemi-ellipse ABC will describe! 
sphere or a spheroid, ADPC a cylinder, ADO a. cone, AIn 
the figures GE, 6L, and OK, will describe cy I! ndere. N<nr, 
in the ellipse AFx FC : FL" : : A0« : OB" = AD" ;: OP" : 
:FKi!; therefore AF X FC-fOF^ : FL« + FK« : : A0«: 
AD«, and AFxFC-|-0F2z:A0^; therefore FL«-(-FK' 
= AD«=EF^ and in the circle AFxFC = FL«, and 
FK« = FO«; therefore FL2-t-FK«=A0«=EpB;ther8- 
fbre the cylinder described by GL aud GK, are together 
^ cylinder described by GE. In the same manner, every cy- 
linder in the hemisphere or hrraispheroid, with the correspond, 
ing cylinder about the cone, is equal to thecorrcHpondingpart 
of the cylinder described by AB, and the number of these cylin- 
ders may be increased, so that altogether tiiey will not differ 
from the hemisphere aud cone ; therefore the hemisphere and 
cone are, farther, equal to the circumscribing cylinder, and 
the cone is ^ of the cylinder ; therefore the sphere or spheroid 
is I of its circumscribing cylinder. 

Cor, 1. Hence any part of the sphere or spheroid, irith lie 
corresponding part of the cone, is equal to the corregpODdini; 
part of the cylinder. Thus the segment descrilied by AtiF, 
together with the frustum described by ADKF, is equal to the 
cylinder deecribcd by ADEF. Let AC — a, AF=A, 
FL = c, and FQ =1^0 — A =:: FK. Then in the fiphere, 
the cylinder described be FD =n'iip (p = -7854), and the 
conical frustum described by ADKF = (3o« — 6aA-f 4*») 
Xkhp, and taking ibeir difference, we have the segment de- 
scribed by ALF=(3n—2h)x iA*p, which is ihenileia 
Prob. ISJ Case 1, Mensuration of Solids. 

And because (o — A) A — c*' ; therefore 3^ — o^ — *''+*' 




^r^ 
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Bv substituting this eKjiressioQ, the se^nicot l>ecomeB{3c°+A') 
X^ph, which is the rule given id Prob. 13, Case 3, McneU' 
rat'fDLi of Solids. 

Again, the zone described by OFLB, together witii the 
criiie described hy OFK, is equal ti> the cylinder ilestTibed by 
OE; thereforeinakingOF = FK = ni, the cylinder = n«mp, 
and the cone = J m' y.mp ; therefore the zone described by 
OFLB = (fflS — ^m«)mp, or if fl= — m^ = FL« = rf=, the 
wae is (2a* + rf*)Jnip, which lathe rule for the middle zone 
ui Prob. iS, Mensumtion of Solids. 

Again, from the zone described by OFLB = (r'^ + IA") 
XpA, (where r =: FL, A — OF, and p = 31416,) sub- 
tract the zone described by OGNB = (R« + |H«) XpH, 
(where El = GN and H = OG), the remainder will be the 
zone described by 6 FN L, which, when reduced by putting 
n = FG = A — H, and considering that r« + fi« = R« + H' , 
will become (3 R' + Sre + m") X jmp, which is the rule in 
Prob. 17, Mensuralion of Solids. 

Cor. 2. The sphere and its portions are to the spheroid and 
its corresponding portions as AO^ tn OB", from which consi- 
deration ihe rules in Prob. 18 and If), Men!^uration of Solids^ 

Cor. 3. The sphere may be cnnsidpred as a cone, of which 
the base is the surface of the sphere, and its vertes the centre ; 
therefore, putting S^ surface, the sphere i»^ ^rS, but the 
sphere ii^ ^ a cone upon one of iti^ great circles, of which the 
height is 4r, and is therefore = ^ r X r^p, {p = 3-1416) ; so 
that |rxr*p^JrS; therefore S^4r*p=^4 times the 
area of one of its great circles, which is the rule in Prob, 13, 
Ueusuration of Solids. 

I Peop. LXXXIV, Theorem, A parabolic conoid 
I is one-half of its circumscribing cylinder. 

Let BAC and ABD be two equal parabulas, 

H'hich have their vertices at A and B, and AB 

iheir common axis. Complete the rectangli: 
ABCD, and draw EH, KN parallel to BC, 
and complete the rectangles EFLK, and 

EGMK, and let the whole rei-olve about the 

axis AB. By the property of the parabnla " 
(52.) EFOiEG":: AE:EB, and EF" : EF« + EG* : : AE 
: AB;:EF':BC'' = EH^; therefore EP*' + EG'^ = EH", 
and therefore the cylinders described by EL and EM are, to- 
gether, equal to the cylinder described by EN. And thus one 



of the paraboloidi with c^liDden, which, tagether, are ink 
than the other paraboloid, is greater thao the cjMs i 
icribed by BD, aod with cylinden lets than the ptnboloiitk 
itlcM than that cvliiider; therefore the two ptnboloiika 
equal to the cylinaer, or the paraboloid it half the cjMb. 

Cor. The paraboloid dexribed bj BEG, with thefivM 
dttcribed by BEFC, u equal to the cylinder dcKnbedbfB 
If, therefore, BC = y, BE = «, and EP = a, then E6«=/ 
— .<«, and the coooid described by B£6 = (^<— z<)^ 
and the cylinder =^* XP'/ therefore the fnistnm daeni 

BEFC = j[Cy« 
Mensuration of Solids. 



br BEFC = A («« + z<) px. This is the rule 'm?vk% 
>f Soli ~ 



Pbop. LXXXV. The hyperbolic conoid is eqwll 
the difTerence between the correspondiDg frustum of th 
rmptotic cone, and the cylinder of the same aitkol^ 
ich has the conjugate axis for the diameter of i 
base. 
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Let BCA be a hj-perbola, of which OBC 
is the transverse axiH, and OD the asymp- 
tote, draw the tangent BE, it is = the con- 
jugate semi-axis. Draw any two straight 
lines GK, MP^ parallel to CD, and com- 
plete the rectangles MH, MK, GN, GP, 
and C£, and let the whole revolve about 
BC. Because GH« + BE«=GK«, the cylinders 

Sthe rectangles ML and MH are equal to that detciil 
K. And for the same reason, the cylinders descnW 
ON and ML are equal to that described by GP. Th^^ . . 
the cylinder described by CE, together with any series rfjl^ 
linders about the byperboloid, is greater than the fr"*^"'Mrf' 
scribed by BEDC, and with any series in the hyperboMl^ 
is less than the frustum ; therefore the cylinder and ^yi^lr'' 
loid are equal to the frustum. 1^^ 

Cor. 1. If OB = a, BE = c, BC = x, and CA =1, A"^^ 
CD = - (a + x). And the conic frustum made by BCM 

= (a* + aar+ Jj:«) — ^, and the cylinder made by 

--?_L5'', and taking their difference^ the hypcri»l*| 

= (ax+ J^«) X-J-, or putting ^^^^ instead of ^,HH 
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Prob. 23, MenBumtion of Solids. 

Cor. 2. If CG = «, and BG = m, the content of the 
hyperboloid described by CBA, will be ^ X (a X m + i|« 
+ h'"+'\')> ""^ the content described by GBH will be 
'^X(flm« + Jm')and their difference = ^ ^!^ X (iam + 
^ax + Sm'-^-Smx + ^x") will be the content of the frustum 
deicribed by CGHA. But ipx^^ = ^^ {2atn+2ax-\-m' 
+2nu;+j^^), and putting GH = ii, ^pj:ii« = il^x(2am 
+m«), and the sum of these two ^pa; x(^° + i''') = (*'"w 
+Sax+im^-\-2mx+x^)x^^, which exceeds the content 
fay , " X ^x", wherefore the content of the frustum is 

Uenauration of Solids. 

Pbop. LXXXVr. Problom. To find the content 
of a circular spindle, described by the revolution of the 
segment ABC about its chord AC. 

Let BO = r, OE = d, AE = c, EH 

^x, and HN ^y, then c'^r" — d', 
and {d+i/)^=:r^ — x', whence^' =r' 
— *" — d' — 2dy = c* — x^ — 2dt/. Now 
by what was shown in (65.), the fluxion 

of the solidity is := j; x circle described by 
NH = py'x = pc^x — px^x — 2pdi/x, and 
gi is the fluxion of the area BEHN ; tlierefore, taking the 
6uent, the content of the zone described by BEHN=p 
xCc"* — JjT — SrfxBEHN). This is the rule for the 
zone, Prob. 26, Mensuration of Solids. 

And when x becomes = c, the content of half the spindle 
will be 2px(^c' — tixABE), which is the rule for the 
spindle in Prob. 25, Mensuration of Solids. 
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Cor. 1 . If ABC be a segment of an ellipse, and a = lemi- 
axia parallel to AC, ^' will be found to be ^ — (c* — «') 
— 2rfy, audp^*j;=^xCc'.i — «*«) — ifdyx, where H 
before^:! = fluxion of BEHNj therefore the content of the 
sione dcacribed by BEHN = ^' X Cc=« — J*') — %fA-jt. 
BEHN, which \* the rule for the zone in Proh. 38, Mcnau- 
ration of Sulidp. And when x=.c, the content of half the spin- 
dle IB 2p X (^' — d X ABE). 

If r — d = m and S = area ABE, the half npjndle = 
\fCY.\m*—d^-^~m)\, which is the rule in Prob. 27, 
Mensuration of Solids. 

Cor. S. If the fruetuni be taken from half the epindle, 
there "ill remain tlie seginient described by the rcrolntioa 
ofAHN about AH, andif AH = A, It will be in the circle 
=pX(^A^X(3c — *) — 2dxAHN). And in the ellipM 

=px(~X(3c-A) — SrfxAHN. 

Prop. LXXXVII. Problem. To find the content 
of a parabolic spindle, described by the revolutioD of 
the parabola ADC, about its ordinate AC. 

Let AE =: a, ED = c, AG = x, and 
OH=yj then by the property of the 
parabola c: c — y : : a^ : a — x|* ; 
therefore c — y = — ''~''' andy = 

ex — ^~^ - ' ; tliereforc pj''i'z=^^-^X2a — x|» = 
ipo^a^_ip^>^^pc^^ and the fluent or value ci 

the segment described by AHG is = ^' ° ^" ^ " - 

+^~-- And when x = o, the half apindle described Ij 
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AED = lg^-'-:i^+?f^ = !^ = i of the oLr- 

cumscribing: cylinder, which h the rule in Prob. 29, MeuiM' 
ratioD of Solids. 

Cor. If the segment described by AGH be taken fronii 
half the epindle, there vrill remain the zone or frustum 

bribed by DEGH=pc'' x (g-g + ^-^) or bj*- 
nibstituting for a — aiitsequala V ^^^, or j:=a — o V -^-, 

It becoiaespxa — ^X rf — ^ = 3? X a — * X C2c' 

+j^ — f X c — jj*)j which is the rule in Prob. 30, Mensu- 
ration of Sulids. 

Pkop. LXXXVIII. Problem. To find the con- 
tent of the hoof of a cylinder ABC-FHG, cut ofF by 
the plane DFB. 

Suppose the hoof to be generated by the 
triangle ECF, moving' parallel to itself along 
BD. LetFC = ft,CE = jj, EB = i,AC=2r, 
ooaiue CB = c=:r — uor v — r. The area of 
the segment DOB ^ A. Let x ^ distance of 
the moving triangle from AC = sine of the arc 
between it and C, t^nd let if t= coeine of the same 
arc. Then y — c = base of the moving triangle, and v. k: : 

^-^ciits heigh! =:-xj — c; therefore the area of the 

moving triangle is 5- (^ — c)', ajid the fluxion of the hoof 

will be ^^ {»,~c)S but {y-cy =«,^ -c« - 2c (y — c) 

^ j' — X* — 2c (^ — c) ; therefore the fluxion becomes — 

X(^« — ;c'i_2cCj( — 0),and^(y — c) is := -J X the 
fluxion of the area generated by the base of the triangle be- 
tween that base and CE. Let thia area be called B, and the 
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oooUat will be ^ (#« — Jx« ) — — , and when j=i, tir| 



liatf>boof becuroet , X (| #* — cA). 



Cor. If E coincide witb tbe 
hoof beoomei ir^h. 
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Peop. LXXXIX. Theorem. If a conebecuilj 
a plane which neither passes through tbe vertex mi 
parallel to the Imse, the section made bj it will kil 
cooic section. 
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Let the cone AEB-V, of which the base is tbe ci^ 
AEBF and vertex V, be cut by a plane^ which fomistbe* 
tioD ECF, thi8 is a conic section. Let it meet the baieiij* 



line EDF, and draw tbe diameter AB perpendicular to S 
aod join AV and BV^ and let tbe plane ABV cuttheMClii 
ECF in CD. Let a plane parallel to the base cut the com* 
the circle HKL, and the planes ABV and ECF in HLp 
KOM. The base AEB is perpendicular to AVB ; theftii<( 
DE> and the plane ECF are perpendicular to AVB, vi^ 
angles EDC, KGC are right angles. And because AVB 1^ 
sects the cone, ED = DF ^nd KG = 6M, and the rectif 
AD X DB = DE« and HG x GL = GK« (by Prop. H) 

First, Let CD be parallel to AV, then ADsHGwj 
CD:CG::DB:GL::ADxDB:HGxGL::DE«:G^ 
which is the property of tbe parabola. 

Next, Let CD nteet AV in P. Then PD:PG::AD 
GH and CD.CG: : DB: GL; therefore PDxDC.W^ 
GC : : AD X DB : HG X GL : : DE : GK«, which is ibef 
perty of the ellipse or hyperbola, (53.) viz. of the ellip6e,rf^ 
be below V, and of the hyperbola, if P be above V. 

Cor. In the ellipse and hyperbola. If Cc, Pp be ps^ 

to AB, then VCc x Pp = coi^vx^te axis. 
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Prop. XC. Problem. To find the content of the 
hoof EBF-C of a cone AEB-V, cut off from it by the 
oblique plant; ECF. 

Draw CR, VP perpendicular to AB aud 
VK, Be perpeudicular to CD, and CG 
parallel to AB. As BR: BP : : CR : PV, 
anil BR : CS = RP : : CR : VS, aud be- 
cause CR : VS : : BC : CV : : Be : VK ; 
Ihererore VS : VK : ; CR : Be : : CD : DB. 
Join EV, FV. Tlie solid EBF-V is pj;- 
ramidal ur conical of wliicli the base u 
EBF, and its height VP; it is therefore 
= i VP X EBF. And the solid ECF-V 
has EFC for its base, and VK for its altitude ; it is there- 
fore =: J VK X ECF. Wherefore the hoof EBF-C, which 
is the difference of these Bolida, ia = J VP x EBF — i VK 
xECF. 

Let AB - D, CG = d, DB = d, DC = m, CR = k, and 

let o = D — rf, then PV = ^,YS = ^, VK = ^, and if 

A be the tabular area of the segment similar to EBF, the 

diameter = 1, aud the versed sine ^ g, then D^ x A 

=: EBF. And these values being substituted, the hoof be- 

Pmes *^ X (D^ X A _ ^ X ECF.) 
Case 1 . If DC be parallel to AV, or AD = CG. the Iwse 
ECF IB a parabola, and its area is = ^ EF x CD = g CD x 
2-/ADxDB, aud if this be Bubatituled, the hoof becomes 
) — rf, the 



^x(D'xA — JtidVrfo), or because u 



Case 2. If DC meet AV, or if ECF be a segment of an el- 
lipse, then v':P'a; the whole axis is = -, and its conju- 
gate ^d ij . And if B be the tabular segment of which 



the diameter is 1, and the versed sine m -5 = !!^, then 

the area EOF = ^^^B. And therefore the hoof EBFC 

=:tf X(D'xA— d'^x(^)^B.) This is the rule in 

Prob. S8, Case 2; Mensuration of Solids. 

Case 3, If D coincide with A, then = D^ the s^fment 
EBF is a circle^ and £CF an ellipsej the area of the drde is 
O^p (p = '7854)9 and of the ellipse pm */Dd, and therefore 

the hoof h^kpDx ^'p^^^^^- -A^nd the other hoof ACG 

5s}ApDx D_^ > 

Case 4. If the segment ECF t>e a hyperbola^ the trans- 

yerse is -^ — , and the conjugate d v — ^> and FG = 

2 V u — t; X v, and the area may be found by Prob. 29, Men- 
suration of Surfaces^ and if it be called B^ the hoof will be 

Mx(D'xA-.?^B). 

Case 5. If CD be perpendicular to AB^ or coincide 
with CR^ then t; = ^ (D •— <^, and fnz=:h, and the tram- 

Terse = — , and the conjugate = d, and the hoof becomes 
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» SPHERICAL TRIGONOMETRY. 
1 == 

■ DEFINITIONS AND PRINCIPLES. 

JEBBiCAL Trigonometry is that branch of Mathematioi 
3di shows how to compute the sides and angles of spherical 
mgles. 

A. SPHERE is a solid bounded by a curFe surface, cFerjr 
at of which is equally distant from a point within it, 
led the centre. 

^ Kphere may be conceived to be generated by a semicirde 
flying about its diameter. 

Whe axis or diameter of a sphere is a straight line passing 
oqgh the centre, and both ends terminating at the surface. 
Any circle formed from the section of a sphere by a plane 
■iDg through its centre, is called a great circle of the 
«re ; and all others small circles. 

Whe pole of a great circle is a point on the surface of the 
<re, equally distant from every point in the circumference 
:liat circle. 

% spherical angle is the angle made by two arcs of great 
^es, and is the same with the inclination of the planes of 
Be circles, or with the plane ang^e made by the tangents to 
ae arcs at the point of intersection. 

^ spherical triangle is a figure formed upon the surface of 
^here by the intersection of the arcs of three great circles. 
%.. spherical triangle is called right- anoleo, when it has 
right angle ; quadrantal, when it has one side equal to 
J and oblique-angled, when it has none of its angles right 
'les. It is also called equilateral, when the three sides aie 
«tl ; isosceles, when two sides are equal ; and scalene, when 
tihe three sides are unequal. 

^ote. a right-angled spherical triangle may have one, 
*9 or three right angles, and in the last case it is likewise 
Lclrantal, and the angles and sides are known. 
Vrcs or angles are said to be alike, or of the same aft 
^ion, when both are less or both greater than a.qua- 
;tit; and they are said to be unlike, or of different 
Action, when the one is greater and the other less than a 
3tUrant. 
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Peop. I. If a sphere be cut by a plane in any direc- 
tion, the section will be a circle. 

Prop. II. The arc of a great circle, between the 
pole and the circumference of' another great circle, is a 
quadrant. 

Cor. 1. The straight line drawn from the pole of any great 
circle Ui the ceatrc of the sphere, is at right aogles to the plane 
of that circle ; and cooventely. 

Cor. 2. The poles of a great circle are the extreniities of 
the axil of the ipbcre, which is perpendicular to the plane of 
that great circle. 

Pbop. Ill, A spherical angle at the pole of a great 
circle is measured by the arc of that great circle, inter- 
cepted between the circles which contain the angle. 

Prop. IV. If two arcs of different great circles be 
drawn from the same point, and each of them be a 
quadrant, that point is tnepole of the great circle wluch 
passes through the extremities of these arcs. 

Cor. 1. A great circle drawn through the pole of anotbcr 
great circle cuts it at right angles. 

Cor. 2. Great circles, whose planes are perpendicular to the 
plane of one and the same great circle, meet in the poln of 
that circle. 

Peop. V. If two spherical triangles have the three 
sides of the one equal to the three sides of the other, 
each to each, the angles which are opposite to the equal 

sides are likewise equal; and conversely. 

Prop. VI. If two sides and the included angle <rf 
one spherical triangle be equal to two sides and the in- 
cluded angle in another, these two triangles are equal 
in every respect. 

Faop. VII. The angles at the base of an isosceles 
spherical triangle are equal to one another. 

Cor. 1. If two of the angles of a spherical triangle be equd 
to one another, the sides opposite ta them are also equal. 

Cor. 9. If a perpendicular be drawn from the rertex of U 
isosceles spherical triangle to the base, it will bisect bolh ib« 
rertical angle and the base, escept when the two sides arequi- 
drants, in which case thenumber of perpendiculars is indefinite. 
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Prop. VIII. Any two sides of a spherical triangle 
are together gi'eater than the third aide, and the differ- 
ence of any Lwo sides is less than the third. 

Cor. The arc trliich pasBes through any two poIotB on the 
surface of a sphere is the shortest dietance between these pointe. 

Prop. IX. The three sides of a spherical triangle 
are togiither less than the circumference of a great cir- 
cle ; and the difference of any two sides is less than half 
the circumference. 

Peop, X. The greater angle of a spherical triangle 
has the greater side opposite to it ; and conversely. 

Prop. XI. If two sides of a spherical triangle be 
tf^ther equal to, greater, or less, than a semicircle, 
the sum of their opposite angles will be equal to, 
greater, or less, than two right angles ; and conversely. 

Cor. 1. If each side of a spherical triang'le be equal to, 
greater, or lees, than a qiiadraot, each of the aug'Ics will, ac- 
cordingly, be right, obtuse, or acute ; and conversely. 

Cor. 3. Half the sum of any two uides of a spherical triang'le 
u of the Game affection as half the sum of their opposite angles. 

Prop. XII. If from the angular points of a spheri- 
cal triangle as poles there be described on the surface 
of the sphere three arcs of great circles, which by their 
intersection form another spherical triangle, each side of 
this new triangle will be the supplement of the mea- 
sure of the angle which is at its pote ; and the measure 
of each of its angles will be the supplement to that side 
of the primitive triangle to which it is opposite. 

Cor, Hence these two triangles are called supplemental ot 
polar triangles. 

Prop. XIII. The three angles of a spherical trian-f 
gle are together greater than two and less than i 
right angles. 

Cor. 1. The three angles, together with twice the supple*'^ 
ment of the least, are less thaa six right angles. 

Cor. 2. The sum of any two angles is gi-eater than the sup- 
plement of the third angle. 

Prop, XIV. In any right-angled spherical triangl<^ 



the sides about the right angle are of the same affecticm 
with their opposite angles; and conversely, 

Cor. Tlie same is also the case in any quadrantal triangle. 

Peop. XV. In any right-angled spherical triangle 

the hypotenuse is greater or less than a quadrant, ac- 
cording as the two sides about the right angle are of 
the same or of different aft'ectioii ; and conversely. 
If one of the sides be a quadrant, the hypotenuse is 
also a quadrant. 

Cor. The hypoteouse will be greater or less than a quadrant, 
according aa the angles are of the same or of different affeclioD, 
bccau«c the angles are of the same affection as their opposite sides. 

1'kop. XVI. In any spherical triangle, if the per- 
pendicular drawn from the vertex to the base fall within 
the triangle, the angles at the base are of the same af- 
fection -, and if it fall without the triangle, they are of 
different affection; and conversely. 



STEREOGRAPHIC PROJECTION OF THE 
SPHERE. 

DEFINITIONS AND PRINGIFLEB. 

To project an object is to represent every point of it up<Hi the 
name plane as it appears to the eye in a certain position. 

The plane of priijection is that ujion which the object is 
projected, and the point where the eye is situated is called ibe 
projecting point. 

The stereographic projection ia a representation of the cir- 
cles uf the sphere upon the plane of one of its great circles, 
such as they H'ould appear to an observer placed in one of tbe 
poles of that circle. 

The great circle, upon the plane of which the projection it 
made, is called the pnmitive. 

By the semilangent of any arc is meant the tangent of bslf 
that 'arc. 

The line of measures of any circle of the sphere \» tbatdta- 
meter of the primitive produced indefinitely, which is perpen- 
dicular to the line of common section of the circle and the 
primitive. 

The reprewintation or projection of any point in the spben 
K the point in which the straight line drawn from it to tliC 
projecting point intersects the plane of projection 
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Prop. I. Every great circle of a sphere, which 
passes through the projecting point, is projected into a 
straight line passing through the centre of the primi- 
tive ; and every arc of it, reckoned from the other pole 
of the primitive, is projected into its semitangent. 

Cor. 1. Every small circle which passes through the pro- 
jecting point ia projected into that straight line which is its 
commoD gcction with the primitive. 

Cor. 2. Every atrsight line in the plane of the primitive, 
and produced indeliDitely, is the prnjection of eome circle on 
the sphere pat'sitig through the pnijecting point. 

Cur. 3. The atereographic projection of any point on the 
surface of tlie sphere is distunt from tlie centre of the primi- 
tive by the acinitangeiit of the distance of that point from the 
pole opposite the projecting point. 

Phop. n. Every circle of the sphere, which does 
not pass through the projecting point, is projected into 
a circle. 

Cor. 1. The centres and pales of all circles parallel to the 
primitive hare their projections iu its centre. 

Cur. 2. The centres and poles of every circle inclined to 
the primitive have their projections in the line of measures. 

Cor. 3. All priijpcted great circles cut the primitive in 
two points diametrically opposite. 

Pnop. III. The centre of the projection of a great 
circle is distant from the centre of the primitive by the 
tangent of that great circle's inclination to the primitive, 
and its radius is the secant of the same. 

Pkop. IV. The centre of projection of a small circle 
perpendicular to the primitive is distant from the cen- 
tre of the primitive by the secant of the distance of the 
circle from its nea rest pole, and the radius of projection 
is the tangent of the same. 

Pkop. V. The projection of the poles of any great 
circle inclined to the primitive is in the line of measurea 
distant from the centre of the primitive by the tangent 
and cotangent of half its inclination. 

Phop. VI, Any two circles upon the sphere passing 
through the poles of two great circles, intercept equu 
arcs upon these circles. 



J 



Pkop. VII. If from either pole of a projected great 
circle two straight lines be drawn to meet the primitive 
and tJie projection, they will intercept corresponding 
arcs of these circles. 



SOLUTION OF RIGHT-ANGLED SPHERICAL 

TRIANGLES. 

EvKKY spherical triangle coDKiBts of six parts, — lliree sides and 

three angles, — any tliree of which being given, the reel may 

be fuund. 

In a right-angled s]iherical triangle the right angle can 
never be the subject of inquiry ; and therefnre there arc only 
the three aides and the two oblique anglei presented to our con- 
sideration, aud (jf tliese the two sides, containing the right 
angle aud the complements of the angles and of the hypote- 
nuse, are called the fivb circular parts. 

When any one of these it lalien a.s the MinnLE part, tlie 
two which are inimedialely adjacent to il on the right and left 
are called the aujacent parts ; and the other two, each be- 
ing separated fronj the middle part by an adjacent part, are 
called OPPOSITE farts. 

With this arrangement of the different partSj the solution, 
in e?ery case, is obtained by the two following equations. 

1, Rad. X sin. middle pan = the rectangle of the tan- 
gents of the adjacent parts. 

2. Rad. X siQ- middle part = the rectangle of the cosines 
of the oppiisite parts. 

Note. In applying these equations to the solution of pro- 
blems take that as the middle part which is either adjacent in 
the other two given parts, or is separated from them by the 
remaining parts of the triangle, and form the equations ac- 
cording as the remaining parts are adjacent or op{iosite. 

These equations may be tratisformed into praporiinns bar- 
ing the required part for the last term from whence its raliie 
will he obtained. 

A quadranlal triangle may he changed into a right-angled 
triangle, by calling the supplement of the angle opposite to the 

Suadrantai side, the hypotenuse ; the other angles, the sides ; 
le quadrantal side, radius ; and the other sides, angles ; but 
in the solution we must substitute same for different affection 
'n thelin-— - - 



The following Table contains the projiortions for the solu- 
tion of the sixteen cases of any right-angled spherical triangle 
ABC (see figure. Case 1.). 
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APPENDIX. 



S HYPOTENUSE AND AN ANGLE. 



1, In the rielit-angleil »])lierical triangle ABC are given the 
hvpmenuse BC 63" 30', anil the anijle ABC 53° 42' ; to find 
tile w(Im AB, AC, and ll.e angle ACB. 

ComUvclian. Draw tbe radius OP of 
Ihe primiiiie BAD, Make OE ihe "" 

semi-lsn gent, and OF the tangeni of 53" 
42', then E is the pole of the bjpotenuse, / 

and F iia centre, fmrn which, with the se- . 

csnt of SA" 42', describe the circle BCD. '']^P=~-»si— ..^a=lj 
From B to I lay fl3= 30' on the primi- ^ "o ~'""'-~-Jri. 

tive, draw a straight line from its eitre. / • 

mityltoE, cutting BCD in C, and draw \ / / 

the radius OCA ; then ACB is the irUn. "■■■. 

gle. The side AB i'* measured on the '■-•^ "^ 

line or chords. OC measured on the line 

of semi-tangenta, and sublracled from 90°, or AC reckoned on Ihe line 
of Bemi-tangents from UO" backward, givei Ihe arc A C. Eitcnd the 
MraightlinelEtoH, and IID, meajured on the line of chords, girH 
the angle ACB. 

Ca!ciJBtiBn. The five parts of this triangle are BC, the angles il K 
and C, and ibe complemenls of AB and AC, which are AG and OC. 
or these. BC and B are given ; and of Ihe lliings required, BA and C 
are adjacent to given things, and are iherefore found by Equa. 1 ; and 
AC being separated from given things, is found by Eijua. S. 

By Equa. 1. B: cos. BC : : Ian. B : cot. C; and R ; cos. B: : tan. 
BC:cot. AG = Ian. AB. And by Equa, 2. H: sin. B ; : sin. BC: 

COS. CO = sin. CA. And all Ihe three are acute. For CA is of Ihe 






2. Glren tbe hypotenuae BC 126° 24'. mA the angle B 
57° 22' ; to finil lli'e rest. Ans. The an^le C 139° 49' 18", 
the sides AB 36° 10' 59", and AC 137° 19" 32". 

S. Giren the livpntenuse BC 72° 28', and the angle B 
13S° 23'; to find the rest. Ans. The angle C 104.= 58' 58", 
the sides AB 112= 54' 32", and AC 140' 42' 34". 

CASK II. GIVEN A eiDE AND THE ADJACENT ANGLS. 

I. In the spheriral triangle ABC, rifrht-angled at A, ire 
given the side AB 51°98',an(l the atiple ABC 66° 48'; to finil 
the hjpulcnuee BC, the side AC, and (he angle at G. 
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t. amamclLn. Draw the dianiB.er GF 
of thi' primilWe ABU. Make OE tbe 
semUtangent of 66" -IS'. >nd OF \tx .an- 
gent. FroniF,withl]iBsecantof66"48' 
for a radius, describe the circle BCD ; 
make BA 51° 3S', and draw ACO, then 


^B 


ABC is the triangle. 


P 1 "^ 0^ i /** 


AC.oril>coiiiplementCO,ismea5ured \ / / 
on the tine of Bemi-langenlB. Draiv a V / / 
line from E Ihrough C to 1, and the dis- ■-•~^/^^-^ 
tance of B rrom tlie point I, where it cuts D 
BAG, gives BC i and the distance of D from its other eilremity givei 
the angle at C. 




given things, are found by Equa. 1., and the angle C by Equa. 2, 


Thus J t. Rtcos. AG = sin. AB:: la 
like B 1 and COS. B : R : ! cot. AG = tar 
BA is like B. Also, 2. R : sin. B : : sin. 
AB. 


n. BiCOl. OC = lan. CA, 
L. AB : tan. BC, acute, for 
AG. COS. AB: COS. C, like 


ABsraS' sin. 9-8M3W3 R + tan. 
B SS' 48' tan— It 031(7!M73 eos. 


20'0n8B7B3 COS. S-JSUHTO 
9'a!)54322 sin. 9 96337U6 


AC 61" 16' Sa" Un. 10-a(il290li BC tan. 


10 3034441 Ccos. 8-7S7ftllia 



BC = 73° 31' 64" 



' 4' 7" 



2. Giyen the side AB liie^afi', anil the angle B US" 48"; 
to find the resl. Am. Hyp. BC 59" 32' 45", side AC 148" 
35' 17", and the angle C 1 1 1" 2' 34". 

S. Given the side AB 57" *4', and the angleB 112° 26'; to 
find the rest. Ans. Hyp. BC 103° 32' 46", the side AC 
116" 1' 26", aod the augle C 60" 25' 54". 

CASE III. GIVEN A SIDE ANU THE OPPOSITE ANGLE. 

1. la the spherical trian^^lu ABC, right-angled at A, are 
given the side AC 38" 27', and the opptisileangie ABC 57"^ 48'; 
to find the hypotenuse BC, the side AB, and the angle at C. 

Crnittructmn. On OA the radius of the 
primitive make OC 51= 33' the comple- 
ment of AC. Wiih tbe tanpent uf 57" 
4S' describe an arc from O, and niih the 
secant of 57° 4B' from C cut ihal arc in 
F, from ivhich centre describe the circle 
BCD. then eiihor ABC or ADC is the 
triangle. AB is measured on ilie line of 
chords, and BC and C as in the last case. 

Calculi'lion. AB heingndjacentlogiven 
things, is found by Equa. 1., and BC u 

and C by Equa. 2. They are all ambiguous, or have two voluet. 
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1. R: coa. AG = sin. AB : itan. B : col. CO = tan. AC, sod W, 
B : Un. AC 1 : It : sin. AB or AD. 

2. R:sin. B: : eio. EC: cos. CO = sin. CA, and (inTer,)iin. 
R: : tin. CA ; Kn. CB or CD. R : lia. 0C=C03. AC;;sin.C-i 
B, and (invcr.) coi. CA : R ; : cos. B : sin. ACB or ACD. 

B=o7° 48' tan. 10.300IM3I sin. 9.9374fi95 S+GOt. ly.TSfiRiK 

AC=3B°27' R + t»ii.I9.eaa8271R+»in.la.793fi727 co^9-81l3W5fi 

Sine of AB=U.6Wll«40 Sin. BC ».8662a33 Sin. C 9,83Z7«08 
AB^M" U' 4" 01 14»° sa' 56" 80=47" W 43" or 133° & 17' 

C=43° 52' 37" or 137° 7' 23" 

2. Given the side AC 1.^6° 28', and the angle B 127° 48'; 
to find the rest. Ans. The hyp. BC 60° Sg' 24"; iKe liJt 
AB 47" 28' 20"; and ihe angle C 57° 43' 1", or their sujf- 
pleinents. 

3. Given the angle B 84° 21', and the side AC 78" 40'; 
find the rest. Ans. The hyp. BC 80° 9' 34"; lhe»ideAB 
29° 34' 42"; and the angle C 30° 3' 54", or their suppJi- 
menta. 

CABE IV. WHEN THK HTPOTBN0SK AND A STDB ARB BTVBS. 

1. In the spherical triangle ABC, right-angled at A, att 

giyen the hypotenuse BC 64° 42', and the side AC iTW; 

to find the side AB, and the angles at B and C. 

Omslruclion. Lay AC 47° 48' on tlie 
primitiie, and draw tile tadii OC, OA. On 
tbe former lay the secant of 64" 4S' Ironi O 
to H, from whicl), ivitU tlic tangent of 64" 
4e', cut OA in B, and describe the circle 
CBD, tlien ABC is the trianRie. 

Lei 1' be the centre of CBD, then OF 
measured on ihe line of tangents glio the 
angle ACB. Lay the semi-tangent of il 
from O to E. Lay > rulerfrom B through 
£ ; Ihc arc of the primitive between it and 
D ia the measure of (be angle at B, and OB measured on the line sf 
semi-tangents gives the complement of AB. 

CalcuhHon. The angle at C being adjacent to the given things, iJ 
found by f^ua. 1 ; the other two, being separated from them, ue foniid 
by EquB. 2. 

1. Tan. CB : cot. AG = Un. AC : : R : cos. C acute, since AC, 
CB arc alike. 

S. Sin. CB : R ; : coa. AG = an. AC : sin. B, like AC. Sa- 
AG=iCos. AC : R : : GOB. BCi sin. OB=cos. BA acute, becaiue AC, 
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2. Given the hypotenuse BC 121** 12', and flieside AC 56' 
15'; to find the rest. Ans. The an.^les C 155 0' 34", and 
B 76° 25' 31" ; and the side AB 158° 48' 57". 

S, Given the hypotenuse BC 72° 28', and the side AC 123' 
16'; to find the rest. Ans. The angles C 118° 47' 19", and 
B 118° 44' 1", and the side AB 123° 18' 46". 

CASE V. OIVBN THB SIDES ABOUT THE RIGHT ANGLE. 

1. Given the sides AB 47° 38', and AC 67° 30', about the 
right angle BAC of the spherical triangle ABC ; to find the 
liypotenuse BC, and the angles at B and C. 

Consiruclion. Make AB 47^ S8' on 
the primitive, and draw the radius OA, 
on which make OC = 22^ SC/, the com- 
plement of AC taken from the line of 
semi-tangents, and having drawn the dia- 
meter BD, describe the circle BCD; 
then ABC is the triangle. 

Let F be the centre of BCD, then OF 
measured on the line of tangents gives 
the angle at B. Make 0£ its semi. tan- 
gent, then £ is the pole of BCD, and 
BC and C are measured as in the 2d Case. 

Calculation. The angles at B and C being adjacent to given things, 
are found by £qua. 1., and the hypotenuse BC by £qua. 2. 

1. Cos. AG ±s sin. AB : R : : cot OC = tan. AC : tan. B, like 
AC. Cos. OC = sin. AC : R : : cot. AG =: tan. AB : tan. C, like 
AB. 2. R : sin. OC = cos. AC : : sin. AG = cos. AB : cos. BC 
acute, for AB, AC are like. 

AC 67" 30' R + tan. 20-3827767 sin. 9*9656153 cos. 9-5828397 
AB 47** 38' sin. 9 8685548 R + tan. 20 0399770 cos. 9*8285778 



^ 



}. — |.... 




B 72' 59' 2" tan. 10-5142209 C tan. 10-0743617 BC cos. 9-4114176 

C = 49'' 62' 53" BC = 75° 3' 21" 

2. Given the sides about the right angle AB 108^ 44', and 
AC 67° 42'; to find the rest. Ans. The angles C 107° 25' 
J 3", and B 68° 46' 25", and the hyp. BC 97°. 

3. Given the sides about the right angle AC 127° 48', and 
AB 71° 25'; to find the rest. Ans. The angles B 126° 19' 
29", and C 75° 7' 21", and the side BC 101° 15' 49". 



<3ASE VI. WHEN THE TWO OBLIQUE ANGLES ARE GIVEN. 

'1. In the spherical triangle ABC, right-angled at A, are 
given the angles at B 39° 48', and at C 67° 12' ; to find the 
hypotenuse BC, and the sides AB and AC. 




CMuMuam, Dnw waj 
of the prinitiv* EOG. Make OE 
Um Mmi-tangent, and OP the taofeat 
0^39** 48^, Mid Arom F witii its ae. 
cant dMcrtlw the circle BCD. Add 
and subttact the angles, and make 
OK the •emi-taagent of tfaab suiii, 
and OH that of their diffenoce; then 
upon the diameter HK describe acir- 
de, Cttiting the primitive in L. Join 
LO, and draw OA perpendicular to 
it ; then ABC it the triangle. 

The h jpotenute and the itdei are meamrod as before. 
Caleulaiiatu The bypotenuae being adjacent to the given aoglaii 
by Equa. 1., and the udet by Kqua. S: 

1. Tan. B ! cot C : : R : coa. BC acute, lor B and C ire iB 
8. Sin. B : R : t cot. C : sin. AG ■• coa. AB, like C; andi 

R::cos. B:sin. OC«cos. AC. like B. 

C 87* ly R + cot. 19-fiS3f{227 R + cos. 19-5888683 sin. H 
B39*48' tan. 9*9307389 sin. 9-8883544 R + cos. IH 

BC59*4r69'' cos. 97838898 ABcos. 97828348 ACco8.9^ 

AB a £2'' 44' 35^' AGs 

2. Oiren the angles B IW 3S', and C 63^ 4(y; 
the sides. Ans. The hyp. BC 101'' 54' 34'^ the sides A* 
25' 44", and AB 6V l& SO". 

3. GiFcn the angles C lOg** 28', and B 118^ SC; 
the sides. Ans. The hyp. BC SS^ & 20", the sides A 
IS' 11", and AC 119** 15' 14". 



SOLUTION OP OBLIQUE-ANGLED SPHEl 

TRIANGLES. 

Whbn the three sides or the three angles are not th 
parts, the solution may always be obtained by drawiD| 
pendicular from the extremity of a given side and op 
given angle, and then computing by Napier's rules of 
cuiar parts. 

The following Table contains the proportions for tl 
tion of the 12 cases of oblique-angled spherical ti 
ABC represents any spherical triangle in which the pc 
cular Ad either fails within the triangle cn* meets the I 
produced beyond C. 

NoTB. The cases referred to are those of the pi 
Table. 

3 
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GIVEN TWO SIDES, AND 1 



i ANGLE OPPOSITE TO 



In llie obliqiie-aneled spherical triangle ABC are given 
«o (tides AB 43° 30', and AC (i7° 34', and the angle at B ■ 
12' ; to find lliC angles at A and C, and tlie eide BC. 



1 





on. Draw h 


e diamct 




BOD. and 


OG perp 




M^keOFt 




«■ 72= la- 


and OG i1 


lanKem 






IB 43= 3C 




[)A. U 




" 34' on OA 


produced 



/ 



BCD in C, ai 



atcle ACE; then ABC is the triangle. N';-- 

Lei K be "be centre of ACE, join S - 

SCO. then KO isthelangenloflheangle 
Sac. or of its Bupplemenl. Lay Ihe semi-Wngent 
iw the pole nf ACK. A ruler laid from F lo C will 



if it from O to H 



lie primitliB between it and B eq 
?■ and H will cut off on Ihe prim 
tjescribe the circle AFE, which w 


ual to BC. Lines from C through 
Hive the measure of the angle M C. 
li be perpendicular to BC. 


Calculatifyf. The angle ai C is 
tin. B : sin. C, which is acute, be 
AC less than 180". 


found Ihus; Sin. CA i sin. AB : : 
cause AB is less than AC, and AB+ 


To find ihe other pans ; first, End B P thus, R i cos. B : : Ian. AB ; 
t«,. BP ; then coa. AB : cos. AC : i CO.. BP : cm. PC. which i> 
Hcule, because AC is acute, the angle at B being acute. Then CB =. 
feP + PC. hecBUae B and C are of the same affection. 


Agiiio, Sin. AC: sin. CB : ; 9 


n. B : sin. A. 


6Sin. AB4.V30' H-837R123 
Sin. B 72 12 a ^BSM9 


Cos. B 73-12' 9-48S288B 
Tan.AB43 30 9-9772500 


iy'llltk5UII2 
^n. CA 117 34 a-a6S8.!43 


Tan. BP 16M0' 3B" 9 4635388 


Bin.C 45" 9' 31" 9-8.'.0tiB39 




«™. AC 67° 34' fl-58IB177 
Cos. BP 16 10 38" !l-MH24fi42 


Sin. BC 75= 49- 44" 9'flBfi57B7 
Sin. B 72 12 B-9786960 


10-5<i4O7lfl 
C<».AB43 30 W86(I5622 


1H-SMI62747 
Sin. AC 67 34 9'iMi68243 


Co*. PC 59 39 fi" 9'793Wia7 
BP ir. 19 38 
BC 78 49 44 


Sin. A 87 7 6" a'«994504 
A V2 63 64obtu»eTalue. 



Given tlie sides AB 80= 5', and AC 70" 10^', and the 
e B 33° 15'; to find the rest. Ans. The aiitjlea C 31' 
32", and A l6l° 25' 19", and the side BC 145° 4' 59". 



J 
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3. Giren the two ffidn AB 1 1*** 30', AC 56' 40'. i 
oppiwhe anf^le B 125'' 2(/ ; to find the re9t. Ao&fiC8 
49", the anglct A es** 53' 59", and C 48=* SCX 5o . 

CA8R II. GIVEN TWO ASQl,E6, AND THE SIDE OPPOSl 

ONE OF THEM. 

1. In the oblique-angled spherical triangle ABC artf 
the anarles at A 57'* 36', and at B 70^ 34', and thesAl 
85" 48' ; to find the sidett BC and BA, and the ao^ieitt 

CotutructuiH. On the rmdius of the pri- i. < 

mitive Uy OF the aemi-tangent of 57** y""' X 

36', and OG it^ tangent, and with iu se- ^ /' \ \ 

cant dencrtbe from G the circle A CD. j^^ p 
Lay a ruler from E to 85*» 48' on the !^^^><Z 

primitiTe from A, and it will cut A CD J^U:^ 

in C. With the tangent of 70^ 34' from *i 

O describe an arc, and with its secant \ 

from C cut that arc in H, from which \ 

as a centre deMrribe the circle BCE ; and \^:; 

ABC i« the triangle. D'^ 

On OH lay the semi-tanf^nt of 70^ 
34', to K. A ruler from K through C ^ 

will cut off an arc of the primitive from B equal to BC. A nikri 
C throuf(h K and F will mark off on the primitive the measuieif 
angle ACB. The radius OCL is the perpendicular on AB. 

Calculation, The side CB is found thus ; Sin. B ; sin. A.:*' 
: sin. CB, acute, because A is less than B. 

In the right-anf^led triangle ACL are given AC and thean)^ 
to find AL and ACL. R : cos. A : : tan. AC : tan. AL acute. 1 
R : cos. AC : : tan A : cot ACL acute. Then tan. B : tA' 
sin. AL : sin. BL ; and cos. A : cos. B : : sin. ACL:flii>l 
Then AB s AL + LB, and ACB « ACL + LCB. 

A 67*^36' sin. 9'9-2«5ll2 cos. A tf 7290244 tan.-R ^H 
AC 85 48 sin. 9-9U88321 tan. _ R M340945 cos. 8^ 



ltf!l*2o:il33 AL tan. 10-8631189 ACLcot.!Hl 
B 70 34 sin. 9-9745252 AL = 82*^ 11' 46" ACL = 83'S 

CB63 14 38 sin. 9 9508181 

B 70^34' cos. 9-6220656 A 67** 36' tan. IM! 

ACL 83 25 1" sin. 9*9971270 AL 82 11 46" sin. 9-9 



19-5191926 '»}!t 

57 36 cos. 9-7290244 B 70 34 tan.I04£ 



BCL=38 5 7" sin. 9*7901682 BL = 33 25 16" sin. S-J^ 
ACL = 83 25 1 AL= 82 11 46 

ACB=12r30' 8" AB = 115 37 2 

2. Given the angles A 115° 12', and B GS"" SCK, vi 
side BC 122'' 1 6' ; to find the rest. Ans. The sides AB 1 
44' 48", AC b&* 45' 16", and the angle C CfQo ^g/ 59*. 
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3. GiFen the two angles B 91** 26' 44", C 102° 5' 54", and 
the side AC 118^2' 14"; to find the rest. Ans. The sides BC 
23«> 57' 13", and AB 120° 18' 23'\ and the angle A 27° 
22' 34". 







Dj.:::.- 



/I 



*E 



CASE III. GIVEN TWO SIDES AND THE INCLUDED ANGLE. 

1 . In the oblique-angled spherical triangle ABC are given the 
sides AB 58«» 24', and BC 67° 48', and the included angle 
ABC 63"^ 4:3' ; to find the angles at A and C, and the side 
AC. 

C§n^ruction^ On the radius of the 
primitive make OE the semi-tangent 
of 63® 4S^ and OF its tangent, and 
with its secant from F describe the 
circle BCD. Make BA 58° 24'. A 
ruler laid from £ to a point in the pri. 
mitive, Gl** 48' from B, will cut BCD 
id C. Then describe the great circle \ \/ 

ACGf and A CB is the triangle. 

The distance OK of O from the 
centre of ACG is the tangent of the 
angle BAC, or its supplement. Make 
OH its semi-tangent. A line from H through C will cut off on the 
primitive from A the measure of AC, and lines from C through £ and 
H will cut o£f on the primitive the measure of ACB. 

The radius OCL is perpendicular to AB. 

Calculation. In the triangle BCL, right-angled at L, are given the 
side CB 61^ 48% and the angle at B 63" 43'; to find BL and BCI.. 
First R : cos. B : : tan. CB : tan. BL, and the difference of BL and 
BA is AL. In like manner, R : cos. BC : : tan. B. : cot. C. Then 
Sin. AL : sin. BL : : tan. B : tan. A, which is acute if BL be less 
than BA ; otherwise it is obtuse. Also Cos. BL : cos. LA : : cos. 
BC : COS. CAy which is acute, or like BC, if BL, LA be of the same 
affection, otherwise obtuse. Also Tan. BL : tan. LA : : tan. BCL : 
tan. ACL, and ACB b BCL— ACL. 



G 



..*.—-• 



i-P 



BCfi7"48' tan.— R= 3892414 ALII" 3' 49" 



B 63 43 

BL47 20 11" 
BA68 24 



cos. = 9-6462178 BC 67 48 



tan. 100354592 



ALU 3 49 

BC 67" 48' 
B63 43 

BCL 52 34 54" 
ACL 13 16 13 



BL 47 20 11 

AC 56 49 35 

cos. 9 6773088 AL IP 3' 49" 
tan.— R 3063883 BCL 52 34 54 



cot. 9 8856971 



ACB 65 60 7 



BL47 20 11 
ACL 13 15 13 



cos. 99918525 
cos. 9-5773088 

19-5691613 
cofi. 9*8310329 

cos. 97381284 

tan. 9-2912194 
tan. 10 1163027 



19-4075221 
tan. 10 0354584 

tan. 9-3720037 



r 
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2. GivH 

the an^le a 
56' 40", t 
49". 
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BACB3 39 2!l 

the Hides AB 41 " 9' 46", aod BC 50° 5' 47", and 
S 1 14" 7' 30" ; to find the rest. Ana. AC 73" 
le angles at C 38° 41' 21", and at A 46" 45' 



n the two sldcB AB 6l= 14', BC 58° 27', and the 
included angle B 67° 53' 55" ; to fiod the rest. Ani. The 
angles C 77" 22' 21", and A 71" SS" 30", and the side AC 
49° 33'. 

CABK IV. GIVEN TWO ANGLES, AND THE INCLUDED SIDE. 

1. In theoblique-angkdKpherical triangleABC are given the 
side AB 75° 40', and the angles at A 39° 38', and B58°3i',- 
to find the aides AC and BC, and the ang-k at C. 

Construction. On the primitive mabe 

AB 75" *y, and draw Iha riiameiera --4^ 

AD and BE, and perpendicular lothi'm y'' ■fV\ 



drav OG and OK. Lay ttie si 



gent of 39" 38' from O to F, and its (&,--^S~"f t4S. \ 

tangent from O to G. Also lay ibe ae. (^V"^-^. . ; i ^Jijil 

nii-tangentofS8°2B'from Olo H.and "f Of I / ; 

'^- l/y / 






It from O to K ; and from the 
centres' G and K describe tbe circles 
ACD and BCE ; then ABC is the tri- 
angle. 

The unkoawa parts an measured as 

Describe the drcle AHD, which is perpendicular to BC. 

Cakvhlion. In the triangle ABL, rigbt-angled at L, are given (he 
side AB, and the angle at B ; IQ find the angle BAL. And the dif- 
ference belneen BAL and BAC is CAL ; thus, R : cos. BA i : tan. 
B : cot. BAL 68° 7' 55", whence CAL is 28" S9' 53". Then Sis. 
BAL ! ain. CAL : : cos. B : coi^ C, which is acute if BAC be gr««B 
tlian BAL ; othemise it is obtuse. Also cos. CAL : cos. BAL : : 
tan. AB : ton. AC, acute, if B and CAL be like. Lastly, Sin. B; 
nn, A 1 1 sin. AC : sin. BC. 



BAJfiMO- 


COS. 9-393eHS3 CAL SK'WW 


sin. 9'fi7827t9 


Bsa22 ta. 


a.— R. 0'21U4148 B 6B 22 


cos. fl-7IS^ 


BAL 6S 6 20" 
BAC 39 38 


cot. a-eiMlOOfl 


l»'3ySDa4i 


BAL CB 6S0 


do. 9^e7«S 








CAL 28 21) 20 


74 22 1 
BCA 105 37 511 


COB. tl-43e£lM 
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CALBB SO 30 
AC 58 S6 16 



B sa 32 



1. 103301SS1 BC 39 fi 



S. GiFL'D the side AB XSi" IS', and the ang-les at A 196° 
aO', and at B 56° 15' ; to find the rest. Ans. The sideg AC 
iS^Sffai", and BC138°9' 42", and theanffle C9a°4.2'46". 

3. Given the two ansles A 58° 5' 4", B 62= 3*' 6", and 
the side AB 122° ; to find the rest. Ans. The angle C ISO", 
ihe sides AC 79° 17' H", and BC 70°. 

CASB V. WHEK THE THREE aiDEB ARC GITBN. 

1 . Iq the oblique-angled spherical triangle ABC are giren tbe 
sides AB 82° 26', BC 68° 53', and AC 57" 30' ; to find the 

angles. 

Ciniilrucliim. On the primitite 




BCEand ACD; U 

«ng!e. 

The distnnceo from O of Ibe 
centres of ACD and BCE, mca- ""--Cf? 

Bured on the line of tangents, give ^ 

the angles at A and B, and the 
angle at C is measuriid as before. 

The radius OCL is tbe pcrpendieular upon AB. 

Calculation. Tan. i AB ; tan. j {BC + CA) : : i 
tan. 4 (BL^LA), and { BAH^ i (BL+LA) =. 
BC : tan. BL : : R : COB. B and Un. CA : Un. AL 
«n. CA : sin. BA : : sin. B : sin. C. 

r;iB3'"ll'30"tan „„„., „. 

. 8'99eS483 BC6I)'' £3' 



. 10.1131SS3 

'J7ai057B 



SB" 31' 38" 

AB B3° 26' 
BSQ° Wi 





! side oppceite 
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Method II. Froir ^ the sum of (he Ihree sides take 
lo the angle sou(;lit ; and add tlie sriihmttical cumpletnents or tde sines 
or the two containing sides, and the sines of ihc 4 sum and rEinainder; 
and J Ihe sum of l]ieso four h the cosine of 4 the angle sought. 

Method IIT. Talie the sum and diflerence of i the base, and } Ihe 
dlfivTenceortheddes, and then add the sines of this sum and difTenoce, 
and the ariihmetical complements of the sines of the contniniag lida; 
and J the sum of Ihese four is the «ne of ^ the angle sought. 

Mote. Instead of Caking tbe sum and diflerence ot i the bue, ud 
I the diflerence of Ihe sides, ihe tno containing sides ma; be nibtnctcd 
from the i sum of the three sides. 

D IV. Add the arilhmeiicnl complemenls of the sines of tbt 



halFsL 



of it 



1 aboic the I 



e four 



JBofit 



of i (tie angle sought. 




Note. In using the common tables of logarithms, Ihe third oMbod 


is more accurate than the second »he 


the required angle is small, ukd 


Ihe second is more accurate when it i 


Urge. The foaiih method mij 


be used in all caws, except wlien th 


angle sought is verj neailj eqdsl 


lo two right angles. 




llYTBi;2DWEIB0n. 


BY THE Sd method. 


AB = B2°2fi' 




BC^m 63 ar. co. sin. OSOinSB 1 


nm 10+' 24' 30" 


AC = 87 30 ar. a,, sin. OOJSajOO 


B(:6B S3 ai.CD.sin.a-03eiSn 




AC fi7 30 at.co.ain.P-tl73>70B 


Sum 20a 49 Is 


rem.36 31 30 sin.H7B4!196 


ad 


[cm.46 64 30 sin.S 0634789 


ISamllU 24 30 sin. 9 9861207 




82 2B 


i)ia731M7J 


DifF, 21 S8 30 Bin. 9-&7310fiI 






47 IS sin da.9-a»SBttt 


i)19fiti3BHW 


2 


47 15 21-fl COS. S'ffiflliuSa 
2 


»i 30 43-2 Angle at G. 


94 30 43'2 Angle at C. 




BY THE 4lH 


METHOn. ■ 


Half sura 104' 24' 3(1" 


ar.co.sin. 0-0138793 ^ 


Exc, above AB SI SS 30 


ar. CO. sin. 0-4368939 


Exc above BC 35 31 30 


sin. 9-7642106 


Ekc. above AC 4S 54 3U 


sin. OflK347l<S 




i }-iU (1684713 


47 l.'J 21.6 


tan. 1«-U34:i3.i« 



2. Given (lie aides 
AB 74° 51' Sa"; to finil tlie angles. Ane. The angles at B 
44= Itf 40", at A 33° 22' 45", and at C 1 19" 55' 6". 

3. Given AB58° 0' 5", AC 88° 12'28"-8, and BC 94" 5t 
+0"-8 ; to find the anglcF. Ans, Tlie anplca at C 57" 40 
2I"-6, at B 84= 49' 2", and at A 96° 33' 28". 



I. In tIieobli(iiif-anele*is(therical triang-le ABCaregite 



Conilrurlfon. Draw Uie radius 
oribeprimilive, and make OF Che 
semi-tangent of fiS" 3(J'=laO°— 
1 10° 30', and make O G its tanj^ent, 

G the circle BCE. Lay tbe semi- 
langentof I34" 18 '=89° 30'+ 64° 
48' Trom O to H, and the semi.tan- 
gentof*" 42'=69° 30"— 64" 48' 
from O tlie same way la K, and 
upon the diameter UK describe 
the circle HPK, and with the sc. 

mi.IangenC of 78° 35' from O cut th 

it lay OM the tangent of 78° 35', and with tb 

M describe the circle ACD; then ABC is the triangle. 

Describe a great circle through the points F and P. The triangle 
OFF is semi-supplemenial lo ABC. For OP is ihe measure of BAG. 
because O and Pare Ibe poles of AB and AC; FP is the meaaurt 
of ACB, because F and Pare the poles of BC and CA, and OF is the 
supplement of ABC. Also, AB is the measure of the angle P OF. be- 
cause A and B are (he poles of PO and OF ; and BC isihemeasure of 
OFP, because B and C are the poles of OF and FP, and AC is the 
supplemeutof OPF. 

Calo^aliim. To find BC or the angle OFP. Take OF the Mipple- 
iDCDt of ABC 69" 30', and Die difference between it and C or PF is *° 
42', and the half of it taken from i BAC or OP, and added id it, are 
36" 51'iand 41° 33'}, Add the ariihmetical complements of the sinei 
of CBD and of C, and the sines of 41 ° 33'4 and of 36° SI'i ; and ^ Itae 
sum of these fcur is the sine of 1 OFP or of ^ BC. In the same man- 
ner, we find AB and AC. 

ISO— B m° 30' ar. co. sin. 0-0384124 A78° 25' ar 

C 84 iS ar. co, ain. 00434S44 180-Bfi9 30 ar 
i ium lOB" 21' 30" sin. 9-ltH2U536 ( sum lOfl 21J 
A 70 aa C 64 48 

37 M 30 si n 9-fi7077B7 41 Saj 



leo— A 101" 3S' arith. eomp, sin. 0-0089303 
C Ii4 48 arith. comp. sin. 0-0434344 
1 sum 138 26 30 sin. 9-8217638 

B llO 30 

a; 60 30 si n. 9-fi7Q77fi7 

2 )iM-544ttll3 
53 41 17 COS. 9-7734556 

AC 107 23 34 

2. Given the atiglw A 44." 10* 40", B 33° 22' 45", and C ' 
119° 55' 6"; to find the Bides. An*. The sides BC 50° 5*' 
30"-8, AB 74° 51' 46"-3, and AC 37° 47' 17"'5. 

3. Given tlie tlii-cc angles A 87° ■t6' 13", B 46° 34' S" 
and C .^3° 39" 20" ; ro find the sides. Aiis. The sides AB SI" 
24', BC 40° It)', and AC 28° 1'. 

Ill 
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APPLICATION OF SPHERICAL TRIGONOMETRY 
TO THE SOLUTION OF ASTRONOMICAL PIIOBLEMS. 



of ^reat ute in Astronomy, 
id therefore b few examplri 
are given here, after ex [ilain- 



Spherical Tbiqonometry 
Gi'<>),'rapliv, anil Navigatiim ; 
'tf its application to ihese seieui 
lag tlie clrde» of the Epiiere. 

To lay down the circle* of the sphere on the plane of the 
meridiao of Edinburgh, in Lat. 55" 57' 20" N. 



Lei (he primiti? 



e Ihe 



lerHRforthehompii, and 
the perpend ieuinr diameler 
ZN i then Z ii the leuiUi, 
and Niheniulir. Make HP, 
ZE, ench 55° 57' 20", and 
dno the diameters F;i and 
EQ; lhen P and p ate the 
poles, .nd Etl the equa. 
lor, and I'p the hour-circle 
of sil. Ahout Ihe poinlB 
P and p B3 pole* describe 
the circles d efand gki foi 

same manni'r detcribe Ihe 
csibout the poles P and 



Z d 




il Ihe. 



IK the time for which Ihe i 
31. at 9h SRm in the mar 
y N. About the pole P, 






1 dnan 



le the 3d Au- 



The decUnnii 
di&tnncc of 72° SO', describe 
the snn't declinaiioD Tor that 
day. Let it meet HR in A, Pp in C. and ZN in F. and deacribe Ihe 
great circles V\p, PFp, meeting EQ in B, G, and ZCN meeting HR 
in D. Describe Ihe gnat drcle FS,i, making tbe angle ZPS 36° = A 
24m the lime from noon, and de«rjbe the circle ZSN mertitig HR in 
T. and let PSp meet EQ in M. 

The point 6 IB Ihe lun'a place at midnight, and a his place at nooo; 
A the point where he riiie?q C is h'n place al sii, F hia place when due 
east, and S bis place at the given time. The circle ZON is the prime, 
sr esst and west tertical circle ; O Ihe eaiil or west point of the horiiaii, 
& its north, and H its south poinls; RA i> the sun's depression U 
midnight, aH is his meridian allltude, ST his altitude at the girai 
time, OF his altitude when east, and CD bis altilude at in. The 
■rch QB, or ihe angle QPB, is the time of ibe sun's Hsing frain mtd- 
Dight, and BO or BPO tbt^ time from eii, which is called the <un'> 
nscensional din'erence ; BE, or BPE, the time of bisrising from noon; 
OG, or OPG, the time from sii, when he is due east; and GE, or 
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GPE, the time from noon. Also OM, 
from sii, and EM, or EFM, Hie given 
AZR, is the sun'a amplitude from the nortJi ; 
plitude rram the east ; and AH, or AZH, fr 
RZD, ia his azimuth from the norih al s" 
the loulh. And HT, or HZT, is his i 
given time; and Til, or TZR, (hat froi 

Problem I. Given the obliquity of tlie ecliptic, and the 
sun'a longitude, to find hin declination and right ascension. 

In the spherical triangle SMO, right-angled at M, are giten the an. 
gle SOM, the obliquity of the ecliptic, and the side SO the i 
gitude [ to find SM the declination, and OM the tight ascensio 
are found by Case 1. Bightjngled Triangles. 

Phoblem II. Gireu the latitude of the pla 
gun's declinaiioD, to find his amplitude, and the 
rising. 

In the spherical triangle APR, riBht-angled al R, arc _ 
latitude, and the hypotenuse PA, the polar distance = 90° rt Um 
1 find AR ihe amplitude from the north, and 




. Thew 



, and tbe 
tnc of hit. 



nPBiha 



le angle 



l the r 



J of 15" 



Case' 4. 
polar dis 


■es the time from midnight « 
of right-angled spherical li 
1. or SJn. deeL ! coa. RA, or 


■hen the sun rises. Wherefore, by 
n'anglcs, cos. Latitude : R: : cm, 
sin. OA, the amplitude. 


Andt 


in. polar disl. : tan. Lat. : : 


Ricos. P,theiimeofri 


sing. 


The name things 
B, where AG B or 
find AO the amplii 
tracied from sis ho 


may be found in 1 
RQ i, the CO lalii 
mde. andOBthe 
urs, gWos the tim 


the triangle OAB righl- 
tude, and AB the declin 
Bscensional difference, w 
e of sun-rising. This i 


angled at 
hich, sub. 



by Csj 

Proslku III- The same thinga being giren, to find the 
Bun's azininth and altitude at six o'clDuk. 

In the triangle PCZ, right-angled at P, are giren PZ the co-latiwd^, 
and PC the polar distance; to find ZC the zenith distance, or com pis. 
iDTOtof CD Ihe alliiude, and the angle CZP the aiimuth from tba 
north. Wherefore, by Case S. R:co3. ZP = sin. Lat. :: cos, CP 
= ain. declination : cos. CZ, or sin. CD the aliitudc. 

And Bin. ZP = cos. Lat. : R i ! tan. PC, or col. decl. : tan. 2, tb«.. 



The! 



;hmgs m 



angle OCD, right angled M 



D, where COD or PR is the latitude, and OC the 

if wrought by Case 1, t 

Problem IV. The latitude and declination being still giren, 
to find the eun't altitude, and the time when he is east. 



I 

I 



In the triangle 


ZPF. 


right 


:.angled at 


Z, are given 


ZP the co-lntitud*. 


and PF the polar disian 




to find ZF 


the nenith di 




!, and the an. 


gle ZFF the tim. 
1.1. . a : : con. ] 






. Whfrel 


■ore, by Case 




s. ZP, orsin. 


?V. or 




decl. : tos 


. FZ, or sin. 


FO, 


the altitude^ 


And un. FP, or 


cut. decl. : 


tan. ZP, c 


■r cot. Lat. : ; 


:R!i 


:09. P. 



n 



same ihiogs may be round in the Iriangle FOG, right-angbd it 
:blch are giien FOG, or ZE, ihe latitude, and FG the decliu. 
Rnd FO ihe altitude, and OG the compiement of G£, dK 
jm noon. This is wrought by Case 3. 



In the triangle OSU, right-angled at M, are giien MS the dediM- 
tion, and MO the time TrDin six, to find the xnglc MOS (by Ca<e 5,) 
Bin. OM : R : : tan. MS : tan. O, and SOM + colat. £OH = SOT. 
Also R : C09. MO : : cos. MS : cos. SO. Then in the triangle OST, 
right-angled at T, are }pien SO, and ihe angle SOT; to find OT, 
the complemenl of TH, the aiimulh, and TS Ihe altitude, by Case I. 

The same things may be found by resoWing the oblique-angled tri- 
angle PZS, in which are given PZ the cn-laiitude, PS ihe polar dih 
tance, and ihe angle ZPS Ihe hour from noon ; to find ZS the lenith 
distance, and the angle at Z the azimuth, by Case 3. of ablique~anglcd 
spherical triangles. 

Problem VI. Given the latitude and longitude of the mooa, 
or of a 8iar, and the obliquity of the ecliptic ; to lind the right 



SupposeHR the equator, and EQtheecliptic, then the latitudeof Itie 
moon or any star S is MS, the longitude OM, the right ascension OT, 
tJie declination TS. and the obliquity of the ecliptic TOM. Therefore 
in the iriangle QMS, right-angled b( M, are given the two aideg OM 
and MS about Ihe right angle, lo find the side OS and ihe angle MOS, 
which are found by Case 5. Now it is evident thai when the moon Of 
■tor S is wiihout the ecliptic, ihe angle MOS added to the obliquity o( 
the elipCic will give the angle TOS, or when S is within the edipuc, 
Ihe dilTerence of these angles will be TOS. Hence in the triangle 
OTS, right angled at T. are given the angle TOS, and the hypotenuje 
OS, to find Che Bides OT and TS, which are done by Case I. 

Pboblem VII. Given the latitude of the place, and the bud's 
declination ; to find the time when twilight bi'gins and endi. 

This problem is solved by Case S. Oblique-angled Triangles, noM 
there ate given the polar distance, ilie co-tatilude, and the lenilb dU- 
tance = 30" -I- 18°, which form the three sides of an oblique-angled 
spherical Iriangle, from whence to find the angle at the pole opposite 
the zenith distance, irhich is ihe time from noon that twilight begins and 

Problem VIII. Given the right ascensiona and declina- 
tions, or the longitude* and latitudes of two celestial object! ; 
to flad their diglance. 

This problem is solved by Case 3. Oblique-angled Triangle*, stnn 
there are given two sides and the contained angle to find the opposite 
aide. The sides are the complements of the dedinations, or lauiudn, 
and the contained angle tlic difference between Che right awensioui, or 
longitudes. By ibis problem Ihe distances of Iwo places on the globe 
may be found, of which the latitudes and longitudes are given ; for Uk 
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IT distances are the sides of ihe spherical triangle, anil the difference 
of longitude is the measure of the contained angle. 

Nnrr. Asironomicul obserratioQi require to be corrected f 
of RefrHCtioti, Pnraliai, &c. ; but as these belong entirel; 

here. The student who wishes to obtajn complete ioforma 
subjects h referred to the Introduction to GHlbraiih's Matli 
AsironDmical Tables, — a work replete with the most vatua 



1 



EXEIICIBES. 

, Ihe fih 
being 23° 27' 34'1", and tlie bud'b dedi 
Reqiiiretl hU luDgiiude and right asceDsion. 
Ans. LuDgltude ir 1' 10'9"; right aacenKion Oh 40m SO'Ssec. 

2. On tiie Istof July, 18.^1, the obliquity of the ecliptic 
beioir 23° 27' 33-7", and the sun's right aacension 6h 38m 
37'S«cc., Required his lunjfitude aiid decliuatiun. 

Ans. Longitude 3^ 8° 49' 55" j declinatiim 23° 9* 54" N. 

3. On the Ut of January, 1831, the obliquity of the eclip- 
tic being 25" 27' 33", and the sun's longitude 9^ io° 23' 58", 
Required his right ascension and declination. 

Ans. Right aiicensiun ISh 45n] 15'2isec.; declination 23° 
3' 5" S. 

4. On the 1st of October, 1831, the declintttion of the bud 
being 2° 59' 38" S,, and hia right aBcennion 12h 27m 41-3sec., 
Reqiiii'ed hiii longitude, and the obliquity of the ecliptic 

Ans. Longitude 6^7° 32' 20" ; obliquity of the ecliptic 
23° 27' 34-9"- 

5. On the 31at of December, 1631, the sun's longitude being 
g^g" 7' 50", and his declination 23° 8' 42" S., Required bia 
right asceriaion, atid the obliquity of the ecliptic. 

Any. Right ascension 18li 39m 45aec. ; obliquity 2S» 
27' 35". 

6. On the 1st of April, 1831, the sun's longitude being 11" 
1' lOg", and hia right aacension 40m 30'Ssec., Required bis 
declination, and the obliquity of the ecliptic 

Ans. Declination 4° 21' 51" N. ; obliquity 23" 27' 34-1". 
7- On the lat of February, 1831, ihe sun's declination being 
17° 13' 14" S., Required the time of his rising and amplitude 
on the parallel of Edinburgh, (55° 57' 20" N.) 
Ans. Amplitude 58° 4' 28" ; lime of rising 7h 49m 13^sec. 
8. On the 1st of April, 1831, the sun's declination beioff 
4° SI' 51" N., In what latitude does he rise at 9 o'clock ? 

Ans. Latitude 83° 50" 24" S. 
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g. On the l«t nr May, 1 330, tlie «ud rises at Paria, in lati- 
tude 48° 50* 14" N., at 4h 48m SSsec. Reqiiireil hia de- 
clinarinn. Ans. DecIiBation 15° ff SO" N. 

10. Onthe22JofJiine,183l, theaun'sdecIinalioDbeingSy 
27' 33" N., Rtijuired tiia altitude at Edinhurg-h at 6 o'clock. 

Ans. Altitude 19° 15' 42'4". 

11. The same things being given as in the last exercise. 
Required his altitude at 10 u'duck moroing. Aqb. 5(f 46'. 5". 

12. Givrn the altitude of the dun 45" S2', dculiaatioD a» ia 
the last. Required the hour of the day at Edinbui^h. , 

Ans. 9h ISra SSsec. morning, or 2h 46m SS^iCC. afternoon, 

13. Gil-en tliB Bun'B declination 15° 30' 20" N. Required 
bis azimuth at 9 o'clock morning for Edinburgh. 

Alls. 58° 39" 2*". 

14. Given the allitude of the eiin at 6 o'clock 18" 30' 15"- 
Required hia azimuth for Edinburgh. Ana. 76= 55' 5i-&'- 

15. On the 1st of August, 1831, the sun'ii declination being 
18° 10' 22" N., Required the hour when be is due east at 
Edinburgh. 

Ans. 6h Sim 15sec. morning, or 5h 8m 458ec. afternooni 

16. On the lOlh of September, 1831, the sun's dedinatloH 
being 5^' 8' 26" N., and his allitude when due east 1 6° 53' Iff, 
Required the latitude of the place. Ans. Latitude 17° 58'N. 

17. On the 20th of January, 1831, the monn'E longitude (t 
noon, on the meridian of Greenwich, he'iog 19° 11' 27", W 
latitude 3° 52' 31" S., and the obliquity of the ecliptie 23" 
27' 33'4", Required her right ascension and declinatiuOi 

Ans. RightastenaioQ 19° 10' 47"; declination 3" 55' 5S"S. 

18. On the 24th of May, 1831, the right ascensiim of de 
moon, on the meridian of Greenwich, at noon, being 217° 59' 
6", her declination 9° ^S' 4" S., and the obliquity of tbe 
ecliptic 23' 27' 34", Required her latitude and longitude. 

Ans. Latitude 4° 46' 53" N. ; longitude 7^ 8° 49' 17". 

19. On the let of July, 1831, the moon's latitude, on the 
meridian of Greenwich, at midnight, being 2° 55' 31" S., her 
right a^cention 358° 20' 53", and the obliquity of the ecliptic 
£3° 27' 33-7", Required her declination and longitude. 

Ans. Declination 3° 54- 20" 8. ; longitude 11*26° 55' 45". 

20. On the 1st of January, 1831, the declination of Spia 
Virginie being 10° 16' 32-9" S., the right ascension ISh ifln 
ISsec, and the mean obliquity of the ecliptic 23° ST 43-1", 
Required the longitude and latitude of the star. 

Ans. longitude 6^ 21° 29* 0-8". latitude 2° 2' 27-5* & 



SI. On the 1st of Januarjr, 1831, tbe mean obliquity uf 
tbe ecliptic being' 23° 27' 421", the longitude nf Alclebaran 
«■ 7° 25' S9-3", and the latitude 5° 28' 45-8" S., Required, 
big declioatina and rig-ht ascensiim. '' 

Aoi. Declination 16° 9* 447" N-; right ascenaioD 4h 26nf, 
l4«ec'. 

32. Od the 1st of January, 1831, the mean obliquity of tlxtl 
ecliptic being 23° 27' 43'1"; the declination of Pollfls 28" Sfi*' 
39" N., and the latitude 6" 40' 20j" N., Required his loS^- 
tude and right aircenmon, 

Ans. Longitude 3^ 20° 53' 2" ; right ascension 7h 34m SSsec. 

33. On the 1st of April, 1 830, at noon on the meridian nf 
Greenwich, ihe longitude of the moon being 3* 25-° 44/ 54", 
her latitude 4° 14' 7" S., and the longitude of iliesua 11° 15< 
53", Required the distance between them. 

Ans, 104" 

S4. Od the 28th of April, 1830, the diatance between tW-l 
sun and mnon's centre being 74° 1 1' 43", the moon's longitude- J 
3* 21° 48' 42", and her latitude 4° 17' 5" S., Required th» 1 
longitude of the sun. Ans. 1^ 7° 39' 43"^l 

33. On the S7ih of August, 1830, at noon on the meri 
of Oreenwich, tbe distance of the moon'a centre from the sun'sfl 
being 100° 10* 41", tbe moon's longitude 8^ 13° 52* 41", anffl 
the sun's longitude 5^3° 39' 22", Required the moon's lati^l 
tnde. Ans. 5° i& 34" N^ f 

26. On the Ist of January, 1830, at noon, on the meridtaoiJ 
of Greenwich, tbe distance between tbe moon and Aldebarati ' 
being (i4° 43' 20", the right ascension of the star 4h 26ni' 
10-5BCC., the declination 16°9'37"N., and the right ascension 
of the moon 2° 52' 10", Required the declination of the moon. 

Ans. IS' 3" N. 

27. On the7thof January, 1830, at noon, on the meridian of 
Greenwich, tbe distance between the moon and Reeling being 
6l°l 5'32", the declination of the moon 18° 22' 42" N., her right 
ascension 86° 11' 58", and the declination of the star 12° 47' 
43" N., Required hia right ascension. Ans. Q\i 59m 18-7sec. 

38, On the 4th of January, 1831, at midnight on the meri- 
dian of Greenwich, the right ascension of the moon being' 184° 
10' 39", her declination 1° 6' 27" N., the right ascension of 
Antarcs l6h 19m, and his north polar distance ll6°2'44".. ■ 
Required the distance between the moon and star. ' | 

Ans. 64= 21' 33". ■ 

sg. On the 7th of January, 1831, at noon, on the meridian of 
Greeuwich, the moon's latitude being 4° SO" 58" N., and her 
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lougilude 7^ 3° 21' 9", the latitude of Jupiter 23' S., andSB 
longitude 0^ 26° 42', Required his distance from the diood. 
Ans. 83° 9*'. 
SO. On the ]3th of June, 1831, at tionn.oD the meridian oF 
Greenwich, the latitude of Jupiter being 0° 49' S., hh longi- 
tude 30^ 22° 21', the latitude of Saturn 1° 33' N.,'and bis 
longitude 4^ 26° 48', Required their distance. 

Ans. 175° 29' 28". 

31. At n-hat time will tuijight begin and end at Edinburffh 
on the 20th August, 1831, the sun's declination being 12° 38' 
9"N. 

Ads. Ih 44m 41sec. morniag,aDd lOh l^m ISsec afternoon. 

32. Id irhat latitude, on the let of September, 1831, doe> 
the twilight begin at 3h 20m in the morning, the sun's decli- 
nation being 8° 28' ."54" N. Ans. 48° 38' 56" N. 

33. At Edinburgh the twilight begins at 4h. Id the mon>' 
ing. Required the declination of the sun. 

Aos. 2° 1' 28-5" 8. 

34. The latitude of Edinburgh is 55° 57' 20" N., and thr 
longitude 3° 10' 21" W.. the latitude of the Cape of Giind 
Hope is 34° 29' 8., and iis longitude 18° 23' 15" E. Re- 
quired the distance betweeu them. Ans. 553T2tQ geogi milei. 

35. The latitude of Greenwich Obscrralory is 51° 98' 38" 
N., the latilude of Bombay Ohuri^h is 18° 57' 44" N., ^nd ihe 
JoDgitude 72° 54' 43" E. Required the distance betweea 
them. Anf. 3882-2157 geng. mifei , 

36. The laiiiuiie of Batavia is 6° 9' S., ahd its lungitiiJ* 
106° 31' 45" E., Ihe latitude of the Royal. Obi^ervaturv of 
Paris is 48° 50' 14" N.^ audits longitude 2° 20" 1.5" E. '111!- 
([uired the distance between thent. Ans. 6250'014 geug. milt% 
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